PLANE GEOMETRY 



r. 

makes this pietuie eo beautiful? Cover the reflection. Is it et2» 
beautiful T Can ;t>u Snd a fans along vfaicb the picture might be folded eo the 
tira parts vrauldi3u.tch? ThisiatlieuuQt sytEunetiy. 



PLANE GEOMETRY 


DY 

JOSEPH P. McCORMACK 

BEAD OF THE DEPABTBENT OP MATUEICATICS IN 
TBEODORB ROOSEVELT RICH &CDOOL, NEW YORK CITY 



SECOND REVISED EDITION 


APPLETON-CENTURY-CROFTS, INC. 

NEW YORK 



COTTSIOBT. 19S1, IMO, ST 

D. APPLETOX-CENTimY COMPANY, Iwc. 


AU riijMi rt)ent4. ThU •««{. «r ptipu 
Otmof '•uft AM bt npr»i<t'fi tn ant 
fern iciUiMii pentiitnen pfibtpuilijAtr. 

5UMt 



CopTrigbi. 1928. 1931, by 
D. Api^on and Company 



PREFACE 


The preparation of the material used in this book was 
begun more than ten years ago. It grew out of the author's 
need for a set of exercises comprehensive enough to meet 
every demand in his classroom and graded according to the 
difficulties which the pupils experienced in solving them. 
The exercises were grouped under the proposition with 
which they were to be used, and notes were added to indicate 
the time when particular methods should be stressed. For 
several years the author had no idea of writing a text-book 
and worked merely to devise and perfect original exercises 
for rise in his classes. Later he collected and graded those 
be found most elective in pupil-training. 

These exercises are the nucleus around which this text- 
book has been written. Four yeare have been spent in 
tearing, experimentmg with, and in writing the other parts 
of the book. The reports of all of the prominent mathe- 
matical committees have been studied, and the personal 
sdvic* of some of the foremost mathematical authorities in 
the United States was obtained. All of the best modern 
ideas on the teaching of geometry have been considered and 
applied, and these have been combined with the new ideas 
and methods which the author’s own experience and research 
have disclosed. 

Some of the special features of the book are: 

1. It meets accepted standards. The list of propositions 
follows the recommendations of the National Committee on 
Mathematical Requirements and of the College Entrance 
Examination Board. The body of the text contains the 
•prupoH^dfyrcj Tmsmueidftd. Vj *fwt> h/uihvb vthy 
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euck others as are needed to make a connected and lopcal 
sequence. 

(a) All propositions on the iundamental list of the Na- 
tional Committee are printed in blackface type so that they 
stand out easily from the rest of the test. 

(&) Ail propositions on the required list of the College 
Entrance Rsamination Board are starred. 

(c) All others are printed in italic. 

2. A mintmum course is offered. The propositions in the 
body of the text constitute a minimum course. The sup- 
plement contains additional material which may be used if 
time percuts, or if called for by variations in courses of study. 

3. There is provision/or ttididducl differences. The empha- 
ds throughout the book is laid upon the exercises rather tbau 
upon the formal proposition. The exercises are divided 
into four groups: 

(а) Class Eixercises. These are exercises for the whole 
class, and are part of the regular assignment. These exer- 
cises in addition to the required propositions provide a 
minim um coufse. 

(б) Optional Exercises. These exercises are intended to 
be used with classes of high average ability, and for average 
classes capable of doing mote work, 

(c) Honor Work. In this section are placed exercises for 
the better pupils of a class. 

(d) Applied Problems. From these the teacher should 
select exercises to motivate the course and to add interest 
generally to the work. These problems are grouped with the 
proposition to which they apply so that the teacher can tell 
when to use them. 

The applied problems have been selected with the interests 
of boj-s and prls in mind. Among them are problems in 
finding distances to inacces^Ie points, applications to car- 
pentry, bridge-brnlding, gardening, dress-making, china- 
painting, real estate, astronomy, radio, aviation, and base- 
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ball. The problems hft\’c been carefully correlated with 
other hij'h school subjects, and especially with jihysics. 

4. Complete proofs are gieen for all important propositions. 
Tlio largo number of original carerciscs proi’cnts inomorizlng, 
and tho fact that reasons in the proof arc referred to only by 
paragraph numbers incites the pupil to think out his reasons 
for himself if iKJssiblc, rather than to turn back in the book 
to search for them. This plan is particularly valuable in 
that it offers the student who lias been absent a means of 
making up his work, and servos the other students as a model 
upon which to base their work. Hie proposition with the 
full proof is almost a necessity in review work. 

5. Reasons arc required for all eonsirxtclions. It is well 
known that faulty construction is the greatest source of 
error in geometry. Requiring reasons for every construction 
will climinato such statements of pupils as: "Construct AB 
bisecting and perpendicular to DE." 

6. There is a thorough treatment of motion and furtcttonal 
relationships. The ideas of motion, variation, and functional 
relationship have been carefully developed in this text. 
These concepts are particularly emphasized m such subjects 
as that of the measurement of angles by arcs and in the area 
propositions, but they aro not limited to these. The idea 
has been introduced wherever the variation of one quantity 
can be made to depend upon that of another. Few groups 
of exercises can be found in the book that do not contain some 
problems in functional relationship. Loci are first defined 
in terms of motion, and this concept is carried through all 
of the exercises. 

7. There is an unusually thorough treatment of numerical 
trigonometry. Numerical trigonometry is given more than 
the grudging page or two in the supplement, which is too 
often accorded it. Since few pupils ever take a course in 
trigonometry, it is almost necessary to teach the fundamental 
principles of surveying and indirect measurement in a 
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jieomctry courec. This book provides generously for this 
necessity. 

8. Methods of thinking are emphasized. Methods of attack 
and the mechanics of thinking out a proof are emphasired 
throughout the book. Each new method is cailcd to the 
attention of the pupil as soon as he has used it, and suitable 
exercises are providc<l for further practice in using it. Prob- 
lem analj'sis is carefully explained. 

9. Inresiigation problems are a nrtp and original fealizre. 
These problems, coming before tho important propositions, 
lead the pupil to discover tlic proposition and to work out the 
proof for bimsclf. The teacliet may use tho investigation 
problem as a basis for developing the proof of a proposition 
in class, before the study of the proposition has been taken up. 

10. Stlf'measuring tests. At important points in the book, 
tho pupil is given “SeU-rocasuiing tesU” wliich help him to 
estimate bis grasp of the material he has studied. At the 
end of each book there is a summarj* of the important 
ideas learned in Uiat book. This material may scr\‘c for 
review purposes in addition to the Review Problems. 

11. There is a systematic grouping of logieaUy relatetl topics. 
The proportions have been arranged so that the pupil gets 
the idea of a condnuous group of propositions built up into 
a logical whole. 

12. Only terms and symbfds recommended by the A’otional 
Committee are used. 

13. EssenliaX parts of the hypotkesu are emphasited. In 
order to help prevent an often recurring situaUon in which 
Btudonts fail to remember the essential part of the hypothesis, 
the facts that are readily observable from the figures are set 
oS in brackets. The author recommenus that the student’s 
attention be called especially to that part of the statement 
that is not within the brackets. 

14. New-type tests and historical material have been 
xnduded, the latUtr in an ori^nal manner intended to stimu- 
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late the interest of the pupil in the historical phase of the 
subject. 

The author acknowledges his indebtedness to many 
persons who have contributed to this volume by thrir advice 
and assistance, and in particular to Walter F. Downey, Head 
Master of the English High School, Boston, for his careful 
reading of the manuscript and for helpful advice and sugges- 
tions throughout the work; to John W. McCormack, Head 
of the Department of Physical Science in Jamaica High 
School, New York City, for many of the exercises corre- 
lating mathematics with science; to Emily J, Iladdon, 
for exercises of interest to prls and for reading the proof; 
and to William Betz, supervisor of junior and senior high 
school mathematics in Rochester, N. Y., and Walter Roberts, 
of West Philadelphia High School, Philadelphia, for reading 
the manuscript before publication and for many helpful 
suggestions. 

Special acknowledgment is due Dr. Raleigh Schorling of 
the University of Michigan, who read the manuscript and 
the page proof and contributed the new-type tests and 
material on the history of geometry. By his detailed work 
he insured rigorous mathematical treatment. He also sug- 
gested numerous learning devices applying principles drawn 
from educational psychology and refined by years of obser- 
vation of school practice. 


X P. McC. 



PREFACE TO THE SECOND RE^^SED EDITION 


At no time has the subject-matter of high-school mathe- 
matics undergone such close scrutiny and have such rapid 
advances been made in fitting it to the life needs of the pupil 
as during the last few years. In geometry, the tendency 
has been to eliminate those parts that have no other worth 
than that of information and to substitute in their place 
material that better meets the major aims of mathematical 
instruction, training in reasoning, in spatial imagination, 
and in those types of thinking likely to be most useful in life 
situations. In accord with these aims, the following changes 
were made in the first revision. 

1. The number of exercises has been increased on impor- 
tant topics that the teacher may desire to stress, such as con- 
gruent triangles, loci, and similar triangles, which, with the 
great amount of original work the earlier edition grouped 
around a small number of book theorems, enable the teacher 
to center emphasisonoriginal thinkingratherthanonmemory. 

2. A large amount of construction has been placed at the 
beginning of the text so that the pupil may learn the fun- 
damental concepts by doing rather than by memorizing 
definitions. 

3. Intuitive solid geometry has been added at those 
points at which it is natural to carry the concepts of geometry 
over into three dimensions. This brings geometry closer to 
life since we live in a three-dimensional world, and it gives 
the pupil an opportunity to exercise his spatial imagination 
to an extent that is impossible in plane geometry. 

4. In the belief that much of the reasoning of life is of 
the indirect type, this topic has been given added emphasis. 
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5. Tho number of exercises in the new typo testa has 
been very greatly increased, and these have been claasified 
and distributed so that tho busy teacher can use them when- 
ever needed without the necessity of working them in advance 
to learn if the theorems already atmlicd cover all of the 
questions. 

6. The concept of qrmmctry has been introduced in 
pictures Bhowing its applicability to nature and living forms. 

7. Geometric reasoning Im been directly applied to life 
situations. This is in keeping with the modem belief of 
psychologists that the transfer of training is increased if 
there is a conscious attempt to connect the work of tho 
classroom with the life of the individual. 

In tho present edition tho following cliangcs have been 
made. 

1. The introduction has been livened by new exercises 
on the line, etc., by applications that make the axioms 
more real to tho pupii, by more and better directed construo- 
tlon exercises, and by life situations to bring out tho idea of 
postulate systema 

2. Tho measurement of an^cs by arcs has been improved 
60 as to make it better bring out the idea of the continuous 
change of a function. 

3. A Bummarj' of important loci has been added. 

4. The topic of mequalitlcs has been improved and added 
to because it contributes most to the forms of indirect rea- 
soning 60 common in life. 

5. Several pictures with comments showing the value 
of geometry have been inserted. 

6. Tlie application of mathematical reasoning to life 

eituatvons has been particularly stressed by the further 
addition of many exercises involving axioms, postulates 
ratio and proportion, and the indirect proof. * 

The author wishes to acknowledge his indebtedness to 
the many fnends who have helped in this work by valuable 
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suggestions, and in particular to A. I. Barbancll, Thomas 
Jefferson High School, Brooklyn, N. Y.; Samuel Welkowitz, 
Franklin K. Lane High School, Brooklyn, N. Y.; Dorothy 

M. Keeler, Port Chester High School, Port Chester, N. Y.; 
Murray J. I>cventhal, James Madison High School, Brooklyn, 

N. Y.; Ethel M. Ilight, Skowhegan High School, Skowhegan, 
Me. ; Philip R. Dean and Josephine Brand, Evander Childs 
High School, New York; Henry II, Shanholt, Abraham 
Lincoln High School, Coney Island, N. Y.; Ida M. Elliott, 
Riverside High School, Buffalo, N. Y.; Wayne L. French, 
Shaker High School, Cleveland, O.; Aaron Froilich, Bush- 
vrick High School, Brooklyn, N. Y.; Ralph P. Bliss, Alex- 
ander Hamilton High School, Brooklyn, N. Y.; H. A. 
Swineford, Withrow High School, Cincinnati, 0.; Norman 
Collins, T^blic High School, Scotia, N. Y.; Clara Eaton, 
Nen-town High School, Elmhurst, N. Y.; Alberta S. Wanen- 
maeher, Hutchinson Central High School, Bitffalo, N< Y.; 
Herman L. Lutz, Ellen Nomoff, and Virginia Frey, Theodore 
Roosevelt High School, New York; Benjamin Braverman, 
High School of Commerce, New York City; Mildred Fi-azier, 
Santa Ana Senior High School, Santa Ana, Cal., G. Phillips, 
Thornton Township High School, Harvey, 111. 


J. P. McC. 



CONTENTS 


Preface v 

Preface TO Second Revised EDiTfOK xi 

Intboductiov 1 

Common Tenns 18 

Axioms and PosUilates 25 

Simple Theorems 2S 

Polygons: Triangles 31 

BOOK 

I. Rectilinear Fioobes 43 

Parallel Lines 85 

Quadrilaterals 125 

Summary of the Principal Methods of Boob One. . . . 145 

II. The Circle 154 

Simple Theorems 155 

Loci 217 

Summary of the Principal Methods of Book Tvro.. . . 229 

III. Pboportion: Sihiur Figures 233 

Theorems on Proportion 234 

Similar Polygons • . • 244 

Numerical Trigonometry 289 

Summary of the PrinripJ Methods of Book Three. . 303 

IV. Areas of Poltooss 309 

Formulas for Principal Methods of Book Four 342 

V. POLTGONS 346 

Regular Polygons 358 



CONTENTS 


iNEQCAUmS 3S8 

SUTTLEilEST 

Linos Meeting in a Point ^02 

Formula Propositiona 

The &Tom or OxowrrKT 4^5 

First Episode: Tliales 415 

Second Episode: P)tl»agoras 410 

Third Epbodc: Pytliagonu and His Hrotherhood . . . 417 

Fourth Episode: Tlie Theoirm of Pytliagoras 418 

Fifth Episode: Plato and Anslotle 419 

Sixth Episode; EuctSd 420 

Seventh Episode: Archimedes 421 

Ei'jht.h Episode-. lAtetWritcTO 422 

Appemihc A: Examination Itequirements of the Univmitj' 

of the State of New York 423 

ArrsHPCi B: Specimen Eegeota Examinations 42S 

Ikdex 455 



PLANE GEOMETRY 



SYMBOLS AND ABBREVIATIONS 


The following symbols and abbreviationa are used in tbi» 
book. 


z 

angle 


and BO forth 

A 

angles 

alt. 

alternate 

A 

triangle 

ax. 

axiom 

A 

triangles 

const. 

construction 

X 

perpendicular, or is per- 

corr. 

corresponding 


pendicular to 

ext. 

exterior 

I] 

parallel, or is parallel to 

b>T>. 

hypothesis 

s 

congnient, or w congru- 

iden. 

identity 


ent to 

int. 

interior 


similar, or is similar to 

isos. 

isosceles 

> 

is greater than 

post. 

postulate 

< 

is less than 

rt. 

right 

o 

parallelograia 

st. 

Btmight 

o 

circle 

subst. 

substitution 


circles 

supp. 

supplement 


arc 

vert. 

vertical 

A' 

A prime 





INTRODUCTION 


1. The geometry of the ancients. The name geamdry is 
derived from two Greek words meaning “ earth measure.” 
The Greeks gave this name to the subject that you are about 
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or oeOllETRT. 

to study because the ISgj’ptlans, from whom they learned 
the subject, used it in surveying. It is a very old science 
and grew out of the needs of the people. 

Every year the Nile River overflowed its banks, spread 
out over the flat plains of Egypt, and washed away many 
landmarks that indicated the limits of the flelds bordering 
on the river. In order that the boundaries might again 
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be Bet accurately, the Egsrptians more than three thousand 
years ago worked out a crude sj'stem of geometry. Tbs 
geometry consisted merely of a few rules for surveying, which, 
through long experience, they bad developed. They did not 
ask themselves why these rules should be true, but were satis- 
fied to use them when it was found they gave fairly satisfac- 
tory results. 

It is probable also that other early nations, such as the 
Babylonians, worked out a few ^mple rules for gur%*eying and 
for constructing building. 

Long afterwards, but more than five hundred years before 
the time of Christ, the Greeks became interested in EgsTitian 
geometry. The Greeks were a thinking people, and sought 
reasons for these rules. Gradually they built up the geom- 
etry which we study to-day, and, in 6o doing, they found that 
many of the rules used by the Egyptians were not strictly 
true. For example, the Egyptians found the area of an 
Isosceles triangle by tnuHiplying one of the legs by half the 
base. This, you learn later, often gives a result that 
differs by a large amount from the correct value. It never 
gives the exact area. 

Uses of geometry to-day. The Greeks cared mote for the 
theory, and in Euclid’s great book on geometry, written 
about 300 B.C., there are no practical applications. Geom- 
etry, however, has many applications. The surveyor 
measuring land or laying out streets, and the civil engineer 
constructing a rmlroad, a bridge, or a building depend upon 
it. Also the phsTicist, in his work in mechanics, sound, light, 
or electricity, the astronomer, studying the stars and deter- 
mining the correct tunc for our clocks, the navigator on the 
sea and in the air finding his position, the draughtanan, and 
the mechanical engineer all need geometry. Its principles are 
continually used, too, by esUmators for excavations, for brick 
work or stone work, for monuments, and for plumbing and 
plastering, as well as by many other people. 
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You will find much of this geometry very simple, so simple, 
in fact, that you will ask yourself why we waste time learning 
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OXOUETIIT PLATS AK lUPOBTAHT PAST IN BJI3D0X CONSTRUCTION. 

The Btreoetb and ri<idity o( this bridm dsMod oo the triangle and the 
eircukc arc. The picture shove uell Gate Bridge, Nev York. 

to prove things that are already so evident. But we must 
start somewhere, so we start with facts so simple that every- 
one will admit their truth. As we proceed, each part becomes 
just as simple, but, if wc should attempt at the beginning to 
solve the problems in the middle of the book, we should find 
the task impossible, without having had the first part. 

Here, for example, are illustrations of 
what you will meet later in the course. 

A surveyor finds the distance across a 
river from A to B by measuring tho 
length from B to C, and tho number 
of degrees in the angles at B and C. 

Again, the railroad en^neer must know the radius of every 
curve so that he can raise the outside rail enough to keep 
the train from jumping off the track. Usually he cannot 
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measure tbe radius dirccUy, especially i! the curve be buili 
around a ledge or a bend in a river. When this is the case, 
be measures from E to F, from F ^ 

to G, and from F to E. From 

these measurements, he finds the -p 

radius he needs. 

Such problems as these and many others that soii.eone 
must solve in his daily work, you will learn in this book. 
Before you can understand them, however, you must under- 
stand tbe principles involved in the easier exercises that 
come before them. 

It may happen that you will never need to solve problems 
like those given above. Of what value, then, is geometry to 
S’ou? Tbe real value of geometry is not so much in the facts 
alxiut space and design that it teaches you, interesting as 
these may be, but in the training it gives you in logical think- 
ing. It will teach you the way to discover now facts for your- 
self and bow to convince others of facts that you know. 
It ivill train you to back up your assertions with reasons and 
to weigh the statements made by others. It will help you to 
express your thoughts in clear language that will moan what 
you want It to mean. 

But in order that it may do these things for you, you must 
attack it in the right way. Form the habit of thinking out 
things for yourself. "When you read a statement to bo proved, 
stop and see how much of it you can do without reading the 
proof from the book. >Iemoritiog the proof in the book will 
be of very little value to you. You wisb to develop the power 
to think better, and this can be done only by thinking. If 
you train yourself to think out things without help, you will 
find geometry both ioteresting ai^ valuable, but if you 
memorise the proofs, it will prove to be a dull subject, and 
you will derive little benefit from it. Be honest with your- 
eell. You. will be the gainer. 

We shall begin by recalliiig a few facts about points and 
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lines which you already know. So much of our work deals 
with these that it 'nill be necessary to form very clear ideas 
about such fundamental things before beginning the proofs. 
Consequently, you should do these exercises very carefully. 

Exercises 

1. How thick is a line? TfyouwishrftoTcpresentalme, would 
you use a stick an inch thick, a pencil, a wire, or a piece of spider’s 
web? Why? Can you think of a line that has no width at aU? 
With your pencil draw a line on paper. Is this really a geometric 
line? Why not? Would the boundary between the black of this 
line and the white of the paper be more nearly a line? 

A geometric line has no width or thickness. 

2. How long is a line? Can you think of a line a mile long? 
Ten miles long? A thousand miles long? Can you imagine a line 
without any ends, going on and on, beyond thesun, beyond the stars? 

A geometric line is unlimited in length. Any part of it is 
called a line segTnenl. 

3. What is a straight line? Look along the edge of your ruler. 
Can you make the whole edge look like a single point? Could you 
do this with a curved Ime? How then can you teU a straight line 
from a line slightly curved? 

4. What is a point? Draw a very light line on your paper, 
liemcmber that your line only represents an ideal line which has no 
width. Now draw another line crossing the first. How large is the 
point where they cross? Jf your lines had no width, how large would 
this point be? There is a period at the end of this sentence. Is it a 
point? Wliy not? If it were smaller, would it be a point? Can 
you think of it as a small circle whose center is a point? 

2. A point U represented by a dot, and is read by a 
capital letter placed near the dot, os point A. A geo- -A 
metric point has no size. 

6. How many points are needed to determine a straight line, that 
is, how many points of a straight line must I name eo that you can 
tell which line I am talking about? 
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(a) Mark a point on your paper* Now draw a lino through U> 
Can you draw another line through the eame point? Would the 
one point be enough to tell which <A your Unes was meant? 

(b) Does one pomt determine a straight line? 

(c) Mark two points on your paper and draw a straight line 
through both. Can you draw another straight line through both 
points? How many di^erent straight lines can be drown through 
the same two points? 

(d) Do two points determine a stra^ht line? 

6. Why has a gun two a^ts? Could you hit an object if only 
one of the sights was in the line from your eye to the object? 

7. Draw two diflerent slndghl lines through a point. Will 
these lines meet in another point if extended? 

3. A straight line is represented by a stretched thread or 
by the edge of a ruler. It is fixed m position by any two of 
its points. Therefore: 

4. Only one slraiyhl line can he draten through two poirUt. 

6. Ttco slratjlit ftn« can meet in only one point. 

A straight line is usually denoted by two capital letters, 
one at each end of the line segment drawn, but it may be 
designated by reading any two of its pwnts. A line seg- 
ment of definite length is B 

often designated by reading a 

small letter placed near it. 9 ^ 

Thus the line AB; the fine CD; „ 

the line a. 

■Where no eonfuaon can result, a straight line or a line seg- 
ment is called amply s line. A geometric line has neither 
width nor thickness. It has only one dimenaon, length. 

ExEtaszs 

1. What does a radio ulesman mean when he eays, “This set 
will receive all stations within a radius of 1,000 miles?” If you 
had a map of North America with a scale of miles, could you draw 
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« line which would include all stations within 1,000 miles of your 
home and no others? 

2. What is the line in Ex. I called? How far is it from your 
home to any point on this line? How does the distance from your 
home to one point on it compare with the distance from your home 
to any other point on it? 

3. If a city is less than 1,000 oules from your home, will it be 
inside, on, or outside this line? If more than 1,000 miles? 

4. Why are the wheels on a wagon made 
circular instead of square or shaped as in the 
figure? 

6. Why would the wagon jar U the wheels 
were not round? 

6. Draw a circle on paper. Now draw a 
straight line which passes through the center of this circle. In 
bow many points does it touch the circle? 

7. Can you draw a straight line which will touch the circle in 
only one point and which wQl not touch it again no matter how 
long you make it? 

8. Can you draw a straight line which crosses your circle in 3 
points? What is the greatest number of points in which you can 
make a straight line cross a circle? 

9. Draw two drcles which cross each other. In how many 
points do they cross? 

10. Draw two circles which touch in only one point. Now draw 
a straight line winch touches one of them at this point but docs not 
enter the circle. Inhowmaoypoiotsdoesit touch the other circle? 

11. Draw a circle entirely inside another circle and not touching 
it. Can you draw a straight line which will touch each of them in 
only one point no matter how far you extend it? 

12. Can you draw two circles which cross in three points? In 
four points? Vi'hat is the greatest number of points in wtuch two 
circles can cross each other? 



6. A plane is a emootb, flat surface. Tho surface of a 
pane of window gloss, of sUU water, and of the walls of the 
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room are good examples of planes. If the straight edge of a 
ruler is placed against a plane in any position so that its ends 
touch the surface, the whole edge will touch the surface. 
Plastereis test their work in this way. 

A plane is often defined as a surface such that a straight 
line joining any two of its p<nnts lies wholly in the surface. 
A plane has length and width, but no thickness. 

Space GEOUEtitT (OpliomT) 

1. You have learned that not more than one straight line 
can be passed through two points. Do you think that moro 
than one plane could be passed through two points? Through 
three points on a straight *ine? Through three points not on 
a straight line? 

2. Hold one finger up TCrtically and support your book 
horizontally on it. Can you tip the book without removing 
It from your finger tip? Does one point fix a plane? 

3. Hold up two fingers apart and try 
the same experiment. Can you still tip 
the book without removing it from 
either finger? Do two points fix a 
pkne? 

4. Bold up three fingers with the tips 
not in a straight hne. Can you still 
tip the book without removing it from 
any finger? Do three points fix a plane? 

5. TMiat is the smallest number of points needed to hold a 
plane in poation? Will these points hold the plane fixed if 
they are in a straight line? 

6. Is a plane fixed in poatioa by a point and a straight 
line? By two straight lines which meet in a point? 

7. Can you think of two straight lines in space through 
which it would be imposdble to pass a plane? Illustrate 
with two rulers or two pendls or two edges of the class room. 

8. Told a sheet of paper. Is the edge of the fold a straight 
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line? Try to make a curved crease. Do both parts of the 
paper remain p’ane? Do two planes always cut each other 
in a straight line? Is it posable for two planes to have a 
curved line in common? Give a reason for your answer. 

7. A circle is a closed plane curve, all points of which are 
the same distance from a fixed point in the plane called the 
center. Any part of the circle is an arc. The radius is a 
line from the center to any point on the curve. Therefore, 
all radii of a circle are equal. A chord is a line joining two 
points of the circle. A chord passing through the center is 
a diameter. 

DaAWiHO Ex&acisss 

Copy the following designs. Notice that the spiral shown here 
U made up of half circles. 


8. An angle ( ^ ) is formed by two straight lines which meet 
at a point. The Unes are the sides of the angle, and the point 
is its vertex. 

An angle is read by a capital letter placed near its vertex, as Z A. 
However, when two or more angles have the 
same vertex, this method of reading is open 
to misunderstanding. It is then dearable to 
place a Email letter within the angle, as Zx, 

Or an an^le may be read by three fetters, one at the vertex and 
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one on each side, the letter at the varte* being read between the 
other two, as ^ABD or ADBA. The letters are read in the order 
in which one would come to then, were he to draw the angle 
with one continuous stroke of the pencil. 

We may thinV of id ABC as having been 
formed by turning a line around point B a* 
a pivot from the initial position BC to lh« 
fina l poalbn BA. The size of the angle 
depends on the amount of this turmng and 
not on the length of the sides. 

Illcstratton. Iaj your book closed on the desk. Now open 
the front cover without moving the book. Notice that the cover 
turns around the back edge as the book opens. The rite of the 
angle which the lower edge of the cover makes with the lower edge 
of the first page depends on the amount the cover has turned. 

EzxaasBS 

1. I>raw two lines AB and CD crossing at point E. Read tbs 
angles formed by these lines. 




2. Which of the two angles ABC and DBF is the larger? If 
you lengthen the fines BA and BC, does A ABC become larger? 

3. Which is larger, AAFB or AAFC? 



4. If ACFD IS added to AAFC, woat angle is the result? 

C. If / AFB is subtracted from AAFD. what angle b the result? 
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6. Is there any angle in the figure larger than ZAFDt 

7. If ZDFE is added to Z.APD, what angle is the result? 

8. Draw a straight line XY. Now draw another line RS meet- 
ing XY at S so that two equal angles are formed. What is the 
name of this kind of angle? 

9. Draw an angle smaller than one of the angles in Ex. 8. What 
is this angle called? 

10. Draw an angle larger than one of the angles in Ex. 8, but 
emaller than the sum of the two equal angles. Name thb angL. 

9. Adjacent angles ore two angles 
which have the eam*' vertex and a com- 
mon Bide between them; as AFGH and 
AIIGJ. 

10. A strmgbt angle is an angle whoso 

Bides lio in a straight line in opposite directions from the 
vertex; as AKLU. g L at 



11. If one straight line meets another straight line so as 
to make two adjacent angles equal, each of these angles is a 
right angle. A PSR and A RSQ ore 
right angles. 

Show that a right angle is one hah of 
a stTsjght angle. 



12. Two lines meeting at right angles are perpendicular 
(X) to each other; as PQ and RS. 

A definition is always reversible. Consequently § 12 may be 
quoted in the form: Two lines perpendicular to each other meet 
at right angles, or perpendicular lines form right angles. 

Show that perpendicular is not the same as vertical. 

The foot of the perpendicular ia the point where the lines meet; 
for txsiA S. 
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13. An acute angle is an angle scnallcr (ban ft right angle; 
as Z.A. An obtuse angle is no angle larger than a right 
angle, but sniallcr than a straight angle; as Z ^ in the figure 
below. 



14. The degree. The onlinarj* unit for mca'ajring angles 
\3 the drgree (®), which is onc-ninetieth of a 
*" right angle. The drgrre Ls dmded into 

W(® ” ^ . , aiftty equal parts caUwl tiunutes {'), and lha 

ISO* - 1 gt Mglc again divided Into eixty equal 

parts called recondj ('')• 

A degree is also di%*idcd into tenUw, hundredths, and 
thousandths; that is, a part of a degree is expressed as a 
decimal fraction* as OS.374^ 

Exercises vnrn the PROtiuctor 



Note, a protractor is u iiutruioeitt for roeasurinK angles- It is 
made in the form of a half ctrele whose are is divided into ISO equal parts 
called iiptti. An angle is measured by placing the protractor so that 
the vertex of the angle is at the eenter of the circle, and one side of the 
angle runs along the straight edge, as shown ia the diagram. ThenaiO- 
her ol degrees in the an^e is reul at the point where the other side 
crosses the scale. 
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1. Draw an acute angle BAC. Now using a protractor as 
shown in the figure on the previous page, measure the number of 
degrees in your angle. 

2. Draw an angle as nearly a right angle as you are able without 
using the protractor or compasses. Now measure it with the pro- 
tractor, and note how many degrees it differs from a true right angle. 

3. Similarly, draw and afterwards measure angles of 45®, 135®, 
30°, 60°, 120®, 22g'*, Cfg®, 20®, and 40°. In each case compare 
your estimate with the measured result. 

4. Draw an angle whose ades are each two inches long, and 
measure it. Now prolong the sides, making one of them three 
inches and the other four inches long, pleasure the angle again. 
Has its size changed? 

6. Draw two angles as nearly equal as you can estimate. Meas- 
ure them, and determine the number of degrees by which they differ. 

6. Draw an angle ABC. Now draw a line BD which you think 
will divide ZABC into two equal parts. Measure the two parts, 
and determine their difference. 

7. Draw an angle of 45®, and extend one of the rides through 
the vertex. Measure both angles. Find their sum. 

8. Make the same drawing and measurements, starting with 
angles of 135°, 30°, 60®, 120®, 150®, 22J®, 67i*, 20®, and 40®. Could 
you have computed the number of degrees in each of the angles 
formed by extending the line, without measuring? 

9. Draw two lines which cross each other. Measure two oppo* 
site sn^cs. How do they compare in size? Also measure anotbet 
angle of the same figure. What is the sum of this an^e and rithe. 
of the other two? 

10. Draw two angles that have the same vertex but are not 
adjacent. Draw two angles that have a common side but arc not 
adjacent. Explain, 


How to copy an angle. Architects make an angle equal to 
another angle by using only the compasses and a straight- 
edge ruler. Can you do it without reading the dircctiooB 
below? 
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To ma^e ad angle equal to an^ B: 

1. Place the point of your compasses on B and with any conven- 
iect cpeimg make an aie crutUng AB at F and BC at G. 

2. Keeping the same opening of the compasses, put the point on 
D and draw an arc cutting DE at H. 



3. TTith your compasses measure GF. Then put the pmnt on H 
and make an arc cutting the other arc at I. 

4 . With your ruler draw DI. 

AD will equal AB. 

Ezbrcises vttb Coupassxs A5T> Ruixr 
L "With your protractor draw an angle of 70*. Then with ruler 
and compasses construct an angle equal to it. Check with your 
protractor. (We construct a figure when we draw it accurately 
using atraight-edge ruler and compasses only.) 

2. Draw the following angles and construct an angle equal to 
each: (o) IS*, (b) IW*. (e) 90*. (d) 45*. 

S. Draw an angle of 35*. Kow construct an angle twice as large. 

4 . Draw any two angles. Then construct on angle equal to their 
sum. 

5. Construct as angle that is equal to the diSerence of two g^ven 
angles. 

6. Draw an angle of 20*. Construct an angle, (a) three times as 
large; (6) four times as large; (c) six times as large. 

7. Draw three unequal aa^es and construct an angle equal to 
their sum. Check with your protractor. 

8. With your protractor draw two an^es, one of SO* and thi 
other of 45°. Now by using combinations of these two anglea 
construct with compasses and ruler angles of (o) 75*, (i) 60°, 
(e) 105*. (d) 15°, (0 90*. 
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IB. When two straight lines cross, the opposite angles are 
called vertical angles; as Zxand Zy. 



i6. Supplementary angles are two angles whose sum is 
a straight angle; as 
Zx and Zy, or Zv 
and Zw. Each angle 
is the supplement of 
the other. 
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17. Complementary angles ate two angles whose sum is a 
right angle; as and Zg, or Zr and Zs. 



Class Exsrcises' 

1. If the line AB turns around point B 
in the direction opposite to that in which 
the hands of a clock move until it lies in 
a straight line with BC, name in order the 
four kinds of angles it forms with BC. 

2. What angle eq,ual5 the sum of a right angle and an acute 
ingle? What angle equals their difference? 

3. If an acute angle is eubtracted from a straight angle, what 
Irind of an^e is the result? 

4. If aa acute angle is subtracted from a right angle, what 
kind of angle is the result? 

&. Compare an acute angle with its supplement. 

6. If an acute angle grows larger, how does its supplement 
diange? Row large must the sn^e become to equal its supple 
ment? To exceed its supplement? 

7. Name the angle which is two-fifths of a straight angle. 
Tbree-fifths of a straight angle. 

8. Is half an obtuse angle necessarily an acute angle? Is 
twice an acute angle necessarily an obtu^ angle? 

9. II three times an acute angle is an obtuse angle, what number 
of degrees must the acute angle exceed? 



* Enough oork has lieen provided under the Leading “ Clas.^' Exer* 
tisea” for the average class. However, extra exercises of a aoroewhat 
more difficult nature have been included, captioned “Optional Exer- 
eues.” These are intended for classes rrfuch have sufficient time for a 
p^ter number ot exercises thsaaro pven under the first heading. The 
third division, “ Honor Work," contains exercises of a degree of diffi' 
niity to test the mettle of the better pupils. 
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10. What is the angle fonned by the hands of a clock at 3 p.u.? 
At 6 p.m. 7 At 4 P.M.? At 2 p.m.7 

11. Through how many degrees does the minute hand of a clock 
turn in one minute of time? 

12. How many degrees are there in the angle formed by the 
hands of a clock at 12:30 p.u.? At 2:30 f.m.7 

13. Through how many d^rees does the minute hand pass in 
20 minutes? In 13 minutes? 

14. If the earth turns completely around in 24 hours, through 
how many degrees does it turn in 1 hoot? In 2 hrs. 15 min.? 

15. What angle is AABB+ /LEBDt AEBC-ZDBCf 

16. If Z ABC = 90®, what is the complement of AABD7 Of Axl 

17. If AABC«90®and ZABZ) = 62* 10', ^ 

&nd the number of degrees in 

18. If AABC- 90®, Zi = 35®20' and 
Zyx28® 15', find At. 

19. If Z ABB -68® 40' 32" and Zy-20® 

16' 25", find Ax. 

20. If Z ABC is a right angle and Zv-21® 60' 40", what is the 
sum of Zxand At7 



[ 


Optioksx Exercises 

21. Ax and At are right angles and 
ZJ/ — 20®. How many degrees arc there in 
AFLK.7 In AFLUl 

22. It Ax and At remain right angles, ^ 

but Ay increases from 20® to 100®, describe 
the change which takes place in AFLK. 

23. How many degrees arc there in Ay 
when it becomes equal to Z FLK7 

24. Find the supplement of 50®. Of 67® 18'. Of 112“ 43' 32". 

25. If the complement of an an^c of x® contains 2 j®, find x. 

26. Find that angle which is | of its supplement. 

27. The gre.atcr of two supplementary angles exceeds the smallej 
Vpy 22®. Find both an^ra. 



18 


PLANE GE03IETIiy 


28. By how much does the Bupplemeut of an angle exceed the 
complement of that angle? 

29. If 34® were added to an angle, it would then equal thesup- 
plemeat of the ongo&l angle. Find the oumhcr of degceea in the 
ori^nal angle. 

30. An angle exceeds its supplement by 38®. How many degrees 
must be subtracted from it in order that it equal its supple* 
meet? 

31. Draw a pair of adjacent an^es which are Bupplemcnt^* 
A pair of adjacent angles which are not supplementary. A pair of 
supplementary angles which are not adjacent. 

COMUOR Tntus 

18. Linea intersect if they have one or more conunoo 

points. 

19. To bisect is to cut in two equal parts, or in halves. 



AB intersects CD at F. 

CD bisecU AB at F, if AF = FB. 

20. Figures are said to coiocide, if one of them exactly 
fits the other. 

21. (o) Figures whicdi can be made to coincide are con- 
gruent (S). 

(b) Any two figures are congruent 11 all the parts of one 
equal respectively the coiresponding parts of the other. 
For, in that case, they could be made to coincide. 

22. The correependtnj aides and angles of congruent jfguret 
are eguaf. ^ 
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How to bisect a line segment. 

To bisect AB: 

1. With A as center and with a 
radius more than half of AB, construct 
arcs on both sides of AB. 

2. With B as center and with the 
same radius, construct arcs cutting the ^ 
first arcs at C and D. 

3. With your ruler draw CZ> cutting 
AB at E. 

4. E is the middle point of AB. 

Note. CD is also perpendlcuiar to AB. 

It is called the perpendicular bisector of 

AB. 

CotrSTROCTION CxBECISES 

1. On a given One AB, lay off a distance equal to a segment o. 
With an opening between the 
points of the compasses equal 
to the length of a, and with 
A as center, construct an 
arc cutting AB. 

2. Construct a segment three times as long as a given segment. 

3. Construct a line segment equal to the sum of two unequal 
segments a and h. 

4. Draw a vertical line segment and bisect It. Test with your 
compasses. 

6. Draw several segments of different lengths and in different 
directions. Bisect them and test with your compasses. 

6. Draw a line segment. Then construct a segment 1 J times as 
long. 

7. Divide a line segment into 4 equal parts. 

6. By the method learned above can you divide a h'ne segment 
into 3 equal parts? 5 equal parts? 8 equal parts? 10 equal parts? 
Construct those that are possible. 
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9. CoiatTuct a lisi® scgifttrvt tqmd to the BUm of three given line 
segments. 

10. If o and b are two unequal aegmenta, a being longer than h, 
construct a 4- h; a — h; 2a + 3&; 2a — h. 

How to bisect an angle. 

Draw on angle ABC. IVifh O as 
cutting ;4B at D and /?C at £. Using 
D and E as centers and with the same 
radius, draw two arcs crossing at F. 

With your ruler draw a straight line 
from B to F. BF bisects / A BC. 

CoKSTBOcnoB ExEansts 

1. Bisect an angle of 45*; «0*; 90’; and 120*. Tcsteoehangle 
niih your compasses or measure with ymir protractor. Does the 
line alwaj's cut the angle into two equal parts? 

2. Construct a 00’ an^e by bisecting a straiglit angle. Check 
with your protractor. 

3. Divide a given angle into 4 equal parts. 

4. Caa you divide an angle into 3 equal parts? S equal parts? 
8 equal parts? Construct those that are possible. 

6. Construct an angle of 45’; Of 135’; Of 22®30'; Of e7’30'. 

6. Construct an angle !{ times a gi^n angle. 

7. Construct a line perpendicular to a given line AB at a point 
C cm the line by bisecting the strai^t an^e at C. 

6. Construct a equajehsviiig 
a given line s^ment as ade. 

9. This design was used 
a church in Zurich. Begin with 
a line segment KL and construct 4 equates. Then use their corners 
as centers for arcs. 

23. Reasoning. The power to reason is oui most valuable 
possession, and the One in which we most surpass the horse or 
the dog or any other aniioaL The ability to weigh facts and 
to draw the correct condusiorji is one well worth developingr 



confer, draw an arc 
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for in any form of activity, dtuations are continually arising 
on which judgments must be formed. For example, the busi- 
ness man collects all the data he can get about the enter- 
prise he intends to undertake. Th^ he studies, and from 
them draws certain conclusions. His success or failure 
depends largely on his ability to draw correct conclusions. 
Again, the physician notes the symptoms of a patient and 
from them diagnoses the case. On the accuracy of his decis- 
ion life may depend. Even in the smaller things of life, 
whether at work or at play, decisions must be made and judg- 
ments formed. 

Now geometry is a study in reasoning. Certain facts are 
given us. From these wo draw a conclusion. We prove 
that a statement is true if the data given are true. To make 
sure that we shall not slip in our reasoning, we follow a 
deBnito form, giving a reason for every step in the process. 

24. A theorem is a statement to be proved. 

26. A proposition is a theorem or a construction. 

26. A corollary is a statement whose proof follows easily 
from a previous statement. 

27. A theorem consists of two parts: (a) the hypothesis, or 
that which is granted; the known conditions or the given 
facts; and (&) the conclusion, or that which is to be proved. 

When the statement is a simple sentence, the subject is the 
hypothesis and the predicate is the conclusion. Thus, in “Vertical 
angles are equal,” “Vertical angles” is the hypothesis, and “are 
equal” is the conclusion. tVhen the statement is a complex sen- 
tence, the conditional clause, that bci^ning with "if,” is the hypoth- 
esis, and the independent clause is the conclusion. In the state- 
ment, "If two triangles ha^'e the three sides of one equal respeo- 
tivcly to the three sides of the other, the triangles are congruent," 
the hypothesis is “ two triangles have the three sides of one equal 
respccti\-ely to the three sides of the other,” and the conclusion is, 
“the trian^es are congruent.” 
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9. Construct a line segment equal to the sum of three given line 
segments. 

10. If a and 6 are tvx) unequal segments, a being longer than t, 

construct a + 6; a - fc: 2a + 36; 2a - 6. 

How to bisect an angle. 

Draw an angle ABC. With B na center, draw an arc 

cuttmg^BatOandBCatE. Using 

U E as centers and with the same 
radius, draw two area crossing at F 
With j-our ruler draw a straight line 
from B to F. BF bisects A ABC. i 

COKSTROCnOH EXERCISSS 

l. Eis«rt a. angle ot 45*| CO^ 90*; and I20'. Test eaeh angle 

u!, "’th your protractop. Does He 

line ataj, eul the angle into l.o e<inat papta! 

trith y^”^e,„r “ 

8. Divide a given angle into 4 equal parts 

6. ^nstruct an angle of 45»; Of 136»: Of 22“30'; Of 07‘30'. 
6. ^nstniet an angle 1 1 times a given angle. 

8. Construct a square having 

a given line segment as side. 

9. This design was used on r 

* church m Zurich. Begin with i. 

L p°°n3fo°p ™.“‘‘ '““"“‘■I men uee tWp oomep. 

1™^" 1° Ponson is our most valuable 
tbe dog or' any other^^ aurpass the horse or 

oraw the torrect eoaclnaoa, fe oae svell worth developing. 
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for in any form of activity, situations are continually arising 
on which judgments must be formed. For example, the busi- 
ness man collects all the data he can get about the enter- 
prise he intends to undertake. These he studies, and from 
them draws certain concluaons. His success or failure 
depends largely on his ability to draw correct conclusions. 
Again, the physician notes the symptoms of a patient and 
from them diagnoses the case. On the accuracy of his decis- 
ion life may depend. Even in the smaller things of life, 
whether at work or at play, decisions must be made and judg- 
ments formed. 

Now geometry is a study in reasoning. Certain facts are 
given us. From these we draw a conclusion. We prove 
that a statement is true if the data given are true. To make 
sure that we shall not slip in our reasoning, we follow a 
definite form, giving a reason for every step in the process. 

24. A theorem is a statement to be proved. 

26. A proposition is a theorem or a construction. 

26. A corollary is a statement whose proof follows easOy 
from a previous statement. 

27. A theorem consists of two parts: (a) the hypothesis, or 
that which is granted; the known conditions or the given 
facts; and (b) the conclusion, or that which is to be proved. 

When the statement is a simple sentence, the subject is the 
hypothesis and tlse predicate is the conclusion. Thus, in “Vertical 
angles are equal,” “Vertical angles” is the hypothesis, and “are 
equal” is the conclusion. When the statement is a complex sen- 
tence, the conditional clause, that beginning with “if,” is the hypoth- 
esis, and the independent clause is the conclusion. In the state- 
ment, “If two triangles have the three sides of one equal respec- 
tively to the three sides of the other, the triangles are congruent,” 
the hypothesis is “ two triangles have the three sides of one equal 
respectively to the three sides of the oUict,'' and the conclusion is, 
“the trian^ra are congruent.** 
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9. Construct a Ene segment equal to the sum of three giwn line 
segments. 

10. If a and b are two unequal segments, a being longer than h. 
construct tf + h; a — 6: 2a + 36; 2a — 6. 

How to bisect an angle. 

Draw an angle ABC. With B as 
cutting d.B at D and BC at E. Using 
D and E as centers and with the same 
radius, draw two arcs crossing at F. 

With j'our ruler draw a straight line 
from B to F. BF bisects A ABC. 

CoWStROCnOW KlERCISES 

1. Bhect an angle of 45*; €0*; 90*; and 120*. Test each sn^c 
niih your compasses or measure with j’our protractor. Does tne 
line always cut the angle into two equal parts? 

2. Construct a 90* angle by bisecting a straight angle. Check 
with your protractor. 

3. Divide a gi\‘en angle into 4 equal parts. 

4 . Can you diride an angle Into 3 equal parts? 5 equal parts? 
8 eqn^ parts? Construct those that are possihle. 

6. Construct an angle ol 45*; 01 135*; Of 22*30'; Of 67*30'. 
0. Construct an angle 1 ) times a given angle. 

7. Construct a line perpendicular to a pven line AB at a point 
C on the hne by bisecting the straight angle at C. 

8. Construct a square having 
a ^ven line sepacst as side. 

9. This design was used on 
a church in Zurich. Bc^n with 
a line segment KL and construct 4 squares. Then use their comers 
as centers for arcs. 

23. Reasoning. 'The power to reason is our most valuable 
possession, and the one in wliich we most surpass the horse or 
the dog or any otlicr animal. The ability to weigh facts and 
to draw the correct conelusionR Is one well worth developing. 



center, draw an aw 
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for in any form of activity, eituations are continually arising 
on which judgments must be formed. For example, the busi- 
ness man collects all the data he can get about the enter- 
prise ho intends to undertake. These ho studies, and from 
them draws certain concluaons. His success or failure 
depends largely on his ability to draw correct conclusions. 
Again, the physician notes the symptoms of a patient and 
from them diagnoses the case. On the accuracy of his decis- 
ion life may depend. Even in the smaller things of life, 
whether at work or at play, decisions must be made and judg- 
ments formed. 

Now geometry is a study in reasoning. Certain facts are 
gi\'en us. From these we draw a conclusion. We prove 
that a statement is true if the data given are true. To make 
sure that wo shall not slip in our reasoning, we follow a 
definite form, giving a reason for every step in the process. 

24. A theorem is a statement to be proved. 

25. A proposition is a theorem or a construction. 

26. A corollary is a statement whose proof follows easily 
from a previous statement. 

27. A theorem consists of two parts: (o) the hypothesis, or 
that which is granted; the known conditions or the given 
facts; and (6) the conclusion, or that which is to be proved. 

When the statement is a simple sentence, the subject is the 
hypothesis and the predicate is the conclusion. Thus, in "Vertical 
angles are equal,” "Vertical angles” is the hj-pothesis, and "are 
equal” is the conclusion. When the statement is a complex sen- 
tence, the conditional clause, thathe^nning with "if,” is the hypoth- 
esis, and the independent clause is the conclusion. In the state- 
ment, “If two triangles have the three sides of one equal respec- 
tively to the three sides of the other, the triangles are congruent," 
the hypothesis is “ two triangles have the three sides of one equal 
respectively to the three sidra of the other,” and the conclusion is, 
“the trian^es are congruent.” 
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EusasBS 

In the foUowing statements, tell which part is the bypothesia and 
wbicb the conclusion. 

1. If there were no air, there would bo no twilight. 

2. Water freezes if it is cooled below 32® Fahrenheit. 

3. A book which is well bound will last longer. 

4. If two triangles are congruent, their corresponding 5Xirt3 are 
equal. 

5. An airpbne wfll travel more slowly if the wind is gainst it 

6. A line which passes through the center of a circle cuts the 
circle in two points. 

7. The base angles of an isosceles triangle are equal. 

Axioms Aifo Postdiates 

2S. It is evident that, il we are to give a teawn lor every 
Btep in a proof, we must agree on some l.wts which we cM 
use as reasons in our hrst proofs. We shall therefore bcgio 
by making a list of simple statements which alt accept. 
Such simple statements ore called oxims and postulates. 

29. An aaaom is a atatement accepted ns a truth without 
proof. A postulate is a construction admitted as possible 
without proof. 

30. Axioms and geometric assumptions. 

On the right pan of a balance are 10 lbs. of weights, on the left 
a can of sugar. How many pounds of sugar ate there? 

If I replace two Mb. weights by a 10-lb weight, will the scale 
Etm balance? Can I always substitute an equal wei^t without 
disturbing the balance? 

Axiom 1. In any process, a quantity may be substituted 
for an equal one (called “ substitution ")• 

If I replace the can of sugar by a can of coffee and the scale still 
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balances, how will the weight ol the coffee compare with that of 
the sugar? 

Axiom 2. Things equal to the same thing or to equal 
things are equal to each other. 

If I now pour 2 lbs. of coffee into the can on the left pan, what 
must I do to the right pan to keep the balance? If I have equal 
amounts on the two pans, must I aln’ays add equal amounts to keep 
the balance? 

Axiom 3. If equals are added to equals, the results are 
equal. 

If I take 5 lbs. of coffee from the can, what must I do to the right 
pan to keep the balance? If I have equal amounts on the two pans, 
and take away equal amounts from both, will the result still balance? 

Axiom 4. If equals aru subtracted from equals, the results 
are equal. 

If 1 put three times as much coffee on the left pan, how many 
times as much weight must 1 have on the right pan to keep the 
balance? If I multiply equal amounts by equal numbers, will Z 
always have equal re^ts? 

Axiom 5. If equals are multiplied by equals, the results 
are equal. Corollary. Doubles of equals are equal. 

If I remove half the weight from the left pan, what must I do 
to the right pan to keep the balance? 

Axiom 6. If equals are divided by equals, the results are 
equal. Corollary. Halves of equals are equal. 

A bag of sugar is too large fw the scale pan, so I di^ode it into two 
parts and weigh each separately. One part weighs 13 lbs. and the 
other weighs 8 Ihs. "What is the woght of the whole bag of sugar? 
Do you always add the parts to get the weight of the whole? 

Axiom 7. The whole equals the sum of all its parts. 

Does either of the parts into which we divided the bag of sugar 
weigh as much as the whole bag of sugar weighs? Is It always 
true that the whole amount wei^is more than one of its parts? 
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Aiiom 8. The whole w greater than any of its parts. 
Geom^tne assumptions. 

9. A straight line b the shortest line joining two points. 

10. A geometric figure can be moved without change of 
size or shape. 

11. Through a point not more than one line can be drawn 
parallel to a gjven line. 

12. The perpendicular is the shortest line from a point to a 
line. 

13. Everj* angle has a bisector. 

14. A line segment has a middle point. 

31. Postulates. 

1. A straight line can be drawn through any two points. 

2. A straight line can be extended ns far a.'t desired. 

3. A circle or arc can be constructed with any center and 
any radius. 

The postulates tell us that in construction we are allowed to use 
the straightedge ruler and the compasses only. Other instruments 
such as the protractor, the triangle, or the square we shall find useful 
in ordinary drawing, or in checking the accuracy ol out work, but 
we must be careful never to use them in geometric construction. 

Exbbcisbs 

1. Give the axiom that best fits each of these statements: 

(o) If a pound of butter costs 32 cents, 3 lbs. of butter will 
cost 96 cents. 

(b) If a pound of butter costs 32 cents and a pound of 
sugar costs 6 coits, then a pound of butter ond a 
pound of sugar will cost 33 cents, 
fc) If a pound of butter costs 32 cents, a quarter of a 
pound of butter will cost 8 cents. 

(d) If a pound of butter costs 35 cents and a pound of 
coffee costs 35 emts, the grocer ought to be willing 
to exchange ft pound of coffee for a pound of butter. 
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(e) I bought a pound of butter for 35 cents. Mrs. Rice 
wants only a part of a pound of butter. She ought 
to get it for less than 35 eenta. 

(/) I bought some groceries, including a loaf of bread, for 
which the grocer wants 80 cents. I decided then not 
to take the bread which was worth 9 cents. So the 
grocer ought to clia^;e me only 71 cents. 

2. If 0 = 5 and i=c, why does ffl=c7 

3. If 0 = 6, e — d, and b=d, why does a=c7 

a b e S 
X L M P Q 

i. If a=c and 6=d, why does a+5=c+d? 

6. If a=c and 6=d, why does o— 5=c— d? 

6. If o=c, why does a+6«6+c? 

7. If whydoesa=c? 


8. If and o-d, why docs 6— 

9. If why does ZABD= ZEBCt 



Ers. 9, 10, II, 12. Em. 13, 14. 


10. If ZABD= Z.EBC, why does Ax=Az? 

11. If ZB and ZB' aie each cut into three equal angles, *, y, f 
and x', y', z' respectively, and Zx=^Zx' why does ZB equal 
ZB'7 (B' is read B prime.) 

12. If Zx=20°, Zy=25*and <Js=30®, how many degrees are 
therein ZB? Why? 

13. If AB is cut into three equal parts at C and D, and A'B' is 
cut into three equal parts at C' and D', and AC=A'C', why does 
AB=A'B'? 

14. If AB and A'B' are cut into three equal parts at C, D, C, 
and D' respectively, and ilR equals A'B', why does CD=C'D'? 
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16. It FG is 2 in. long and GU is 4 In 
VThy? 

To construct ft stiniglit line in each of 
the following cases, state how many 
points of that line must be found: 

16. The straight line perpendicular to 
FH and bisecting FIl. 

17. The straight line perpendietdar to 
FH at point G on FH. 

18. The straight line bisecting Z DEF. 

19. lYhy is DC shorter than Bj1+^C7 

20. ItTy is chord AB shorter than 
arc ABt 

Lien SmratiOHS. (Gptvonof) 

In business advertising, many assumptions are made. These aJe 
seldom stated in words, and are often false. 

21. Kame at least one assumption Uiat each of these advertisers 
wishes you to make. Do you think tide assumption is true? 

(а) Mcnin ndJl relieve you quickly. See how quickly it 

dissolves. 

(б) Rubiden is the only tooth paste containing murien. 

(c) Do as mitlioDs of other pcopte do. Use vitatone. 

{d) The elephant cigarette ia hia majesty’s blend. 

(«) Anno tea is blended. 

22. YrliatassuinptionBmadcinthesetwoiUustratlons? Arethe 
two cases equally likely? 

(a) YouputoffttudyrnguntUsuiaisetomorrow. Youare 

sure the sun will rise because it has risen every 
motning for the past 1000 jts. 

(b) Italians live on the slopes of Mt. Vesuvius without fear. 

Their ancestors have lived tliere safely for the past 
1000 yrs. 

23. Examine advertisements in magazines or ears. Can you 
find the assumptions that the advertiser wishes you to make? Are 
these assumptions true? 


. long, how long is FI1( 
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Simple Theorems 

32. AU straighl angles or* equal. (See § 4.) 

33. All right angles are equal. (See § 32 and Ax. 6.) 

34. Supplemenis of the same angle or of equal angles are 
equal. (See 1 32 and Ax. 4.) 

Also, complements of an angle or of equal angles are equal. 

36. If two adjacent angles nave their exterior sides in o 
straight line, they are supplementary. (§§ 9, 16.) 

36. The sum of the angles about a point is two straigM 
angles. (Draw a straight line through the point.) 

37. Vertical angles are equal. Ax 
and Az are each supp. to Ay (§35). 

Therefore Ax - Az (§34). 



Class Exercises 

1. If aB 1.BC, EFX.h'G, and Ax^ Az, show that Zy- 

2. If KQLUQ, IQLNQ and 
AKQN^\i2^, hoTT many degrees 
are there in r? la A at (Fig. p. 29.) 

3. If EB±AC and Ax^ Aw, 
show that EB bisects AFED. 

4. If Ax and r are eupplo* 

mentary, why does Ap^AwJ 
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6. If Zp" siow that Zr— Ztr; that Z» is tb* suppl** 
jaent of Ztt. 

6. If Zr = Zic,£hQw that Zp-Zp. 

7. If Zr- Ztc. show that Z^fathesupplment of Zy. 



Ex. 2 Ex. s. Era. 4, 5. 6. •. 


8. If Zp-70% Z9=SO“, Zr-30®aad Z4=90’, find Zf. 

9. If Ap, T, I, Mid { are in th« ratio 1 2 ; 3 : 4 ; 5, find the 
amnber of degrrea in each. (Note: x4-2r+3j+4x+Sr ■•360*.) 



Era. 9 . Esa. 10. It. 12, IS. 


OTnonju. EmgsEs 

10. If Zx is the compi«aeat of Z*, bow many degrees are there 
in Z»7 

11. If Z<“70'’aiid Ze«50\howinanydegrw!sare there in Zxf 
fn ADGF7 In ZZ(J£7 

12. If Zy is a rt. angle, what b the som of Zf and Zu? 

13. If Z< = Zf=Ztf, find themjmberof degrwin Z2X7F. 

14. If ZCBF^ISS*, ZEBA=VJ1* «rvd ABC is a atrasht tnt, 
find the number of degrees in AEBF. (See 
figure o! Ex. 

15. If Zx = Zr and how many 

degrees are there in the sum of the an^es of 
ZkESn 
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16. if /it) = Zn+4C and 
how many degrees are there in ZA+/R+ 
ZC7 


Honok Work 

17. What angle is formed by the bisectors of two supplementary 
adjacent angles? 

18. If the bisectors FB and fffi of A ABC 
and EBC are perpendicular to each other, why 
is ABE a straight line? 

19. If FG bisects ZABC, prove that it 
bisects its vertical ZDBE also 

20. If Zx=’Zy, .i 2 =«Ztx>, and Afi andCD 
ire straight lines, prove that FBG is a straight 
line. 

21. If FB bisects ZABC and BH bisects ZCBE, prove that 
BHLFB. 




Appued Problems 

22. The draughtsman uses two right triangles, one having 
acute angles of 30* and 00*, 
and the other having two 45* 
angles. Name nine different 
sized angles which he can 
draw, using either one tri- 
angle alone or both together. 

23. In pb}'aics, it is found that 

when a ray of light AB strikes a 
piano mirror EF, it is reflected in a 
direction J?C so that where 

BD is perpendicular to the mirror. 

Show that the ray of light also makra equal angles with the 
mirror, that is, that Zr-Zw. 

24. Paul Strong bought a carpenter's square at a sale, but he 
suspects that the right angle is not true. To test it, he places one 
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<dee on a straigM line AB, and diatra a line CD along the other 
edge. He then turns the square over, 
as shown in the diagram, and notices 
whether the edges fit the lines drawn. 

Prove that if the square has a true 
right angle, it will so fit. 

25. Dorothy wished to draw a petpeodicular to a line but had 
no instrument with which to do it, so she folded an 
irregular piece of paper twdee and obtained a right 
angle along which she could draw. Can you do it 
too? Explain why this ©ves you & right angle. ' 


PoLioona; TuiAnoiES 

38. A polygon is a figure formed by straight lines which 
enclose a portion of the plane. Its perimeter is the sum oi 
the lines. 


39. A triangle (A) is a polygon having three sides. 


The triangle is important both io geometry and in its applica- 
tions. In geometry, any polygon can be cut into trbnglcs, and in 
that way proofs can be simplified Outside of geometry, in con- 
strucUon work, such as bridge-building, the triangle is important 
because it is the only polygon whose eides alone give rigidity. 


40. An isosceles triangle is a 
triangle haring at least two of its 
sides equal. The two equal ades 
are the legs, and the angle lormed by 
them is the vertex angle. The third 
aide is the base, and the angles ad- 
ioining it are the base angles. 








41. An equilateral triangle is a triangle having all tli've 
sdes equal. 

An triangle is a special kind of isosceles triau^ii- 



INTRODUCTION 


31 


42. A right triangle is a triangle one of whose angles is a 


right angle. The side oppo- 
site the right angle is the 
hypotenuse, and the other 
two sides are the legs. 

An oblvse triangle has one oh* 
tuse angle. An acute triangle has 
three acute angles. An equi- 
angular triangle is one in which 
all of the angles arc equal. 



How to construct a triangle when the three sides are 
known. 


jr 


Suppose the line segments a, b and c are to be the sides of 
your triangle. 

1. Draw a straight line DE of indchnitc length. 

2. With D as center and c as radius, cut DE at F. 

3. With D as center and h as radius, construct an arc. 

4. With F as center and a os radius, cut the last arc at G, 
6. Draw DO and FG. 

DFG is the required triangle. 



ConsTKtJcnon Exercises] 

1. Construct a triani^e whose sides arc 2 in., 3 in., and 3) in. 
With your protractor measurs each angle of your triangle. Are 
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thare any equal angles? How mai^ degrees are there in the sum 
of all thro angles? 

2. Construct an equilateral triai^ each of whose sides is 2J in. 
Are there any equal ac^es? What is the sum of all three angles? 

3. Construct an isosceles triangte whose base is 2 in. and whose 
le^ are each 3 in. Are any of the an^es equal? Find their sum. 

4. Construct an equilateral triangle whose base is a given line 
segment a. 

6. Construct an iacsceles triangle given the base a and a leg b. 

6. (fll Construct a AABC having AB=3 in., in. and 

PC -=31 in. 

(6; Then construct the bisector of ZA. Is this line per- 
pendicular to BC7 Does it bisect BC7 

7. Construct an isosceles triangle and bisect its vertex angle, 
b this line perpendicular to the base? Poes it bisect the base? 
Does this appear to be true of isosceles triangles only? 

8. With the following lengths as sides, construct triangles when 
It is possible: 

(a) 2 in., 3 in.. 4 is. (c) 2 in , 8 in., 6 in. 

(i) 2 in., 3 in., 5 in. (d) 2 in., 3 in., 2 in. 

9. Can you discover a method of telling in advance from the 
lengths of the lines whether it is poerible to construct the triangle? 

10. Construct a triangle viboee rides are tesi)ectivelv twice the 
rides of a given triangle. 

43. An altitude of a triangle is aline from a vertex perpen- 
dicular to the opposite side, extended if necessary: as AD 
ct PS. 


iftdian 

44. A median of a triani^e is a lice from a vertex to th* 
middle point of the opposite side; as EfI above. 
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45. An angle bisector of a teiangle is a line bisecting an 
angle of a triangle and extending to the 
opposite side; as KN. 

A triangle has three alUtadea, three medians, 
and three angle bisectors. 

How to construct an altitude d a given triangle. 

To construct the altitude from A to BC; 

1. Take A as center, and with a convenient radius cut 
BC at D and E. 

2. With D as center and a conven- 
ient radius draw an arc. 

3. With E as center and the same 
radius, draw an arc cutting the last arc 
BiXF. 

4. Draw AF cutting BC at G. 

AG is the required altitude. 

Note ; If or ZC were obtuse, it would be necessary to extend 

the side BC. Why? 

How to construct a median of a given 
triangle. 

Since the median from A must pass 
through the middle point of BC, we 
must first bisect BC at D. Then AD 
is the required median. 

CoKSTRvenon Exercises 

1. Draw an acute triangle. Construct all three altitudes. Are 
all three inside the triangle? Do they meet in a point? 

2. Draw an obtuse triangle. Construct all three altltiidea. Are 
all three inside the triangle? Do they meet in a point? 
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3. Draw & rigtt triangle. Construct all three altitudes. What 
do 7011 noUce about the position of these altitudes? 

4. Draw any triangle. Construct the perpendicular bisectors of 
all three sides. Do they meet m a point? 

6. Draw an acute triangle ABC and construct the median 
to AC. 

6. Draw an obtuse frian^e and construct all three medians. 
Do they meet in a point? 

7. Draw a triangle and construct all three angle bisectors. Do 
they meet in a point? 

8. (o) Construct a AABC having AB=1 in., in., and 

BC=-3in. 

(h) From A construct the altitude, median and angle bisector, 
(c) Are they three separate lines? Which is between the 
other two? 

9. (o) Construct an eciuilaleral triangle ABC having each side 

3 in. 

(h) From A construct the altitude, medhts, and angle bisector, 
(c) Are they three separate lines? If not, which of then 
coincide? 

10. Construct a triangle whose rides are 1} times the sides of 
a given triangle. 

46. WTien two sides of a triangle are 
mentioned, the angle formed by these 
two rides is called the included angle. 

In the figure, ZA is induded by ri B 
and AC. 

47. When two angles of s triangle 
axe mentioned, the ride joining their 
vertices is called the included side. 

DE is included by Z2?snd ZE. 




In AABC what angle is induded by AC and BC7 By AB and 
BC7 What ride is induded by ZA and ZB"! By ZB and ZCl 
By ZA and ZC? 
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How to construct a triangle when two Sides and tbeii 
Included angle are given. 

Given L A and line segments h and c. 



1. On a line DG using D as center and b as radius, cut 
DO at E. 

2. Construct an angle at D - ZA. 

3. With D as center and c as radius, cut DH at F. 

4- Draw EF. 

ADDF is the required triangle. 

CoNSTROcnoR Eitrcisss 

1. Using your protractor, draw an angle of 50*. Now with 
your compasses measure off a length of 1 in. on one side and in. 
on the other. Compiete the triangle by drawing a line joining the 
ends of the segments marked off. 

2. Draw an angle of 70*, and two line segments, one 2 in. long 
and the other 3 in. long. Now on another line construct with your 
compasses a triangle having tiiese lines and this angle as two sides 
and their included angle. 

3. Draw an angle of 40*. Construct an isosceles triangle having 
its vertex angle equal to this an^e, and haring a leg equal to 2 in. 
Pleasure the three angles with your protractor and find their sum. 

4. Draw two angles, one about 70* and the other 65*, and draw 
a Une 3 in. long. Now construct a triangle on another line having 
two angles equal to these angles and the included side equal to this 
line segment. 

6. Construct a right angle and an angle of 45*. Draw a line 
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segment 2\ in. long. Now construct ft triangle taving two angles 
and their included side equal to these parts. 

6. Construct a right angle. Then construct an isosceles triangle 
having its vertex angle equal to this angle, and each leg equal 
to 2 in. 

7. Construct a triangle whoso base is 3 in., and whose base 
angles arc each 45*. 

8. Construct AABCmalcingBC=2in., ZB=90*and ^£7=45*. 

9. Construct a right triangle whose legs are 2 in. and 3 in. 

10. Draw an angle of 130*. Now construct a triangle having an 
angle equal to this angle and the including sides 2 in. and 1) in. 

11. (a) Draw a triangle. Construct another triangle having 
2 sides and the included angle equal to 2 sides and the included 
angle of this triangle. Do the triangles appear to be congruent? 

(5) Cut out one of them and see if it will fit the other. Are 
the; congruent? 

12. Try the same experiment begianing with a triangle having 
a diCerent shape and sue. Are two triangles alwaj's congruent 
when two sides and the included angle of one equal two rides and 
the included angle of the other? 

13. In two triangles ABC and A'C'C*, If you knew that ZA“A', 
that AB is the same length as A'B", and AC the same length as 
A’C', would you know that AABC^AA'B'C'? 

Two triangles are congruent, if two sides and the included 
angle of one equal respectively two rides and the included 
angle of the other. (s.a.s.) 

14. Draw a triangle. Construct another triangle having two 
angles and the included side equal to two angles and the included 
side of this triangle. Do these triangles appear to be congruent? 
Test by cutting out one of them and fitting on the other. 

16. Try the same experiment be^nning with a different shaped 
triangle. Are two triangles always congruent whew two an^es 
and the included ride of one equal two angles and the included 
side of the other? 
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Two triangles are congruent if two angles and the included 
side of one equal respectively two angles and the included 
side of the other, (a.s.a.) 

16. Among the following triangles select two pairs which are 
congruent and tell how you know. 



17. In th^ figures rides and angles are equal when they are 
marked alike. Find a triangle that is congruent to triangle 1; to 
triangle 2. Explain bow you know that the triangles selected are 
the correct ones. 



18. In these figures, is triangle 1 congruent to triangle 2? How 
do you know? Is triangle 1 congruent to triangle 3? How do you 
know? 



48. A quadrilateral is a four-sided polygon. A quadrilat- 
eral, whose sides arc all equal, is a rhombus, and if the angles 
are right angles is also a square. A diagonal is a line joining 
opposite vertices. 
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49. Need of a yroof. A pupil often jumps to the conclU' 
Bion that a statement is true simply because he can see that 
it is true Irom the figure before him. He does not yet under- 
stand that we are not trying to prove anything about that 
particular figure. We are proving a statement for all figures 
to which that hypothesis applies, and we use the figure on the 
paper or blackboard as a convenience only. 

Suppose, for ejfample, that one child tries to prove to 
another that all birds can fly. He says “ I have seen them 
fly. Th? crow, the robin, the swallow, the eagle, and the 
eparrow all fly." “ But,” the other remarks, " there may be 
a bird which you have not seen which cannot fly.'' And he 
is right. The ostrich cannot fly. Therefore the statement 
that all birds can fly is not true, regardless of the fact that 
all the birds that he has seen can fly. 

Similarly, in geometry, a statement is not true for nil fig- 
ures simply because a pupil can sec that it is true for the one 
be has drawn. It is quite possible that, in another figure, he 
could see equally well that the statement was not true at all 
Consequently, he must never accept a statement simply 
because it looks os if it were true. 


Exercises 


In each of the following Sguies, we can 
true for the figure drawn. Try to draw 
another figure for which it is not true. 

If you do not succeed in doing this, are 
you sure that no one eL«c could? 

1. An angle outside a triangle, 
made by extending one of the sides, 
k larger than any one of the angles of 
the triangle. 

2. A perpendicular to a line Idsccts 
the line. 


see that the statement 




is 




3. The bisector of a straight anvl* j/l 

bisects the straight line. 
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4. If, with the same radius, arcs are drawn from A and C as 
centers, meeting at D, SD bisects angle ABC. 



6. The supplement of an angle is alwaj^s 
obtuse. 

6. Adjacent angles arc supplementary. 




7. The bisector of an angle of a triangle bisects the opposite side 
and forms right angles with it. 

8. An isosceles triangle has three acute angles. p 

9. From the vertex P of a triangle PQS, we 
can construct a line PP perpendicular to QS and 
bisecting QS. 

10. A median to the base of a triangle is per* 
pendicular to the base. 




TROT-FAtsv Test (10 min.) 

Write the numbers 1 to 10 on your answer paper. If the 
statement is true, write T after its number, if false, write F 

1. The diameter of a circle is a chord. 

2. An acute angle is an angle less than a right angle. 

3. Adjacent angles are two angles whose sum is a straight angle. 

4. Supplementarj' anodes arc cquaL 

6. An axiom is a statement to be prov-ed. 

C. The sum of the angles about a point is two straight angles. 

7. A polygon is a figure having five aides. 

8. The angle formed by two sides of a triangle is called their 
included angle. 

9. A median of a triangle is a line from a vertex to the opposite 
ride. 

10. An equilateral quadrilateral is a rhombus. 
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CoupLETioit Test (10 min.) 

Write the numbers of the questions on your answer paper, 
and after each the one word that is omitted. 

1. Any polygon that has just four sides js called a . . • 

2. The difference between the supplement and the complement 
of an an^e is alwa3-s . . . degrees. 

3. In a triangle the Ime from a verte.^ perpendicular to the 
opposite side, extended if necess-iry, is called the . . . 

4. The biscctora of two supplementary adjacent an^cs form an 
angle of . . . d^reea. 

fi. A triangle is ... if two of its altitudes fall outside the triangle. 
REASOirrao Test (lO min.) 

In the following e:tercises you are gives certain angles and 
certain hnea equal. Select another pair of lines or angles, 
one in each triangle, which 
are equal as a result of 
these, and ^ve a reason for 
your selection. 

1. BG-i'/f and GC-=HF. 

2. BC-BB and BG’^EH. 

3. BC=EF and Affaod/)// 
are medians. 

4. ZAn and AC and D// are angle bisectors. 

5. AG and DH are altitudes. 

MATCmnc Test (10 min.) 

Write the numbers 1 to 10 in a column. After each write 
the letter of the phrase which is a correct definition of the 
word following the number. 

1. Adjacent an^ea a. Thelineftomavertetofatrian^e 

to the middle point of the opposite 
side. 
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2. Polygon 

3. Altitude 

4. Median 

6. Isosceles triangle 

6. Acute angle 

7. Supplementary angles 

8. Theorem 

8. Hypoteniise 
10. Perpendicular lines 


h. Two angles whose sum is 180“. 

e. The side of a right triangle oppo- 
site the right angle. 

d. A statement to be proved. 

e. Two angles which have the same 
vertex and a common side between 
them. 

/. An angle smaller than a right 
angle. 

ff. Two lines meeting at right angles. 

A. A figure formed by straight lines 
which enclose a portion of the 
plane. 

i. A triangle having at least 2 sides 
equal. 

}. A line from a vertex of a triangle 
perpetdiculM to the opposite side. 
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Differertiatior of PropositioRS 

Propositions on the fundamental list of the Kational Com- 
mittee on Mathematical Requirements are indicated hy bold- 
face italic type; for example: 

S6. An angle equal to a given angle can be constructed 
at a given point on a given straight line. 

Propositionfl whose proof fa required by the CoUegs 
Entrance Examination Board are preceded by a star (*)i 
thus: 

*50, Two triangles ore congruent if (wo sides and the 
tfiduded angle of one equal respectively two sides and the 
included angle of the other. 


To THE Pupil 

You will notice that in some propositions part of the 
hypothesis is enclosed in brackets while another part is left 
outside of them. This is done to help you distinguish be- 
tween those facts winch the figure itself tells you and the more 
essential but less obvious ooea which you will need as reasons 
in the proof. For example, on the next page, you can see 
that ABC is a triangle but not that AB is exactly equal to 
A'B'. You should be particularly careful to l^ow that 
part not enclosed in the brachets before you try to prove the 
proposition. 

In propositions in which either uU or none of the hypothe- 
•as is observable from the figure, the brackets are not used. 
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Proposition 1 

* 60. Two iiiangles are congruent, if two sides and the 
included angle of one equal respectively two sides and the 
included angle of the other. (8.a.s.) 



Given: (aACC and A'B'C']; 

AC= A'C, and Z A = Z A'. 
To prove: ^ABC=AA'B'C’. 


Proof: Statements Reasons 

1. Placo AABC on AA'R'C 1. A geometric figure can be 

BO that point B is on point B', mo\-ed without change of size 

and BA falls on 5'A'. or shape. 

2. Point A is on point A'. 2. AB -A'B' by hj-p. 

3. AC is on A'C. 3, ZA - ZA' by hyp. 

4. Point (7 is on point C. 4. A<7 ^A'C by bj-p. 

6. BC is on B'C'. 5. Only one st. lino . . . (§4). 

6. AABC = AA'B'C' 6. Hgurcs which can be made 

to colocido are congruent. 
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61. Arrangeiaent of pwof. Oa page 43 is given a mode! 
proof. Note that it is arransed in the order suggested below. 
This oTde,t should alviaya be followed hy the pupil in arrang- 
ing his written work. 

1. At the top of the paper, write out in words the proposi- 
tion to be proved. 

2. Draw a neat figure with pendl and niler. The figure 
should not be too small. Preferably, no line should be less 
than one-and-one-half inches in length. 

3. Jlark the pven parts on the figure. 

4. Write the hiTMthesis in terms of the figure, that is, say, 
“ Given A5* CD ” and not “ Given two equal lines.” 

5. State in terms of the figure what is to be proved. 

6. Draw a strait line down through the middle of the 
page. On the left of this line, write and number the state- 
ments, On the right of the line, opposite each etatement, 
write ita reason, numbered to correspond with the statement. 

7. When construction is necessary, it should be explained 
before the proof, with a reason for each construction. 

8. In the proof, a reason must be given for every statement. 
No reason is allowable, no matter how evident, unless it has 
previously been accepted as true in the geometry. Such 
reasons are: axioms> postulates, definitioas, proportions 
already proved, identity, construction, and the hypothesis, 

lavestigafioa Problem, — How riany parts must be known to 
be equal in order that you can prove triangles congruent by 
Proposition 17 Can you select a diSerent combination of parts 
which, if known, would enable you to prove triangles congruentt 
Try to draw triangles (1) that are not congruent but have aU 
th^ angles of one eqqal to angles of the other; (2) that hart 
two angles and the included side ot one equal to two angles and 
the included side of the other. 

Nora; Unless needed to meet the tequireraenta of an outride aramt 
naUoo, the proofs of Proporitioiis 1 and 2 should be omitted. 
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PROPosmoif 2 

* 62. Two triangles are congruent, if two angles and the 
included side of one equal respectively two angles and the 
included side of the othen (a.9.a.) 



Given: [eJ.BC and A'B'C'J; 
and 

To prove: AABCs 


Proof: 

Statements 

1. Place AARC on AA'R'C' 
60 that point i? is on point B\ 
and BA takes the direction B'A\ 

2. Then BC takes the direc- 
tion of B'C, 

3. Point (7 is on point O'. 

4. CA takes the direction 
C’A\ 

6. Point A is on point A', 

6. AABCS AA'B'C'. 


Reasons 

1. A geometric figure can be 
moved without change of siie 
or shape. 

2. AB' by hyp. 

3. BC~B'C' by h>T- 

4. AC -AC' by hyp. 

5. Two st. lines can meet in 
only one point. 

6. Figures which can be made 
to coincide are congruent. 





THE TRIANGLE IN ENGINEERING 

TKe tiisns!® Kasone quality, not possftsied by any olhef 
polygon, llial makes U particularly valuable in tKc con* 
struction of bridges, buildings, of otKer struclufc* wlicre 
slrength is desired. That H its rigidity. Other polygons can 
be made rigid by constructing rigid joints. But the Joint 
the vrealcest poir\t itr construction, and if a Joint gives, the . 
polygon will change its shape. In the triangle, howevw, 
rigidity depends on the sides alone. Unless a side bends, 
the triangle cannot change its shape, no mallet how flexible 
the Joints may otherwise be. They may even be hinged or 
held by a single rivcL 

Examirte the figure on the opposite page and try to Je* 
termlne in how many diKerent ways the triangle is used tc 
strengthen this frame. Can you find triangles in a vertical 
plane? Why ate they there? Are there triangles in a hori« 
sontal plane? In what way do they strengthen the frame? 

Another quality possessed by the triangle alone is of 
great value to the surveyor. When two sides and their 
included angle, or two angles and their included side, are 
known, the lengths of the other sides and (he sires of (he 
I other angles can be computed. Now it Is often much easier 
to look through the telescope of a transit at a distant point 
and measure an angle than to measure the distance to that 
point. So the triangle saves (he surveyor a great amount 
of work. 


Photo by P*«( J. Wool! 
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Class Eriicisbs 

L If AD=BC and Av- Ax, ptOTc that AABC^AACO. 
If Aw=Ax And Ay Ax, prove that AAPCSAACD. 


X. 


afU'Jao™. ™ •"'* “ »"> »• P-" 

« P""' AmsAsas. 

ACSa “ p™« A^BDS 

ACca ■'P pro™ AABCa 


.A 

Esa.5.0. " " O 


Exs.8.8. 

»: n™AaB“?rr;r" 

9- If PKo-gs, oLrff ZO 

APQB^ASTR. ' and ^Pr5=110*, prove 

10. The bisector of the vert.ip _. 
divides the figure into twn <v». of an isosceles triangle 

IL Two triangles, 

respectively the 1^ of^ ^ '’f 

12. Two right triangles are 

acute angle of one equal resDe«^!l'***J ^ adjoining 

angle of the other. ^ ^°d the adjoining acuta 

13. Two isosceles triangles are 
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14. If C is the middle point of SD, AB^ED, AB±BD and 
EDXBD, prove AABC^AEDC. 

16. If /E=40'’, EDlBD, ECXAC, ABxBD. E1)=BC and 
^ECU=50“, prove AABC^ACDE. 



Exa. 14, 16. Ex. 16. Exs- 17-21. 


16. If FG±FL and KLXFL and KG passes through the middle 
point of FL, prove that AFHG^ALHK. 

17. If Ay &ni NO-OP, prove AMNOSA^iPO. 

18. If jl/Q bisects /NJl/P and Ax— Zy,pTOve aM^OsAMPO. 

19. If Jl/pbisects A NOP and NO-OP, prove aM^O^AMPO. 

20. If il/Qbisects botn ANMP and ANOP, prove AMNOSi 
AMPO. 

21. If MQ bisects ANMP and AxoA-x—t+y, prove AA/NOS 
AAIPO. 

53. Method of attack. To prope lines equal of angles equal, 
choose a pair of triangles of which they are the correspond- 
ing parts. Prove these triangles congruent by Proposition 
1 or Proposition 2. Then use; 

64. The correepcmding sides and angles of congf^eni triangles 
are equal. 

22. If the bisector of an angle of a triangle is perpendicular to 
the opposite side, the triangle is isosceles. 

23. If two opposite angles of a quadrilateral are bisected by a 
diagonal connecting their vertices, the quadrilateral has two 
pairs of equal sides. 

24. If the middle point of a aide of a square is joined to the two 
vertices of the opposite side, the lines so drawn are equal. 
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S U ED ot AS, th™ AS-SC. 



2S, 28. 

a^as-siT'' » «>*t „d ^., 
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38- If EG’^^ai, ^x=/:v and GJS.FH, then G 

bisects FH. 

39. If G is tho middle point of FII, GJ1.FH, GJ bisects ZEGI, 
GE‘=Gl, and EFS.FH. then IIILFH. 

40. If Zr= EF = IIl, FO^GH and GJ bisects Z.EGI, then 
GJ1.FH. 


Optional Exercises 


41. Any point in the bisector of tlie vertex angle of an isosceles 
triangle is equally distant from the ends of the base. 

42. If the equal sides of an isosceles 
triangle ABC are produced through the 
vertex A equal lengths to D and E, then 
DB equals EC. 


43. If, in hABC, AD bisects AA and AB^AE, prove that 
AB~Ax. 


44. If A5-CD.Ar-FD. and AA-^AD, then CE^FB. 

46. If AB-CD, BF-CE, and AABF^ADCB, then AA^ 
AD. 


JJ' [> 


46. If AB=CD, BF±AD, CE±AD and AA^AD, then 
^F=AE. 

47. If ABCD is a square and CF=DE, then AF=BE. 

48. If, in A.ABC, D is the middle point of AC, and BD is 
extended its own length to E, then AA= AACE. 

49. In congruent triangles, corresponding medians are equal. 

60. In congruent triangles, corresponding angle bisectors are 

equal. • 
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61.11 BD=CE, fiBLAP, OB±AF, and 'tea 

HC=DG. 

62. If BD=>CE, if*, and /ix* Zy, then ^/f«= .dff. 

HoROK Wosr 

63. If the legs RL and KM of an isosceles triangle KLM are 
extended equal lengths to P and Q, then PM=LQ. 

64. OsizigtbeEamehypothesis,provethat AhP.If 
is congruent to AtifQ, and from this that dr* d«. 


Cx».at.S3. Eia. 63.64. 

66. If two rods AB and BC are hinged at B, can the distance 
between the ends A and C be cbaogedf If now the rise of dfi is 
fixed b? another pin eo that it cannot become larger or smalleCt 
what can you sa^ about the distance from A to C? Git'e a reason. 

66. If AB»ACi and BD and CF are medians, prove that 
AABBSAACP; then that AFBC^£iDCB. 


Ex. 56. Ex. 67. Ex. 68. Ex. 59. 

67. If AB=AC, prove that thwr perpendicular bisectors DB 
and FO are equal; also that AiX?//SAPBW. 

68. If AB=AC, AP=AF, ADXAB, and AFXAC, prove that 
ZiABCSAABF. ^ 

69. If JK=JL, and Ax= Ay, prove that AJKN^ 

AJLil. 

\ 
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60. To find the distance across a pond from A to B, Robert 
Young set up a pole at C and measured a 
distance CD equal to BC, and a distance 
CE equal to AC. Show that ho can find 
the required distance by measuring DE. 

61. Engineers for the Lively Traffic 
R.R. CJo. are surveying a right of way 
through John Greer’s farm. At one place 
their wort is obstructed by a ham. They 
want to know the distance from P to <3. 

They lay off any line IIG and make FE 
perpendicular to it. /// b then taken 
equal to HQ. Show that FI b the same 
length as the distance from G to P. 
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62. To measure the distance £ro(n a point h on the shore to an 
island K, a survej’or found that £KLK equaled 40“ and ZKNL 
equaled 35®. He then laid off a triangle Liljf with ZiVZril/=40® 
and ZiM/=35®. Show what line he bad to measure to find the 
distance from L to K. 



Ex. 62. Ex. 63. 


63. To find the distance from B across a river to a pomt C, 
BD U drawn perpendicular to BC. At the point D, CBDA U 
constructed equal to ^BDC. Prove that BA equals BC- 


64. A man can find the distance EF 
across a river as follows. He measures 
Elf at right angles with £P, and sets 
a stake at the middle point G. Then he 
measutca the Stance at right angles 
from II until be arrives at a point I at 
which be is in line with G and F. Show 
the EF equals the distance be has 
measured. 



66. Two boj-s, Henry and James, find a distance KL as follows. 


Henry walks at right angles to KL 
any distance KM and measures the 
ZfTJfli with his protractor. He calla 



back to James, who is at A', that the 
angle is 25®. The latter then nwasurca 
an angle of 25®, and travels 

along Ky until Henry, who ia at 3f, 
observes that he is at right angles 



with MK, They decide that MfN eqjials KL. Prove that they 


.jie right. 
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66. QR is a mirror, and U^t from P is reflected at R to 
S 60 that Zx=Zy. The image P' s 
of P appears to be on SR produced 
through the mirror, and also on a R 

line PP' perpendicular to the mirror. 

Prove that PQ and QP' are equal in 

length. B S 


67. tVhen an object, such as candle P, U reflected in a mirror 
QR, the image P' is as far from the mirror as the object is, and is 
cn the perpendicular from the object to the mirror produced 
through the mirror. If SRP' is a straight line, prove that Za 


equals Zy. 

68. To find the distance betnreen 
two points T and U, both inaccessi* 
ble, take XV at right angles to the 
line TV extended, and set up a post 
at its middle point IT. Then walk 
along XZ, perpendicular to XV, and 
set stakes at Y and Z in line with UW 
and TTF. Prove that YZ is the re- 
quired distance. 



69. Mr. Wilson asked his wife to cut eight triangles of cloth 
to cover lus umbrella. He told her that the ribs were each 26 in. 


long, and that when the umbrella was open, they met at an^es 
of 45®. Mrs. Wilson insists that she cannot cut the triangles the 
correct rize unless she also knows bow far apart the ribs are at 
their outer ends. This extra information Mr. Wilson says is 
imnecessary. Which is right? Can she cut the triangles from the 
data given her? Explain your answer. 


Investigation Problem. ^ABC is isosceles. It has two equal 


sides XS and i4(7. Has it other equal parts? Can 
you prove them equal? What is the principal method 
of proving angles equal? If there is only one tri- 
angle in the figure, how can yon do this? Would it 
help to have a line bisecting ^4? If you cannot prove 
your Gonclmuon wi&out help, read Proposition 
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Propositioh 3 

* 65> The base angles of an isosceles triangle ere equal. 



GItcq: {L.ABC\-, AB^^AC. 
To proT®: LB^^C. 


Ptoot*. STATtMENTS ftEABOSS 

1. lift il.Y bisect C.BAC- 1. Every oDgle has a bisector. 

2. lo Avl/l.V and ACK, 2. Hyp. 

3. AX~AX. 3. IcJen. 

4. ^r**Z8. 4. Const. 

5. £^BX ^ AACX. 5. Two A are if two rides 

and the included nnglo of one 
equal ... (5 50). 

6. ^ B - ^ C. 6. Corr. zf of ^ A arc equal. 

66. Corollary. An rquilaterdl triangle is efpxiangular. 

Cuss Enxasss 

1. In an isosceles trwngde, ilw exterior angles made by produc- 
ing the base are cquaL 

2. Two isosceles triangles are congruent, if the base and a baas 
angle of one triangle equal tbc base and a ba.se ong'e cf the oth^r. 
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3. If ABC and DBC are isosceles triangles on the same base BC, 
prove that Zx = Z,y. 

4. The lines from the vertex of an isosceles triangle to the tri- 
section points of the base are equaL [To trisect is to divide into 
3 equal parts.] 



£x. 3. Ezs. 5. 6. Exa. S, 9. 


6. If the base BC of isosceles AABC is extended so that 
BU-CE, then 

6. If, in A.dBC, AB-XC, and ZPAB- ZEAC, then BD ••CE. 

7. The two straight lines which join the middle points of the 
legs of an isosceles triangle to the middle point of the base are equal, 

8. If AABC is isosceles, and perpendiculars to the base arc 
drawn making BO ^FC, then the perpendiculars are equal. 

9. If, in isosceles AABC, E and Q am the middle points of the 
legs, and D and F the trisection points of the base, pro^a} that 
DB-FC. 

10. The median to the base of an Isosceles triangle bisects the 
vertex angle. 

11. If ^ABC and BBC are isosceles on the same base BC, then 
AABD-AACB. 



Ex. II. Ex, 12. 


12. If, in quadrilateral ABDC, AB"AC, ana BB—BC, then 
ZB- ZC, and the diagonal AD cuts the figure into two congruent 
riaan^cs. 
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OpnoRAi ExrRCisss 

13. If KL~KM, P is the middle point of LM, and lvls> 
prOTc that PQ •‘PR. 

14. Given the Bame hypothesis 83 in Ex. 13, prove that 

16. The angle bisectors of the base angles of an isosceles triangle 
ate equal. 



Exa 13. H. Ea. 17 Exa. 18. 19. 


16. The medians to the legs of an isoeccles triangle arc equal. 

M. UXy-XZand Z m - n, prove that YT~SZ. 

18. If AB-AC, DD-CE, DFXAD, and CBJ.AC, prove that 
DTmGE. 

19. Perpendicular bisectors of the legs of an isosceles trian^ 
terminating in the base, or the base produced, are equal. 

20. The lines joining the middle points of the throe sides of an 
equilateral trian^e form another equilateral triangle 

21. if AB-flC-CA and dD-BE-CP, then ^DEP is equi- 
lateral. ) 
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Applied Problems 

24. Jasper King runs an antenna from the ridge of his house to 
the end of a pole which he fastens horizontally at the caves, and he 
finds that he has just enough 
wire. However, Mr. King asks 
him to remove it from the front 
of the house and put it up in the 
rear. Jasper is a bit disappointed 
for he fears that the wire may 
not be long enough to reach. But his father argues that, since the 
two sides of the roof are equal, be will need exactly the same length 
of wire. "Who was right? Prove your answer. 

26. A carpenter wishes to support a roof, whose rafters AB and 
AC are equal, by upright pieces at 
E and G, equal distances from B 
and C, respectively. He drives a 
nail at D, suspends a weight, and 
measures BE. Prove that he can 
now cut both pieces this length 
without first measuring FO. 




Investigation Problem. AA'BC has each of its three sides equal 
respectively to the corresponding sides of AARC. Do the triangles 


look congruent? Can you draw a triangle 
with sides equal to those of ABC that will 
not look congruent to it? Try it. Now try 
to see if your triangles can be made to 
coincide. What methods of proving 
triangles congruent do you know? To 
prove these triangles congruent, what 
other parts do you need equal? It Z A 



were equal to ZA', could you then prove it? What kind of 


triangle is ABA'? Does Zx equal Zx'? Does Zp equal Zj/? 


Now can you prove ZA equal to ZA"? If you give up, look at 


Proposition 4. 
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PsoPOsmoR 4 



Clf«’ I--'' ♦•■lu 
AC“A'C', ami rtCmtt'V'. 

Topwre; 


iiA'P'C 90 that 
nfidrt wilh lU wju-u 


,lat/l*«ndX#re 

. if.-'^- 




UCASOXS 
*• A itcomctrie figure caa be 
»nov«J without change of n« 
ehajxf. 

p A it. lino con be clrmro 
«lwwi any two pointi 

*■ Hyp. 

d. The base anglca of an isos 
^ are equal. 

5 . Hyp. 

«- Ibe base angles of an isos 
^ *Fe equal. 

ore added to 

a are equal, 

and ti. . ^ — if two sides 

«t« mthded ugl..,.. 
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Construct a triangle, given the three sides. 

2. The median to the base of an isosceles triangle divides it into 
:wo congruent triangles. 

3. Two equilateral trian^es are congruint, if a side of one 
squals a side of the other. 



Ex 4. Ex. 5. Ex 6 


4. In the circle whoso center is 0, if prove 

6. Using the accompanying figure, prove the theorem that two 
triangles are congruent if the three rides of one equal the three sides 
of the other. 

6. If the opposite sides of the quadrilateral ABCD are equal, 
then 

7. If equal lengths BD and BE are taken on the sides of ^ ABC, 
and, from D and E, arcs arc made with the same radius, intersecting 
at F, prove that BF bisects ZABC. 



Ex. 7 Ex. S. 


8. If AB, BC, DE, and EF are all measured with the same 
radius, and DF is measured with the radius AC, prm’e that 
ZE = ZB. 

9. A square is divided by its diagonal into two congruent tri* 
angles. 
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"‘rcli'y/® r„^ '•-«’ci; ab . a - b ’, 

^ C , nn<l BC^B’C* 

To prove: A,lBCa^,l-B'C'. 

STATt«£.vrs 

opposite aides of Be, 


2. DrawH^l'. 

3. 

4. Zxm^x'. 

5. X(7-/l'e. 

6- .^y-zy'. 

•^BXC=.Z5.1'C. 

8. AAi?(7^A.4'£C or 

^BCSA4'B'C'. 


Htason'S 

1- A BTometric figun! can be 
moved without change of ate 
®c ehapo. 


-• A st. line can be drawn 
wtwTcn any two points. 

3. Hyp. 

4 . The base angles of an isos 
^ arc equal. 

5. Ifyp. 

6- The base angles of an isos 
^ are equal. 

7. If equals are added to 

^ A are ^ if two sidee 
■“d the included angle.... 




RECTILINEAR FIGURES 


Class Exercises 

1 . Construct a triangle, pveo the three eid^. 

2. The median to the base of an isosceles triangle divides it into 
:wo congruent triangles. 

3. Two equilateral trian^cs are congruent, if a side of one 
squals a side of the other. 



Ex. 4. Dt. i. Ex. 6 


4. In the circle whose center is 0, if AB “5(7, prove 
6. Using the accompanying figure, prove the theorem that two 
triangles arc congruent if the three sides of one equal the three sides 
of the other. 

6. If the opposite sides of the quadrilateral ABCD are equal, 
then Z v “ ^ u*. 


7. If equal lengths BD and BE are taken on the sides of A ABC, 
and, from D and E, arcs are made with the same radius, intersecting 
at F, prove that BF bisects A ABC. 




8. If AB, BC, DE, and EF are all measured with the same 
radius, and DF is measured with the radius AC, prove that 
AE-’AB. 

9. A square is divided by its diagonal into two congruent tri« 
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10. If t-wo circfea whose eenten »re C and D intersect ia A ftjid 

B.then ^ACD-^RCO. 

11. If AB-C'Dand.lC'-BO,th«i / 

12. A diagonal of a rhombus tMsecta the angles. 



Ex. 10. Ex. 11 Ex. 13. 


13. It, in the figure, AR -CD; E, F, G, /I, I, and J are the Iri' 
Mction points of A8, BC, and CP mpectii-ely; aad EH’^OJi 
prove that AD^^C. 

iL IJtiroisoscelea tnar^rebaTe (W juusehoarv the dine 
their verticea bisects the vertex angles. 

68. Analytie proof, or proof by analysis. E-xatninethefol* 
iomng reasoning carefully to see if it really proves ivhat it 
attempts to prove. 

If AB equals BC, LA equals LC and 
L% equals Ly, prove that BF equals 
BG. 

BF=‘BG if ABFD^i^BGE, for they 
are corresponding parts. 

Now Lx^Ly (hyp.) and Lv= Lv) 

(vertical A are equal). 

So /^BFD^^JBGE if BD=‘BE, for they would theo 
have two A and the included ade of one equal to two A and 
the included ^de of the other. 

But BD^^E if iliASDsACBE, for they are coire- 
eponding parts- 

And AAEI^S ACBE for Lp^ Lw (vertical angles are 
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equal), AB=BC (hyp.), and AA= AC (hyp.). So the tri- 
angles have two angl(» and the included side of one equal to 
two angles and the included side of the other. 

Therefore we have proved that BF=BG. 

Does this proof convince you? Is there a reason for every 
step? Is there any mistake in the reasoning? How does it 
differ from the proof that you have had before? Could you 
work out this proof more easily than the other? 

This new kind of proof is called analytic proof, or proof by 
analysis. Whereas the form of proof we have used before 
is called synthetic proof. Notice that the anal3rtic proof 
begins with the statement to be proved, and works back to 
some known facts. The pupil sliould say to himself, “ I 
can prove statement X if I can prove statement B. And I 
can prove statement B if I can prove statement C. But I 
know that statement C is true because of so and so. There- 
fore statement A is true.” 

Notice that in the above example, when we could not find 
enough parts to prove the first triangles congruent directly, 
we chose another pair of triangles whose corresponding parts 
were of use in the first pair, and proved the second pair of 
triangles congruent 


Illustration 1. 

If in quadrilaterals ABCD and A 'B'C'I?', <^A=AA\ A 
Ay= /.z, AB=A'B' and AD~ 

A'D’, then BC=B'C'. 

BC will equal B'C if A • • - = 

A... TSTiy? But 4^w=Zxtaid 
Ay^ Az. Why? Since wc have 2 
A of one=2^ of the other, A . • . 
will be = A ... if ^or 

they will have 2 A and . . . BD will 

=B'D' if AABD^A But 

A . . .= A . . . because 

and . . .= .... 'Hierefore BC=B'C'. 


isr 
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Plustratioii 2. / 

In altitude AD is the perpendicular bisector of EO. 

Ihen i 

AB will=/lC by corr. ades of sA if what ^ ' 

triangles are congruent? But in these triangles 
we have AZ)=4D. Vfbyt 
1 Since we have 1 side and 

1 ^ of one triangle = 1 side and coir. Z of the 
other, we can prove AABD^aADC if we e 
• • • or . . . , for 2 triangles are ^ if . 

But Ax wUl= Zy if AAEF^ .... !„ these 

tnangles we have . . . = 

AABF^AAFG because. . . . Therefore 
Companr^j the analytic and synthetic proofs 

«ynrtrfic proof is the more convincing, 
S? u if recording a proof, 

discovered^ ® method by which the proof was 

wu Tn ^d <>ther band, leavet 

You know that you 

th^t the neJT^ . statement to be proved. You know 
SStin. tM N ^ °“® tte few methods of 

Lcovlr^^tf°“?“k '’“V it is much easier to 

meSrd" ^ by the eyntheUc 

Class Exxbciszs 

one of them^”olf* f ™ <*“grucnl, if two sides and the median to 

iotolS'^'ddSfe.r “fa «nd the line »hich 

tively two the S”?!,"''"*' 

Poml rf . °' ere the middle 
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6. If ABCDEF is equilateral and equiangular, the diagonal AD 
bisects ZCDB, 



Ex. 5. Exs. 6, 7. Ex. 9. 


6. If GH and JK bisect each other at M, then PQ is bisected 
at M. 

7. ltGK = JH, AG=AH,&ndZJ‘nAK,i>TOvetiuitPM = MQ. 


Optional Exercises 

8. If polygon ABODE is equilateral and the diagonals AC and 
AD ara equal, prove that ZBCD*» ZCDE. 

9. If equal lengths GK and HN arc taken on the legs of isosceles 
AFGH, and at K and N perpendiculars to the legs are drawn meet* 
ing the base at L and M, then PL^FM. 


Ex. 12. Ex. 13. 

10. In the quadrilateral PQJtS, PQ^PS and QR^^RS. If F is 
any point on the diagonal PR, then TQ = TS. 

11. If the opposite sides of a quadrilateral are equal, the diagonals 
bisect each other. 

12. If the opposite sides of quadrilateral ABCD are equal, and 
AE-FC, then RE- FD. 

13. If the opposite sides of a quadrilateral arc equal, perpendicu- 
lars to a pair of opposite sides at thdr middle points, and ending in a 

sFff Pijssi. 
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It U made of ecvcnil piwa hin|^ «t all letUrcd pointa and sup- 
ported at A and K only. Can H bond at any of thc«i pomUt 
^"hy do you 8iippo«o he drew all triangles instead of quadrilatcrali 
or other figures? 


29. ADCD is a gate whose boards arc 
fastened by a single nail at each joint. Wiy 
will the strip AC, luiiled at A and C, hold tho 
gate rigid? 



30. George Shaw told Harold Stem that lie could mKi«urc the 
distance from A to D without crossing the pond. Harold did not 
believe this, so George measurrd the lengths AD, AF, and DD, and 
then made DC and CE equal respectively to AD and AE. He then 
measured DC and found it to lie IS3 feet. George «>*• that this is 
tho distance from A to D. Is he right? Give proof. Assuming 
that it re^iuires leas work to measure an angle than a long UnC) 
can you suggest a better method of finding AU than that which 
Gcorgo used? 



Ex. 30. 1:1.31. 

31. In the angle bisector, FG^FIi and 0K-A7/, and K can 
slide along tho rod FL. To bL«ect an angle, FG and FIl are placed 
in coincidence with the sides, and a Une Is drawn along FL. rrovs 
that this line bisects the angle. 

32. The wheel 0 Is turned by 
the crank-shaft PR. As the 
wheel turns, point R mores 
along the Use OR. If P and 
Q are tho two positions of the 
crank pin when D occutnes the 
same position on OR, prove that APOR equals AQOR. 
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S3. An inverted king-post bridge is built as shown in the 


figure. ADC k a strong wire 
cable fastened securely at A, 
D, and C. E^Iain why the 
bridge cannot bend at B and fall. 


A S C 



Si. Rosemary has made a large 
triangular flower bed ABC on one side 
of the walk on her front lawn, and 
wishes to make another A’B’C on 
the other side exactly congruent with 
it. Show what measurements she 
must make, and construct a plan of 
the walk and the two flower b^s. 



A SELF-MEAsoRino Test 

There is no reason why you shouid he in doubt about your 
ability to do the exercises of this chapter or the work of the 
next unit. Here are questions which will help you to make an 
inventory of your equipment. If you can answer all of these 
questions, you can go forward with confidence. 

1. Give three methods for proving triangles congruent. 

2. What method of proving lines equal have you learned? 

3. Give five ways of showing that angles are equal. 

4. Give the definition and state some other fact learned about 
each of the following: (o) right angles; (6) adjacent angles; (e) 
vertical angles; (d) supplemcTitary ajtgles; (e) an isosceles triangle. 

6. Why is it that the proposition in which triangles are proved 
congruent by three sides is not proved in the same way as the other 
two congruent triangle propositions? 

6. Name four sizes of angle and define each. 

7. What is meant by perpendicular linesT 

8. Which part of a proposition is the hypothesis, (a) when the 
sentence has two clauses? (5) when the sentence has but one 
clause? 
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It vs vn&d« ot fcvcml piccM htnt^ &t aU Icttctwl points ftnd lup* 
ported at A and E only. Can it bead at any of lhf«c poinUl 
Wby do yoa suppose be drew all triangln instead of tjuadiilatcfsls 
or oiher figurrs’ 

29. ADCD is a pte «hnse Loardi an 
fastcnwl by a sinRlo nail at each joint. ^Ylly 
will the strip dr, nsiiftl at .1 and C, hold the 
gale rigid? 

30. George Plinw told Harold Stem tliat lie could measiiic the 
distance from A to B without cfoas-inR the ^mnd. Harold did not 
believe thi«, so George measurwl the length* AD, AE, and DE, and 
then made BCand CB etpul respeelivTly tnytDand.tA‘. R* 
measured EC and found it to l>c IKl feet. Gcsirge tsy* that this is 
the distance from <l to D. Is he right? Give proof. Assuintog 
that it requires loss work to measure an angle than a long Hoe, 
can juu msscst a better method of finding A B lh.an that wliich 
OooTge Msedi 




Ex. 30. Ex. 31. 

31. In the angle bisector, FG-FIf and GK-KJf, and K can 
Elide along the rod FL. To bisect an angle, FO and FW are pla«<l 
in coincidence with, the aides, and a lino is drawn along FL. Pro'"* 
that this line bisects the angle. 

32. The wheel 0 is turned by 
the crank-*!iaft PR. As the 
wheel turns, point R mores 
along the lice OR. If P and 
Q are the (wo positions of the 
crank pin when R occupies the 
same position on OR, prore that ^POR equals AQOR- 
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33. An inverted king-post bridge is buHt as shown in fha 
figure. ADC is a strong -wire 
cable fastened securely at A, 

D, and C. Explain why the 
bridge cannot bend at B and fall. 

34. Rosemary has made a large 
triangular flower bedARC on oneside 
of the walk on her front lawn, and 
wishes to make another A'B'C' on 
the other side exactly congruent with 
it. Show what measurements she 
must make, and construct a plan of 
the walk and the two flower b^. 

A Selp-Measoruto Test 

There is no reason why you should be in doubt about your 
ability to do the exercises of this chapter or the work of the 
next unit. Here arequestions which will help you to make an 
inventory of your equipment. If you can answer all of these 
questions, you can go forward with confidence. 

1. Give three methods for pronng triangles congruent. 

2. What method of proving lines equal ba^•e you learned? 

3. Give five waj’s of showing that angles are equal. 

4. Give the definition and state some other fact learned about 
each of the following: (a) right angles; (6) adjacent angles; (c) 
vertical angles; (d) supplementary angles; (e) an isosceles triangle. 

6. Why is it that the proposition in which triangles arc proved 
congruent by three sides is not proved in the same way as the other 
two congruent triangle propositions? 

6. Name four sizes of on^ and define each. 

7. What is meant by perpendicular linesT 

8. Which part of a proposition is the hypothesis, (a) when the 
sentence has two clauses? (h) when the sentence has but one 
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9. State two facts which you have learned about a straight 
line. 

10. What axioms can be used to prove lines equal? Angles 
equal? 

U- Define and illustrate; (a) the eitUudt of a trian^e; (6) the 
median of a triangle. 

1^ How many altitudes and how o>any medians has a trian^e? 

13. Why is the proposirion about the base an^es of an isosceles 
triangle placed between the first two and the third congruent- 
triangle propoeitions, instead of having all three together? 

14. What is a poli^? la a trian^e a polygon? 

15. What is meant by an ttuiudtd angiet An included sufe? 

16. How many parts must be known in order to prove trisngles 
eongroent? How many of these can be sides? How many can be 
angles? 

17. In a right triangle, what is the ride opposite the right angle 
called? What are the rides including the ri^t angle called? 

IS. How many degrees are there in a straight an^e? In a 
angle? 

19. What two instruments are you allowed to use to constructing 
a figure? What other instiumenta have you used in drawing a 
figure? 

20. Explain the difference between a eyntAetic •proof and an 
analytic proof. tVluch form of proof do you thinb best suited for 
di'eoTering the way to prove a theorem? 

21. What U an oritmi? Give three geometric assumptions about 
Unes or angles. Give six aaoms that do not mention geometric 
figures. Give the three postulates. 

Method of attack. To proce a fine perTJcndjcufor lo another 
line, show that it makes the two eupplementary angles equaL 
Then use 1 12. 

In the exercises below, the supplementary angles ere adjacent, 
but do not thiTiV that tins is always the ease. An^es that are both 
equal and supplementary are right angles wherever they may be. 
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Exercises 


1. If and Z.Z, then 

EB1.AC. 

2. If Ax= At, FB bisects AABEand BD 

bisects AEBC,theiiEB±AC. A 



3. The bisector of the vertex angle of an isosceles triangle is 
perpendicular to the base. 


4. The median to the base of an isosceles triangle is perpendio* 
ular to the base. 


6. Two congruent triangles ABC and A'B'C are placed beside 
each other bo that AC and A'C' coincide. If BC and B'C form a 
Btraight line, then AC is perpendicular to BC. 

6. If AB^BC and BD bisects AB. then BDXAC. 



Exa. C, 7. Ex. 9 . Ei. lO. 


7. If ABCD is folded along BD and it is found that AlABD and 
CBD coincide, then ACLBD. 

8. The diagonals of a sQiiare arc perpendicular to each other. 

9. If /i“Zyand 

10. A carpenter sometimes determines whether a floor is hori- 
zontal by using an instrument like that shown here in which the 
legs AD and AC arc equal, ami there is a mark at the middle point 
D of BC. Show tlmt BC is borizoatal (J. the plumblint) if tlie 
plumb bob hangs at D. 

loTcstigatlon Problem. CD is perpendicular to AD and L-becta 
AD. How docs the distance from A* to A 
compare with the distance from X to B1 
VMiat method do jou know of proving two 
lines equalf Can ^ou prove that A'^l equals 
XD without looking at PropoMtioa 57 
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PROPOsmoir 6 

* 59. Any point on the perpendicular bisector of a line 
segment is equally distant from the ends of the segment. 



Givea: AD'^PD.CDlAB, 
and X any point on CD. 
To prove: XA^XB. 


Proof: Statemzsts 

1. In iiiADX and XDB, 
AD~DB. 

2. XD^XD. 

3. Zr and Zs are rt. angles. 

4. lT=‘dt. 

5. A^DX^AXDB. 


Bnasoi.3 

1. Hyp. 

2. Iden. 

3. Two lines meeting at rt. 
an^es are X to each other. 

4. Ht. angles are equal. 

5. Two X are = if two sides 
and the included angle of one 
equal . . . 

6. Corresponding sides of = A 
are equal 


6. XL =*XB. 
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* 60. Converse. Any poinU equally distant from the ends 
of a line segment, is on the perpendicular bisector of that 
segment. 

Given: [Line segment AB and point X]; AX~ XB. 

To prove : That X is on the perpendicular bisector 
of AB. 

Proof: Stateitents 

1. Let D be the middle point 
of AB. 

2. Draw CD through A'. 

3. In AADX and XDB, 

AB-BB. 

4. XD-XD. 

5. AX~XD. 

6. AABASAA'BB. 

7. 

S. Zr is a rt. angle. 


9. CBXAB. 

10. X is on the X bisector of 
AB. 

61. Corollary. Txco ■points, each equally distant from the 
ends of a line segment, determine the perjtendicular bisector of 
that segment. 

Converse. What is the hypothesis in section 59? What 
is the conclusion? ^Vbat is the hypothesis in eection GO? 
What is the concluaon? What do you notice about the^ 


Reasons 

1. A line segment has a 
middle point. 

2. A St. line can be drawn 
between any two points. 

3. B is tho middle point of 
AB. 

4. Iden. ' 

5. Hyp. 

6. Two A ore congruent if 
three sides of one equal . . . 

7. Corr. angles of S A are 
equal. 

8. If one st. line meets an* 
other st. line so os to make two 
adjacent angles equal, each of 
the^ angles is a rt. angle, 

9. Two lines meeting at rt. 
angles are X to each other. 

10. CBxAB and bisects AB. 
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hypothesis and conclusion in comparing these two state- 
ments? The second statement is called the converse of the 
first. 

The converse of a theorem is another theorem in which 
the hypothesis and conclusion are interchanged, that is, the 
hypothesis of one is the conclusion of the other, and vice 
versa. 

State the converse of each of the following statements: 

1. If iwQ sides of a trian^c are the angles opposite them 

are equal. 

2. If two angles are equal, their supplements are equal. 

3. An equilateral triangle is equiangular. 

4. Right angles are equal. 

5. A squirrel is a small animal. 

Are all of the above statements true? Are all of the con- 
verses true? 

IVe see that the converse of a theorem is not necessarily 
true because the theorem is true. It may be true or it may be 
false. Consequently, if we wish to use the com’erse, we nuist 
prove it as a separate propodtion. 

62. Method of attack. To prove a line perpendicular to 
another line, show that two points on one of them are each 
equally distant from two points on the other. 


Cuss Exsicrsas 


1. The mediau to the baa 
pendlculoi to the base. 

2. The line joining the A-ertices of two isosceles 
triangles on the same base b the perpendicular 
bisector of the base. 


isosceles triangle is per* 


3. A radius to the middle pmst of a ehord of a circle is peipeo- 
dicular to the chord. 
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4. The diagonals of a square are perpendicular to each 
other. 

6. The diagonals of a rhombus are perpendicular to each 
other. 

6. In an isosceles triangle the bisector of the vertex angle is 
perpendicular to the base, 

7. If two adjacent sides of a quadrilateral are equal, and the 
other two sides are equal, the diagonals are perpendicular to each 
other. 


A 



Exs. 7, 8. Ex. 0 


6. If a diagonal of a quadrilateral bisects both angles, it is the 
perpendicular bisector of the other diagonal. 

9. // Iwa eircUt inlersect, the tine joining Oieir eenUrs x» tAe 
ferpendicuUir bisector of Ikeir common chord. 

10. If the perpendicular bisector of a side of a triangle passes 
through the vertex, the triangle is isosceles. 


Optioitai, Exercises 

11. The perpendicular bisector of the base of an isosceles tri- 
angle passes through the TCrtcx. 

12. The perpendicular bisector of a chord 
passes through the center of the cirde. 

13. The point of intersection of tho 
perpendicular bisectors of two aides of 
e triangle is equally distant from the three 
vertices. 

14. The three perpendicular bisectors of the sides of a triangle 

meet in a point. • 
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16. Two straight lines front a point in a perpendicular to a licci 
cutting off on the pven line equal lengths from the foot of the pe^ 
pendicular, are equaL 

Boitoft Woks 


IG. A point, not on the perpendicular bisector of a line segment, 
is unequally distant from the ends of the segment 
17. If three or more tsosceles triangles have the same base, thdf 
Tertiees lie on a straight line. 


18. If a point moves so that it always remains equally distant 
from the ends of a segment, it traces the oerpendicular bisector of 
the segment 



n To » perpendicular from P to AB, take any point 

s o construct an arc «, 

tmti^ AB at D. Then, with D as center and PD as radius, con- 


passes through the center of circle 0, 

a™ CD o a, perpeodiwls, bowtor oI .IB. 

C^Hcr„umi^ (opUonal) 

Cta an veiy high mountaiia there is a iioe, called the tim- 
ber hue, above which treea wiU not gniw. Are the loilowlag 
roaeiusionaneceaearilytraeT (e) Since Mount Blue has no 
^ on .ta sui^t it «ends above the timber line, 
m Smee Mount Blank baa treea on ita sununlt, it does not 
Mend atove the timber line, (c) Since Mount White 
S'S?’ baa no trees on ita summit. 

W Smee Mount \erde does not extend above the timber 
Ime, rt baa tress on its summit. 
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Space Geometry {Optional) 

A line perpendicular to a plane. A line AC is perpendicu* 
iar to a plane MN if it is perpendicular to all the lines of the 
plane through the point B where a 

it intersects the plane. 

1. If ACXBD and BE and if 
4B=BC, prove 

(a) TbztAD=DC 

(b) That AE= EC 

(c) That AADE^ACDE. 

(d) That AF^FC. 

(e) Tb&t BF±AC. C 

(J) If BF is any line in Mtf through B, why is /IBXil/Ar? 

SL If in the same hj-pothesis, BD^^BE, then AD=>AE. 

3. If a line is perpendicular to one line in a plane, must i( 
be perpendicular to the plane? Illustrate, using pencil and card* 
board or the top of the desk. 

4. In space can more than one line be drawn perpendicular tc 
the same line at the same point of the line? 

6. Can more than one line be drawn perpendicular to a plane 
at the same point of the plane? 

6. If a plane is not perpendicular to a line, is there any lino in 
the plane that is perpendicular to the line? Illustrate. 

7. To determine that the door jam fa perpendicular to the floor, 
in how many positions must the carpenter plnco his square? 

Investigation Problem. By drawing arcs, End a point equally 
distant from the ends of a line segment AB. To construct the 
perpendicular bisector of AB, how many such points are needed? 
Find them and complete the construction. 

Take a point C on line AD, Can j-ou draw arcs cutting ofT a 
segment of AB so that C fa equally distant from its ends? IVTU 
the perpendicular bisector of this segment pass tlirough C7 
Complete the construction of a perpendicular to AB at C and 
prove your work. Could you dmoso a radius too short for tUs. 
construction? 
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PROPosraoH 6 

63. The perpendiailar bisector of a given line segment 
can be constructed. 


/ 

/■ 

\ 

4 

/ 

N. 


Given: A line segment DE. 

To prove: A perpendicular bisector of 
DE can be constructed. 


CoasbuctloB: SrATEiiESTs 

1. With D as center and any 
convenient radius, construct arcs 
on both sides of DE. 

2. With E as center and the 
same radius, intersect these arcs 
at C and F. 

3. Draw CF. 


Then CF is the required line. 
Proof: 

1. C is equally distant from 
D and E. 

2. F is equally distant from 
D and E. 

3. CF is the J. bisector of 
■OE. 


Rsasohs 

1. A circle or arc can be con. 
structed with any center and any 
radius. 

2. Same as No. 1. 


3. A st. line can be drawn 
between any two points. 


1. Const. 

2. Const. 

3. Two points, each equallj 
distant from the ends of a Hnc 
segment, determine the X bise®* 
tor of that segment. 
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pROPosmoK 7 

64. Through a given point, a perpendicular to a given line 
can be constructed. 



Given: Line A B and point C. 

To prove : A line through C± A B can be constructed. 


Case 2. When the point is on the line. 

Case 2. ^Vhen the point is off the line. 

Construction 1 Stateuests Reasons 

1. With C as center and any 1. A circle or arc can be con- 

convenient radius, cut AB at D etnteted with any center and 
and E. any radius. 

2. With D as center and a 2. Same aa No. 1. 
radius more than one half DE, 

construct an arc. 

3. With E as center and the 3. Same os No. 1. 
eame radius, intersect the arc 

at F. 

4. Draw CF. 4. A st. line can be dratvn 

between any two points. 


Then CF is the required line. 
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Proof: 

1. C is equally distant from 
O.and E. 

2. F is equaUy distant 
•Dand E. 

3. CF is the i. bisector of DE. 


1. Const. 

2. Const. 


3. Two points, each equally 
distant from the ends of a line 
segment, determine the X bisec- 
Nott- AO . . I tor of that segment. 

■e exactly the sa^^^t ^ 

Retibw Exsacisss 

1. Divide a line sesment into four equal parta. 

onstnict a ^e sepnent twice as long as a given segment. 

. ^ns^cl a hne segment equal to tie smn of two segments. 

• liven »' 

5. instruct the dtitudes of mt 

6. anstoct Ite altitudes of an obtuse triangle. 

„g,;, P«Pe»die«Is, blseetom of the sides of a tri- 

10 . f^nsttoct a «,u.to, gi,s„ , 

a. ^nsltoct a gis„ n, 

Z' Srr”'; «' • B^n .e„,e angle 

«. Constat a“„"^2”S.rI“”” *" ' “• “• 

15. Constat an isoseeL '-S “ = »■ 

16. Constat a triangls 

lenglb of too sides of a pven'Sgt 

17. Given two n.eq^s, fces, a and b, . fceing ,„„g.e to., J, e,„. 

-toictSa-b; a+3bi ja+jb. 
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Proposixion 8 
66. A given angle can be bisected. 



Given: ZABC. 

To prove: ZABC can be bisected. 
Construction; STATEitEtrrs I Reasoiss 


1. With B as center, and with 
any radius, cut AB at D and BC 
at E. 

2. With D and E aa centers 
and with equal radii, draw arcs 
intersecting at F. 

3. Draw BF. 

Then BF is the required line. 
Proof: 

1. Draw DF and EF. 

2. In ADBF and EBF, BF = 
BF. 

3. BD^BE. 

4. DF^EF. 

5. ADBF^AEBF. 

6. AABF=ACBF. 

7. EF bisects A ABC. 


1. Post. 3. 


2. Post. 3. 


3. Post. 1. 


1. Post. 1. 

2. Iden. 

3. Consr, 

4. Const. 

5. Two A are S if the three 

udes . . . (§ 37). 

6. Corr. parts of = A are •*. 

7. To bisect is to cut in tw( ■. 
equal parts. 
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66. i4n angle equal to a given angle can be censtnieled 
al a given point on a given stiaight tine. 



Given: line DE, and point F on DE. 

oprote: AUnecanbecomtructcdatrmakingan Z-ZB. 


Coastructioa: Stateuccts 

1. With B as cenUr, and aaj 
radjus cut AB at <? and BC at II 

2. With F as center and the 

radius, construct an are 
cutting DB at J. 

3. With/ascenterandG/Tas 

radius, cut the ate L/ at / 

A. T>nwFI. 


Rsaso.vs 

I. Tost. 3. 


2. Post. 3. 


3. Post. 3. 
■». Post. 1 . 


rheu is the required and. 

Proof: 


1. Draw GII and IJ. 

^2. In A£HG and FJI, BG< 

3. BH.=FJ. 

4. 

5. hBHG = AFJI, 


1. Post. I. 

2. ConsL 

3. Coast. 

4. Coast. 

5. Two A are S if the three 
«>*« . . . {} 67). 

®- Corr.anglesofs Aare 


6. £.B = AIFE. 
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Review Ezescises 

L Divide a givea angle into four equal parts. 

2. Construct an angle of 45*, 135*. 

3. Construct an angle of 22® 30', 67* 30'. 

4 . Construct an angle equal to tnice a given acute angle. 

5. Construct an angle equal to the sum of two given angles. 

6. Construct an angle equal to the difference of two given angles. 

7. Construct a triangle having two sides and their included 
angle equal respectively to two given lines and a given angle. 

8. Construct a triangle having two angles and their included 
side equal respectively to two given angles and a given line. 

9. Construct an isosceles triangle, given the vertex angle and a 
leg. 

10. Construct an isosceles triangle, given a base angle and the 
base. 

11. Construct the bisectors of the angles of a given triangle. 

12. At a given point on a line, construct a perpendicular to the 
line by bisecting the straight angle. 

13. Construct a AAEC, making in., ZA^OO*, and 

ZS-45*. 

14. Construct s AAffC, making AB^4 in., 5C»3 in., and 
ZB = 22* 30'. 

15. Construct a triangle congruent to a given triangle. 

16. Construct a triangle whose base angles equal those of a given 
triangle, but whose base is one and one-half times as long. 

True-False Test (10 min.) 

Copy the numbers of the statements. If the statement is 
true, write T after its number, if false, write F. 

1. In proving the base angles of an isosceles triangle equal, we 
constnict the altitude to the base. 

2. An analytic proof is one in wUch we begin with the etate* 
OKai toJ^pcxrrvd. 
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3. If two triangles are congruent, their corresponding angla 
are equal. 

4. Supplemcnta of equal an^ca are equal. 

6. A triangle is acute if it has a& acute angle. 

6. A perpendicular is a line running up and down. 

7. An equilateral triangle is equiangular. 

8. Two triangles are congruent if two sides and an angle d 
one equal tno sides and an angle of tlic other. 

9. To bisect means to cut in tno equal parts. 

10. Two triangles are congruent if two angles and a side of 
one equal t« o angles and a aide of the other. 

lUASontno Test (10 min.) 

Think how you would prove each of the following state- 
inents. Then copy the ounibers of those stnlcmcnfs and 
after each number write only the final reason used in the 
proof. Do not write out the proof in full. 

1. Two right triangles arc congruent if the legs of one equsl 
the legs of the other. 

2. If }v*'0+i&, then * =2<i+>. 

3. If Z F and / L are right angles and FH =UL, then £iFGH^ 

C.KLH. 


K 



G Ea.3. Ex.S. 


t-Ifr+r-ie, then 

E. If ZCAB» and AD and CB are angle bisectors, then 
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Multiple-Choice Test (10 min.) 

From the four answers given, select the one which will 
make the statement true. 

1. If a diagonal is drawn in a quadrilateral whose opposite sides 
are equal, the triangles formed can be proved congruent by, (a)s.a.s.; 
(6) a.s a.; (c) sj.s,; (d) ccot. 

2. In proving that the construction for bisecting an angle is 
correct, the triangles are proved congruent by the method, (a) rt. 

are equal; (6) 8.a.8.; (c) aA.a.; (d) s.s.s. 

3. If the bisector of an angle of a triangle is perpendicular to the 
opposite side, the two triangles formed can be proved congruent by, 
(a)s.a.6.; (6)a.s.a.; (c) vert, ^areequal; (d) s,8.8. 

4. If the three angles of one triangle equal the three angles of 
another triangle, tho triangles are, (a) congruent; (6) equilateral; 
(c) not necessarily congruent; (d) isosceles. 

5. To construct the perpendicular to a line segment throu^ a 
given point, we must first find, (c) 0; (J)l; (c)2; (d) 3, ol its points. 


COKSTROCTION Test {10 mtn.) 

1. Construct an equilateral triangle, given a side a. 

2. Construct a median of a given triangle. 

3. Construct a perpendicular to a line at a point on the line. 

4. Divide a line segment into four equal parts. 

6. Construct an angle one and one-half times a given angle. 


C7. An exterior angle of a triangle is an angle formed by 
one side of the triangle and the pro- 
longation of another side through 
their common point, as d.ACD. 


One angle of the triangle is adjacent C D 

to the exterior angle. The other two 

angles are called remote interior angles. ZACD is adjacent 
** 4ACD. £ A £ E 451 tbfc wiid/a- 
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68 . An exterior angle cf a foengle is larger than cUhtr 
remofe inleriof angle. 


A F 



GiTcn: AABC with exterior ZAClf. 
To prove: AACD > AA or ZB. 


Prooi: Statejiests 

1 . AC fcV E. 

2 . Draw BE, and extend It 
inakins EE® BE. 

3 . Draw CF. 

4 . In JEABE and CEF, 
AESC. 

5. BE=EF. 

6. Ai = Zy, 

7. AABESACEF, 

8. ZA-Ze. 

9. AACD>Az. 

10 . AACD>AA. 


Reaboks 

1. 

2 . Post. 1 and 2 . 

3 . Post. 1 . 

4 . Const. 

5 . Const. 

6 . 537 . 

7 . 5 50 . 

E. 5&4. 

9 . Ax. S. 

10 . Subst. 


In Uke manner, it can be shown that ABCOZB. 

11 . ABCG»ZACD. j 11 . § 37 . 

12 . ZACD>/B. I 12 . Subst. 
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Note to the Stodent: From this point on, you will often find 
a number in place of the reason for a statement. This number 
refers to the paragraph in ■which the reason can be found. Never 
turn back to that paragraph until you have tried to think out the 
reason for yourself. In fact, a good student will never read either 
statement or reason until he has first tried to pro've the proposition 
himself. Are you good enough student for that? 


Parallel Likes 

69. A transversal is a line that cuts two or more other 
lines. 

70. If two straight lines are cut by a transversal, the angles 
are named as follows: 

A w', x*, y, z, are Interior A. 

A w, X, y', z’, are exterior A. 

A pair of angles are alternate, 
when they are on opposite sides 
of the transversal, and one at 
each vertex, as y and xi/, z and 
x', w and y', and x and z'. 

The pairs y and ic'. and z and x' are alternate intericr/ 
angles. 

The pairs w and y', and x and z' arc alternate exterior 
angles. 

The pairs w and u>', x and x', y and y', and z and z', are 
corresponding angles. 

When alternate interior angles, or any of the above pairs of 
angles are mentioned, it is understood that there are two straight 
lines cut by a transversal. 

71. Parallel lines are straight lines, in the same plane, that 
cannot meet, however far extended in either direction. 
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PsoPosiTion 10 

68. An exterior angle of a triangle ii larger than eilhfl 

?mo(e <n^c^tor angle. 


A r 



GlT«a: A A^C with exterior ^ACV. 
To prove: AACD> A A or AB. 


Prooi: Stateuents 


Reasons 


1. Bisect AC at E. 

2. Draw BE, and extend it 
tnaking EF^^DE, 

3. Draw CF. 

4. In AABE and CEF, 

AB-EC. 

5. BE-EF. 

6. Ax->ly. 

7. AABESACEF. 

8. lA=Ez. 

9. AACD>Z*. 

10. AACD>ZA. 


1 . 

3. Post. 1 and 2. 

3. Post. 1. 

1. Const. 

5. Const. 

6. 1 37. 

7. 550. 

8. §54. 

9. Ax. 8. 

10. Subst. 


In like manner, it can be shown that i,BCQ> AB. 

11. ZBCG-AACP. 1 U. §37. 

12. ZACOZB. j 12. Sntet. 
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Note to the Student: this point on, you will often find 

6 number in place of the reason for a statement. This number 
refers to the paragraph in which the reason can be found. Never 
turn back to that paragraph until you have tried to think out the 
reason for yourself. In fact, a good student will never read either 
statement or reason until he has first tried to prove the proposition 
himself. Are you good enough student for that? 


Pahaixbi. Lines 

69. A transversal is a line that cuts two or more other 
lines. 

70. If two straight lines are cut by a transversal, the angles 
are named as follows: 

A w', s', y, z, are interior 

A w, X, y', z', are exterior 

A pair of angles are altemat*, 
when they are on opposite sides 
of the transversal, and one at 
each vcrte.x, as y and v/, z and 
x', w and y', and x and z'. 

The pairs y and w', and z and x' are alternate interio* 
angles. 

The pairs w and y', and x and z' arc alternate exterior 
angles. 

The pairs w and w', x and y and y\ and z and z', are 
corresponding angles. 

When alternate Interior angles, or any of the above pairs of 
angles are mentioned, it is undetstood that there are two straight 
lines cut by a transwrsal. 

71. Parallel lines are straight lines, in the same plane, that 
cannot meet, however far extended lo cither direefioa. 




DO PARALLEL LINES MEET? 


Notice the perellel line* in the picture. Do they loolr 
parallel? First look at the vertical cable* that support the 
bridge. Do they look parallel? Now look at the edges oF 
the center strip and the curbs ol the bridge. Are they paral- 
cl? Do they look parallel? Why do some parallel lines 
look parallel whereas othcp do not? 

In order to make this picture look natural, the artist must 
take account oF this peculiar fact that some parallel lines 
appear to rncet. He says that they meet at infinity and calls 
the line along which they appear to meet the line at 
iiilinity. Ancient painter* did not undeptand this. IF you 
visit an art gallery, you will find that very early paintings 
do not look real because they have no line at infinity. 

bee li you can find other parallel lines both in your 
ciasiroom and on your way to and Irom school. Do they 
look parallel from your position? Can you discover' In 
wha direction Parallel lines must tun so that they will look 
""f.fSo they Will appear to meet? 

Unlike the triangle, the cable does not hold its shape 

a strmght pull. In the type of bridge shown in this picture 
*e weight ,s a direct pull downward. So the cable gives 
Ae greatest strength And because this pull is dirLiy 
downward, the small cable, are all vertical parallel lines. 

Photo b, Georse A. Do.,l„ 
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Azioin 11. Through a point not more than one line can be 
drawn parallel to a given line. 


Exzftcisss 

1. Name all pairs of alternate interior angles and corresponding 
angles in the following figures' 




2. What pairs of angles are made by the letter H? NT FT 
!<■ ‘ angles, (o) if CD 

Jo ani pT'ff rl. ^ transversal to 

Cl> and EF; <c) if EF b the 

transversal to .AB and CD. 

Investigation Problem, If, 

in the figure in J70 Zy 
equaled Ate-, what would 
.you suspect about the lines? 

S^ippose they crossed at E 

Woi ® above, what kind 

wtetr^ II ‘his triangle? 

comSXn reference to the triangle? How docs 

Kt^Le ripU* f nn If the lines cross at some 

^Cf/K7 iVL. ^ ^AGH necessarily be larger than 

«hal could equal to /.GHK, 

what lines crossing? And, if they cannot 

Q-^^y about them? 
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pROPosmow 11 

72. Two lines are parallel if their alternate interior angles 
ire equal. 



Given: [XC and I>F cut by G//], Zx » 
To prove: AC\\DF. 


Proof: Statzuents 

1. Either AC\\DF as in Fig. 1, or they 
will meet at some point K if extended as in 

Fig. 2. 

2. If they mot at K, we would have a 
ABEK and /.x would be > Zy. 

3. This is impossible, that is, AC and DF 
•annot meet. 

4. ACllPF. 


Reasons 
1. 571. 


3. Z*=Zybybypi. 

4. §71. 


73. Corollary. Ttco lines ore parallel if their inlerior 
angles on the same side of a Iranversal are supplementary. 

Given that is the supplement of ZDEB. 

AC and DF will be parallel if what angles are equal? What U 
the relation of Zx to ZDEB7 Of Zy to ZDEB? Of Zxto Zyl 


Indirect proof. The method of proof used in Proposition 
11 is called the tndireef proofs It consists in examining nil the 
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Pab±UJ[I. LOt£9. 


two it if„T‘ Pto'-o ‘bat one of them is 
eont'mdielion When ”‘ber load, to a 

.“■L" - ‘bl™ rrp^s, 
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Class Exercises 

Use t}ie indirect mctliod. Assume that tho conclusion is not 
true and then shovr that this leads to an impossible result. 

1. If two angles of a triangle arc unequal, the sides opposite 
them are unequal. 

2. If any angle of one trian^e is not equal to some angle of 
another triangle, the triangles arc not congruent. 

3. A point unequally distant from the ends of a line segment xi 
not on the perpendicular bisector of that segment, 

4. State and prove the convcrec of exercise 3. 

6. A line segment has only one middle point (assume that there 
are two middle points). 

6. I^vo lines parallel to the some line are parallel. 

7. If a triangle is not isosceles, the bisector of an angle is sot 
perpendicular to the opposite side. 

8. If a straight line cuts one of two parallel lines, it cuts the 
other. 

9. Two sides of one triangle equal two sides of another triangle. 
If their included angles are sot equal, their third sides are unequal. 

10. Not more than one line can be drawm from a point perpendicu* 
lar to a given line, (If there arc two, compare an exterior angle of 
the triangle formed with a remote interior angle.) 

OrnoNAL Exercises 

Geometric reasoning applied to life sHuations. 

The indirect proof ie one of the best ways of convincing a person 
that he is wrong. 

Illustration: A customer returned the radio you sold him 
Baying that the loud speaker rattles. You try a new detector tube 
and it works quietly. Convince him by the indirect method that it 
was not the fault of the loud speaker. 

Proof! "If It were the fault of the loud speaker, changing the 
detector tube would not correct it, would it?” "No.” “But you 
see it does correct it, don’t you?” "Yes." “Then it is not the 
fault of the loud speaker.” 
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IL When the steam was on last night, water leaked from your 
radiator on the floor. The janitor eaj-s that the radiator Is aU 
right. Convince him by the indirect proof that he w wrong. 

4k^^- ^ package was stolen from John’s room. From 

the time it was seen there until it was missed, it is known that only 
™ the cnpplcd Henry had been in there. You are the 

th.tSi.rb’Jia™’'' *" 

T >•“'"<*«» !>» •lopped. He euetomer 

i A° *'?'’ ■« enlin-ly nniround h> jtju rad it 

“““ if the ebet bed ran 

C“"™“ >1’" i«dy lb»t ler 

maid forgot to wind the clock. 

•nd >“• * ■O" tl>™* 

“'"“'■•''i'P'led 1-1 jeer. 

thraat In BMrl.Tf*’ ioosnt coaled rvbite, no sore 

tiroat" In am II ’Jn’ **'.^*'* fe'er, rash, tongue red and Bora 
rated bv vaTrfn p’ T ^ >»“ =!«-. ^ P- 
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Propositiow 12 

74. Two lines are paraltd ij iiieir corresponding angles 
are equal. 



Given: (4B and CD cut by Ax — ^y. 
To prove: AB\[CD. 


Proof: Stateuents 

1. Ax~Ay. 

2. Ax = Az. 

3. Zy = A 2 . 

4. ^F!|CD. 


Reasons 

1. Hyp. 

2. § 37. 

3. Subst. 

4. §72. 


76. Corollary 1. Lines perpendicular to the same line an 
parallel. 

* 76. Corollary 2. Only one perpendicular can be drawn 
from a point to a line. (Use ( 75.) 

Investigation Problem. If line AB were omitted from the 
above figure, could you construct an angle i so as to obtain a line 
through 0 parallel to CD? Try to complete and prove this coa- 
Bfruction before looking at Propomtion 13. 






PL.^NE CEOJIETRY 




pROPosmoK 13 

77. Through a given outside point a line parallel to a given 
line can be construeted. 



Gi7«q: Line AB and point C not on AB. 
To prove: A line through C parallel to AB 

can be constructed. 


Construction; SrAmrLNTs 

1. Through C draw CD to anj 
pomt D on AB. 

2. Construct CE, tnaloDt 

Ay ‘-A t. * 


Then C£ is the required line. 
Proof: 

1 . Ay^Zz. 

2. CE^AB. 


Reasoss 

1. Post. 1. 

2 . § 66 . 


1. Const. 

2. 5 74. 


a parallel, show that 

Tt ™ T ^ ‘^**”°*’ equal, or lhat a pair 

of corresponding angles are eqnal. 

be uW « 
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Class Exercises 


1. Prove ^RllUZ) if: 

(а) Zp«G5®and /tB= 65*. 

(б) Zp^BS® and /x =116*. 

(c) Zp=70®and Zp= 70“. 

(d) Zp=75®and Zr =105*. 

(e) Zr =m® and Zx =180*— m*. 



2. Two lines are parallel if the alternate exterior angles are 
equal. 

3. By means of alternate interior angles, construct a lini* 
through a point parallel to a given line. 

4. If ZtD-Zsand Zx- Zy, then.d£liri). 

6, If aDdBFi.BF,jB//bisects Z FBA, and FC bisects 

ZBFB, then BH and CF are parallel. 



Exs. 4, s. 



6. If GH and KL bisect each other, prove that C/f ||Lff. 

7. If the opposite sides of quadrilateral ABCD are equal, they 
are parallel. 

8. If AD and BC are equal and Zx= Zy, then AB is parallel 
to DC. 

9. Prove EF\\GH if: 

(а) ZAPQ = SO®, Z«i= 50®, and Ze= 30°. 

(б) ZAPQ = 80*, Zy = 35“, Zx = 35®, ZP<?D» SO*. 

(c) ZAPQ = 85®, Z«i= 50®, Zx = 50®, APQD= 85®. 

(d) AAPQ = 85®, Zy = 40*, ACQP = 95®, Zx = 40®. 

(e) ZAPQ = m°, Zy = n*, and Zz =m®— n®. 
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10. If KL and UN are perpendicular to PAf, KQ bisects 
and MR bisects ZRIIN, then XQ]jMR. 

11. If, in the same figure, ZKifN and 

then KOIIMR. 

12. If RT bisects ^QftS and QT-QB, then Crum'S- 

n. If ADj.Dfi, BBJ.EC, AO-BB and DB-EC, proi-e that 
ADJIBE and DBKEC. 



E*». to. 11. Ev Vi E»». 13. U. 


U. II AOiDB, BBXEC, CB-EC. and 

ADPE. 


OpnORAl. EXEBCISZS 

lb. Two lines are paiaQe), U the exterior angles on the ss 
cl the transversal are eupplementaiy. 

16. If AB-CD, EC^BF, and EC 
and BF are perpendicular to AD, then 

.lEllBF. \ ^ 

17. If AByCD, ZA-»ZD and 

AB=Z>F, theaECaflF. jnU^ 

IS. If ZA-XB, AB-DB, and ZE^£,F 
then ECtBF. \ ’ ^ 

19. It AB=-CD, AE^DF, and EC»BF t/— 

then AB!!Z)F. V ’ A 

20. It AKLK ss twice AM, prove that / \ 

lO, the Insectot ^ AKLK, is parallel to j^L \ 

UP. \ 


21. If L.V •‘LS and AK10= ALkM, prore LOHMP. 
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Applied Problems 

22. A celluloid triangle CDE ia placed against a ruler AB, and a 
line CD ia drawn. Then, bedding 
the ruler fixed, the triangle is slid 
to the position CD'S' and a line 
CD' is drajra. Prove that C'D' 
is parallel to CD. 

23. The T-square is much used by draughts- 
men. Prove that lines, drawn with it as shown 
in the figure, are parallel. 

24. Street BE meets street AB at an angle 
of 72®. A real-estate agent wishes to cut the 
block ABEF into lots by constructing lines 

parallel to street AB. How many I i 

degrees must he make angles BCD, a dm 

BGH, etc.? 

Investigatioa Problem. State tbe 
converse of Proposition 11. Does it . 
appear to be true? Draw two parallel — -i 
lines. Now draw several transversals 
in different directions. Are tbe alternate interior angles always 
equal? If you draw KG so that Z.KQH ^ 

equals Ax, what is the relation of iCG / 

and CD? Why? What is the relation ■« — y B 

of AB and CD? Why? Can KQ and / 

AB then be separate intersecting lines? C ^2. ^ 

Why? If not, what do you know about „/ 

ZAGH and ZKCH? About ZAGH and 

Zi? Now try to pve the complete proof of your conclusion 
without reading Proposition 14. 



The type of proof suggested in this investigation Problem was 
mentioned on page 71, In it, we make the line KG do what we 
wish to prove AB does, and then show that KG and AD are tbe 
same line. This method is partioilaily convenient whenever we 
wish to prove that a line passes through a certain point, as for 
example in the proof of §60. 
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Propositiok 14 

* 79. Alternate interior angles of parallel lines are eqaol 



Givea; WBandCDcutby^F]* AB\\CD. 
xoproTe: A AG Ax. 

R£A50>re 


SfATEUENTS 

2. RG\\CD. 

3. 4fll|CD. ■ 

4. KG coincides with AB 

5. AAGH = AKGH. 

6. AAGH=/.x. 


1 . {6$. 

2. 5 72. 

3. Hyp. 

4. Ax. 11. 

5. 521. 

6. Subst. 


Am *1. I 

men,. ,o "‘E'’ 

paper md ,„• it on ”f tl«e lieute on 
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Proposition 16 

80. Corresponding angles of parallel lines are equal. 



Givea: [A5 and CD cutby FF]; 4B1|CD. 
To prove: Zy. 


Proof: STATEUBNTa 

1. AB\\CD. 

2. Zy = Zz. 

3. Zx = Zz. 

4. Zx = Ay. 


Reasons 

1. Hyp. 

2. § 79. 

3. 5 37. 

4. Subst. 


81. Corollary 1. A line perpendictUar to one of two parallel 
lines is perpendicular to the other, 

82. Corollary 2. Lines paraQel to the same line are par- 
allel. 


83. Corolla^ 3. 7/ izeo lines are parallel, interior angles on 
the same side of the transversal are supplementary. 
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84. Corollaiy 4. AngUa, hating Ihtir sidea respectively par- 
atlel, are either equal or supple- 
mentary. Af 


86. Corollaiye. AngUshao- 
ing their aides rtapeclively per- 
pendicular, are either eqwd or 
iapplementary. ir 



attack. Angles mag be proved equal by showing 
t they are alternate interior angles or corresponding angles 
of parallel lines. 


Cuss Exncisss 

1. Alternate exterior angles of parallel lines are equal. 

2. If AwZx, prove that 



EX9.4.5. 


3. IfPOll KSand ORJIiSr.then Z(?=Z5. 

4. IfG//||LAr and then/ZAni A'A/. 

8. IfCHlIiA/andIfA'IlA'J/.thea 

If the opposite sides of a quadrilateral are parallel, they are 


* <I«sdrilaleral are both equal and parallel, 

the other two sides are equal and paraUel. 

8. If two lines are parallel, the exterior 
angles on the same side of the transversal 
are supplementary. 


9. If two lines are parallel, the blseo- 
tors of a pair of corresponding angles are parallel. 
otW .ABIICD, then AD and BC bisect each 



RECTILINEAIl FIGUTIES 


11. If AB II CD and AF »FZ), then BF =FC. (Fig. for Ex. 10.) 

12. If PQ 11 PS and prove that: 

(o) /ip =» Ax 
( 6 ) Am = A» 

(c) Ay *=Ap+An 

(d) At =Az 

(e) ^ v is supp. to 
(/) Aw^Af 
(j) is supp. to /t) 

(h) Am+An+Ap = AT+Al+Az 

13. If FG ^HK, NR || AIK, and NR then FN || GM. 

14. If FG^^HK, NR H AIK, and FN !| GM, then FN ^GM. 

16. If f\?=P7Sr, FN=GM, FNUGM, and NRI.FL, then 
MKXFL. 




EX9. 13, 14. 15. Exa. 10. 17. 6x8. 18. 19. 


16. If AABC is isosceles and DAE is parallel to the base BC, 
prove that Ax = Ay. 

17. Prove that the sum of the angles of liABC ijquals a straight 
angle. 

18. Prove that the exterior angle FHI equals the sum ot ^ P 
and G. 

19. Using the figure of Ex. 18, prove that the sum of the angles 
of a triangle equals a straight angle. 

Optiorai. Exercises 

20. In the quadrilateral KLMN, KN ([ LAI and KL f| NM. 
If AL=^'*, find the number of degrees in each of the other 
angles. 
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21. In isosceles A QRS, QV is parallel to the base RS. Prove 
that QF bisects Z PQS. 

22. If the bisector QV of ZPQS is parallel to the base RS, then 
ZR = ZS. 



23. n ABJ.BE, EF±BB. JJC-DE, and AD [I CF, then 
AAmZF. 

24. If AD mCF, AD it CF. and BC~DE, then AB |1 EF. 

25. If ZAmZF, AD -CP, and /ID UCf, then £C -Dr. 

28. If AB 11 EF, AD 0 CP, and BC^DE, then AB-EP. 

27. If TQ equals RQ and is parallel to RS, show that RT bisects 
ZQRS. 


28. Lines perpendicular to paraUel lines 
are parallel. 

29. If AB II CD, prove that ZBED = 
ZB+ZD. 



HoHon ■Work 

SO. Lines perpendicular to non-pandlel lines ate not parallel. 

31. In the figure, how does Apcompare insite with Zxl Why? 
If the line AB turns around 
point C, 80 that Z y grows 
Emaller, how does the point of 
intersection G move? When 
Zy becomes almost as small 
aa Zx, where is C? When 
Zy becomes equal to Zx7 When Zy becomes smaller than Zxt, 
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32. As point G moves, in the above example, what change takes 
place in the size of ZCGEt (Fig. for Ex. 31.) 

33. From a given point not ona ^ven line, construct a line making 
a given angle with the given Ime, 

Apfued Problems 

34. A plumber wishes to run two parallel pipes at right 
angles to the main pipe. He uses two 
joints, but finds that, while joint A makes 
a 90® turn, joint B turns only 85®. Prove 
that, if he uses both joints, the pipes will 
not be parallel. 

36. In building the gable end of a barn, the studs are all run 
vertically. Pro\’e that they must 
all bo cut at the same angle to 
fit apinst the rafter. 

36. If the angle made by the 
rafters at the ridge is 80®, at what 
angle are the upright studs cut? 

, 37. In tunneling under a mountain from B to E, the direction 

BA has been determined so that, if 
extended, it will pass through E. But 
in order to work from the other side 
, of the mountain also, the contractor 
I must determine the direction from E. 

He measures ZB 77°, ZC103® and 
ZB 118®. How many degrees must ZE have in order that 
EF will meet BA in a straight line? 

38. A surveyor wishes to lay out 
) street CD parallel to street AB by con- 
,1 structing equal alternate interior angles 
' at E and F, but as buildinp ate in 
the way, he makes ZAEGS6°, ZEGF 
165®, and extends GF to F. ^Vhat size 
must he make Z GFD in order that CD 
S' will be parallel to AB7 






PLANE GEOMETRY ' 


IDS 


Space Geometst (Optional) 

Parallel planes. Two planes are parallel if they can never 
meet however far extended. 

Perpendicular planes. Two planes are perpendicular if 
they make equal adjacent angles with each other. 

The angles made by planes are called dihedrat angles. They are 
equal, supplementary, vertical, right, etc., in much the same way 
as the angles we have already studied. 


Exercisss 

In space: 

1. Are two lines parallel if, (o) Their alternate interior angles 
are equal; (6) their eoiresponding angles are equal? 

2. Are lines perpendicular to the same line parallel? 

3. Can more one line be drawn perpendicular to a gives 
line through a given point, (o) if the point is on the line; (6) it it** 
point is not on the line? 

4. Are alternate interior angles of parallel lines equal? 

6. Is a line perpendicular to one of two parallel lines perpendicu- 
lar to the other? 

6. Are angles having their aides respectively parallel equal or 
supplementary? 

7. Are two planes parallel if they arc: 

fa) Parallel to the same plane? 

(6) Perpendicular to the same plane? 

(e) Parallel to the same Kne? 

(d) Perpendicular to the same line? 

8. Are two lines parallel if they are; 

(a) Parallel to the same line? 

fb) Perpendicular to the same line? 

(c) Parallel to the same plane? 

(d) Perpendicular to the same plane? 

9. Are a plane and a line not in the plane parallel if they are: 
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(а) Parallel to the same line? 

(б) Parallel to the same plane? 

(c) Perpendicular to the same plane? 

(d) Perpendicular to the same line? 

10. Can two planes perpendicular to the same plane be, (a) par- 
allel; (6) perpendicular? 

11. A line is parallel to a plane. 

(a) Is a plane perpendicular to the line perpendicular to 

the plane? 

(b) Is a line perpendicular to the line perpendicular to the 

plane? 

12. If one of two parallel lines is perpendicular to a plane, must 
the other be perpendicular to the plane? 

13. If two planes are parallel: 

(a) Is a line parallel to one parallel to the other? 

(b) Is a plane parallel to one parallel to the other? 

14. If a line is parallel to a plane: 

(a) Is it parallel to another line that is parallel to the 

plane? 

(b) Is a plane that is parallel to the line also parallel to the 

plane? 

16. If two lines are parallel, is: 

(a) A line that is parallel to one parallel to the other? 

{b} A plane that is parallel 
to one parallel to the 
other? 

16. Are there lines that are neither 
parallel nor intersecting? Illustrate. 

17. The intersections of two parallel 
planes with a third plane are parallel. 

Can AB and CD meet? Ex- 
plain. 

Are AB and CD in the same 
plane? If so, what plane? 
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A S£LF-ME&smuno Test 

1. Give eight methods of prtniDg angles equal. 

2. Define parallel lines. 

3. Give two methods of proving lines paralleL 

4. In order to constract a straight line, how many points must 
be known? 

6. How many points of the line must be found in constructing: 
(o) The perpendicular bisector of & line? 

(6) A perpendicular at a point on a line? 

(c) The bisector of an angle? 

6. What IS the method of finding a point equally distant from 
iwo pven points? 

7. Give the three melboda of proving triangles eongnient. 

8. What are the two principal objects of proving trian^ 
congruent? 

9. State the parallel-line axiom. Does this axiom state that 
one parallel line can be drawn? 

10. How do jou know that there can be a line through a point 
parallel to a given line? 

11. What is the principal method of proving one line perpendicu- 
lar to another? 

12. What is meant by an widirect proofl 

13. If parallel lines were defined as two lines whose alternate 
interior angles are equal, could you prove that parallel lines would 
never meet? 

14. sn aHemale inlerior anglej? Correspotiding angle»! 

16. Can you give an indirect proof that lines are parallel if 

the corresponding angles are equal? Why is that method not 
generally used? 

16. Compare the size of the exterior angle of a triangle with that 
of each of the interior angles. 

17. Why is the proporition about the exterior angle of a trian^e 
placed before the paraileldme propositions? 

18. Why is it that the construction of a line parallel to another 
U not placed with the other emstruction propositions? 
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MAToraifO Test (10 mm.) 

Write the numbers 1 to 10 in a column. After each write 
the letter of the phrase that is the correct definition of the 
word following the number. 


1. Analj’sis 

2. Alt. int. A 

3. Transversal 

4. Indirect proof 

5. Postulate 
C. Exterior ^ 

7. Afedian 

8. Bisector 

9. Perpendicular 
lines 

10. Parallel lines 


0 . A proof in which we show that other pos- 
sthilitics are wrong. 

6. A proof in which we begin with the state- 
ment to be proved. 

c. Angles between two p.'trallcl lines and on 
opposite sides of a transversal. 

d. An angle formed by extending one side 
of a triangle. 

e. Lines in the same plane that cannot meet. 

/. lanes that meet at riglit angles. 

g. A line cutting tnv or more other lines. 

h. A line from a vertex of a triangle to the 
middle point of the opposite side. 

1. A construction admitted as possible with 
out proof. 

J, A figure that cuts another figure in two 
equal parts. 


Reasoriho Test (10 min.) 

If the conclusion is true, copy those statements from the 
hypothesis used in proving it, if false, write F. 




1. If AB‘=CD, ^*=110® and EF is a st. line, then 

^B|1CD. 

2. If Zp*= Zr, Z 3 =Bupp. of Zy and EF=CD, then ABjlCD. 
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A SGtr.MEA8oitino Test 

1. Gire eight methods of proving angles equal. 

2. Define poraQf! line*. 

3. Gi™ tw'o methods of proving lines parallcL 

4. In order to constnict & straight line, how many points must 
be known? 

B. How many points ot the line must be fwmd in constructing: 

{al The pcrpendicuLir bi^tor of a line? 

(b) A perpendicular at a point on a line? 

(c) The bisector of an an^e? 

6. What is the method of finding a point equally distant froro 
kwo given points? 

7. Give the three methods of proving triangles congruent. 

8. What ore the two principal objects of prosing trian^es 
congruent? 

8. State the parUlel-Iine o-vioiD. Does this axiom state that 
one parallel line can be drawn? 

10. Ilaw do j-ou know that there can be a line through a point 
parallel to a given line? 

11. What U the principal method of proving one line perpendicu- 
lar to another? 

13. What is meant by an ttidirtd procp 

13. If parallel lines were defioed as two lines whose alternate 
interior angles are equal, could you prora that parallel lines would 
never meet? 

14. Wbat are oliemale interior angles^ ComspoTtding angUst 

15. Can you gisT an indirect proof that linra are parallel M 
the corresponding angles aw equal? RTiy is that method not 
generally used? 

16. Compare the rise of the exterior angle of a triangle with that 
of each of the interior an^cs. 

17. Why is the proposition about the exterior angle of a triangle 
placed before the parallel-tine propoations? 

18. Why is it that the construction of a line parallel to another 
is not placed with the other construction propositions? 



RECTILINEAR FIGURES 


105 


Matchino Test (W min.) 

Write the numbers 1 to 10 in n column. After each write 
the letter of the phrase that is the correct definition of the 
word following the number. 

1. Analysis a. A proof in which we show that other pos- 

sibilities arc wrong. 

2. Alt. int. ^ b. A proof in which we bf^'n with the state- 

ment to be proved. 

3. Trans\-ersal c. Angles between two parallel lines and on 

opposite sides of a transversal. 

4. Indirect proof d. An angle formed by extending one side 

of a triangle. 

5. Postulate e. Lines in the same plane that cannot meet. 
G. Exterior Z f. lines that meet at right angles. 

7. Median g. A line cutting two or more other lines, 

fi. Bisector A. A line from a vertex of a tnanglc to the 

middle point of the opposite side. 

9. Perpendicular t. A construction admitted aa possible with 

lines out proof. 

10. Parallel lines j. A figure that cuts another figure in two 

equal parts. 

RzASonmo Test U0 win.) 

If the conclusion is true, copy those statements from the 
hypothesis used in proving it, if false, write F. 
n 
<A 



ff it 


106 


PLANE GEOXIETHY 


3. If ^w=82’, APliCD and i'v=82*, then ^8=0S“. 

4, If Fi\'=GM, FG=nK and AM, then A7/|l.l/A’. 

6. If A7/1FL, FN\\GM, NHWHK and NIl^MK, then 
MKLFL. 

CoMPLETiOR Test (10 min.) 

Write the numbers of the questions on your answer paper 
and after each the one n’ord that is omitted. 

1. If two isosecles triangles have a common base, the line detc^ 
mined by their vertices is ... to the base. 

2. An exterior angle of a Inangle is greater Ilian a . . • interior 
angle. 

3. The bisectors of a pair of corresponding angles of paraM 
lines arc ... to each other. 

4. If two lines are cut by a transversal so th-st a pair of corre- 
sponding angles arc equal, the interior angles on the same side of the 
transs'ersal are ... . 

5. A line parallel to the ba.se of an isosceles triangle cutsoSaii«<> 
trungle. 

MtTLTTPLt-CHOtCE T*5T (10 mfn.) 

From the answers gi\*cn, select that one that 'nail make 
the statement true. 

1. If an obtuse angle and an acute angle have their sides respec- 
tively parallel, the two an^es are, (a) equal; (6) rt. (c) 

(d) Bupp. A . 

2. In the first of the theorems in which lines are proved parallel, 
the angles given equal are, (o) corr. A; (6) int. A on same side of 
transversal; (e) rt. A; (d) alt. int A. 

3. lines perpendicular to the same line are, (a) equal; (W parti- 
lel; (e) perpencficular; (d) form a triangle. 

4. The angles of the letter N are (o) corr. A; (h) snpp. 

(e) alt. int. A ; (d) obtuse A. 

6. If the opposite sides of a qjuadrilateral are parallel, a diagonal 
(a) bisects the (6) makes 2^^; (e) makes int. A supp.' 
(d) equals the longer ride. 
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* 86. The sum of the angles of a trianffle is a straifht 
angle. 



Given: AABC. 

To prove: ^ A+ ZB->r equals a straight aogle. 


Proof: Statemems 

1. EsUnd SC to D. 

2. Draw CE || BA. 

3. Z*+Zi/+Zj "I st. angle. 

4. Zy=»Zil. 

5. Z 2 £. 0 . 

6. Z*+ Z.d + Z5 => let 
angle. 


Reasons 

1. Post. 2. 

2. 5 77. 

3. Ax. 7. 

4. 5 79. 

5. § 80. 

6. Subst. 


87. Corollary 1. An exterior angle of a triangle equals the 
sum of the two remole interior angles. 

88. Corollary 2. Each angle of an eguilateral triangle equals 
60^ 

89. Corollary 3. If two triangles have two angles of one equal 
respectively to two angles qf the other, their third angles or* 
equal. 




108 


PLANE GEOMETRY 
Class BxBxcisia 


1. Constniet sn angle of 60*« 30*, 120*. 

2. Construct an angfo of ISO* 105*, 75*, 

3. Trisect a rigtl angle. 

4. Trisect an angle of 45*. 

6. Construct a trLangle irhoso base b 3 in, and whose bi* 
ingles are 120* and 30® rcspecliTCly. 

6. Find the number of degrees in each angle of an isosceles right 
triangle. 

7. The acute angles of a right triangle arc comptcmcnUuy. 

a. Given two angles of a triangle, construct the third angle. 

8. Given the vertex angle of an isoscejea triangle, construct • 
base angle. 

10. laAAPC.Cnd ZCif: 

(o) A -33® and B- 74*. 

(h) A-B-C. 

(e) B -43* and A -C. 

(d) C-AfB. 

(0 A -n® and B«n*. 

(0 C+A-l2j*andC+B-l30*. 

11. 11 the vertex angle o! an isosceles triangle u 40*, find the 
exterior angle made by producing the base. 

12. If CD is the altitude on the 
hypotenuse of right AABC, then AACD 
-AB. 



3. If JiE and CD are two altitudes 
lei; (c)'7, prove that ZABE-^ACD. 

4. The 

(e) alt. int. , 

_ angles of a tnangle equals the third anBl«» 

'-'^sects the (« 


Jy?#ecta 


a trian^ are 30* and 60*, what an^a i» 
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16. If two angles of a trian^e aie equal, the bisector of the third 
angle bisects the triangle. 

17. Find the angle formed by the bisectors of two angles of an 
equilateral triangle. 

18. A triangle cannot have more than one right angle or more 
than one obtuse angle. 

19. If a line bisects the legs of an isosceles triangle, it is para) ol 
to the base. 

20. If a line cuts off ^th of the legs of an isosceles triangle, it is 
parallel to the base. 

OptIOMAX. EtERCISES 

21. If two lines are parallel, the bisectors of a pair of interior 
angles on the same side of the transversal 
are perpendicular to each other. 

22. If two parallel lines are cut by a 
transversal, the bisectors of the four 
interior angles form a rectangle. (Amct> 
angle is a four-sided polygon aQ of 
whose angles are right angles.) 

23. If a leg of an isosceles triangle is extended its own 
length through the vertex, the line joining its end to the 
nearer end of the base is perpendicular to the base. 

24. The vertex ZA of an isosceles AABC 
is 40®. If RFIAC, find ZBBC. 

25. Using the same hypothesis, if CD is 
also perpendicular to AB, find ABFC. 

2G. If ZA-60®, ZABC^ 70®, AABF-m". 
and A ACFm n®, ^d all the angles of £^FC. 

27. Given the same hypothesis, if /LBFC is a right angle, find 
the relation between m and n, 

28. If, in the hypothesis of Ex. 26, BF and CF produced were 
perpendicular to AC and Afl reepecUvely, what v^ues would.m 
and n then have? Also find the number of degrees in each cf the 
angles of ABFC. 
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29. If a median of a trian^e » half the side to which it is drawn, 
the tnangle is a right triangle. 

30. If the base of a triangle is extended in both directions, the 
^^of the extenor angles exceeds tho vertex angle by a straight 

31. How many straight an^ are there in the sum of the angles 
of a quadrilateral? 


4. 



of a pentagott (5 aidea)? 

off •" ■“ >»” o' *>» 

Of a hexagon (6 sides)? 

•‘“'e'" “oe'” oath of thtsa 

esorea eompara mth th. aomber of aidea? 

rtij»cfMj to Ba ridti 


Algebraic Exercises 

^ A.4flC, find the number of degrees in each angle, if: 

37. ZButwice^^and 4:C is 20" more than 

38. three times ^4, and .ifCis twice ZS. 

39. ZB exceeds ^4 by 5% and ZC exceeds ZB by 5". 

6 '0" 

ZB 13 twice ZX. and ZC equals | the sum of ZX and 


\ 
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Honor Work 

42. Iq A ABC, what is the sum of the AA-i~B+C7 

43. As il moves down toward BC to the 
positions Ai, At, , what chaise is taking 
placeinthesizeof AA? Of ZB? OfZC? 

How does this affect the sum A+B+Cl 

44. When A reaches the position At on 
BC, what is the value of ZA? Of ZB? 

Of Z C? ^Vhat is their sum? 

46. If A continues down across BC, what can you say about the 
sire of ZA? As A moved toward BC, ZB decreased, and when A 
reached Ai, ZB became 0. If ZB continues in the same direction, 
what does it then become? When a positive quantity passes 
through 0, what does it become? What is the sum A+B+C7 

46. Prove that the angle on the outside at one vertex of a triangle 
minus the sum of the two remote interior angles equals a straight 
angle. 

47. If point A moved towd BC 
extended, trace the changes in the size 
of the three angles, (c) as it approaches 
BC; (6) as it roaches BC pr^uccd at 
At! (o) as It crosses BC to At. What 
is the sum A+B+C in each position? 

48. In the figure, BA is rotating around B to tho positions BAi, 
BAj, . . . Describe the change taking place in the size 
of ZA, B and C. How does the amount that A 
changes compare with the amount B changes? WTiat 
efiect has this on the sura A+B+C? 

49. As BA becomes nearly parallel with CA, what 
can you say about the aze of ZAT About the sum 
B+C7 IVhen BA becomes parallel to CA, what is 
the value of ZA? Of ZB+C? State a theorem in 
proof of the latter. Whatjsthesura A+B+C? 

60. If ZC is a right angle, what doct ZB approach aa A moves 
op to a great distance? Tl'hen BA becomes parallel to CA, what 
raJoehasZA? ZB? Wlat is the relation of Bd to BC? What 
is the sum A+B+C? 
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StATtUESTa 

1. CoMlnict^DbUecUng 

4. 

5. AilBD s AACi) 

6. Afl-xC. 


ReASOifs 
!■ iC5. 

2. IdeD. 

3. Const. 

4. Hjrp. 

5- S90. 

B. 522. 


93. Corollary 2, 

o/ ita Muto angUa e^niaU4%>° are equal i 

Method of attack. l • 

«ho^g that they are l>: 

angles. ^ “'*« °f a triangle opposite equa 

What method have von ««. i. 

^ lines be proved equal by Proving lines equal! 

^oms might also be means of Propositions 5 or 6? Whai 
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Class Ezekcises 



1. If two angles of a triangle are 70'* and 40”, the triangle is 
isosceles. 

2. If the exterior angles at the base of a triangle are equal, the 
triangle is isosceles. 

3. If BD is the bisector of Z.ABC and 
DE {[ BCf then ABDE is isosceles, 

4. If any angle of an isosceles triangle 
is GO®, the triangle is equilateral. (2 cases.) 

6. DE is parallel to the base BC oi 
isosceles AABC, and ends In the other two 
sides. Prove that aADE is isoscel^. g 

6. The legs JH and JI of isosceles AJHI are extended through 
the vertex J io 0 and F respectively. If FO (j HI, then AJFG is 
isosceles. 

7. If the bisector of an exterior angle of a triangle is parallel to 
a side, the triangle is isosceles. 

8. A line parallel to a leg of an isosceles triangle cuts off another 

1 Isosceles triangle. 

9. The bisectors of the base angles of an isosceles triangle form, 
with the base, another isosceles triangle. 

10. If DE II BC and Ax-‘Av, then AB 




11. If the exterior angle at the vertex of an isosceles triangle is 
'l20®, the triangle is equilateral. 

' 12. If AD=BCandAC-BD,provethatAB='BB. 

13. In AKLM, LP±KL, and PM1.KM. Prove 

'ha* £J?L4f U Uasiselfta. 
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OPTIOKAI. ExKXCtSBS 

14. 1/ the bisectora of two onglei of a triangle forra with the 
included side an isosceles trian^, the original triangle u also 
isosceles. 

W. la isaicelea AABC, CO and EB, the altitudes on the le^^ 
meet at F. Pro^ that ABFC is isosceles. 

16. .to J'oseeles right triangle is divided by the altitude on the 
hypotenuse Into two isosceles right triangles. 

17. If. in quadrilateral 
and ZQ - ZS, then TQ -TS. 

18. If .40 bisects ZBAC of A-tOC, 
and BE Ij AD, theoEA -AD. 

19. If E.4-/IB and AD Insects 
BAC, then EBi. 40. 

20. If, (ranx a point in the base of an isosceles triangle, parallelf 
to the legs are drawn, the perimeter of the quadrilateral formed 
equals the sum of the legs of the triangle. 

21. A perpendicular to a diagonal of a square cuts o9 an boseeW 
triangle. 

Botioft Wotx. 



22. If in the square ABCO, AD-AB and EFxAC, then BF« 
EF-EC. 


23. If DD and CD bisect ZD and ZC respectively, and EF [J DC 
through D, prove that EP » BE+FC. 



Ex. 33. £xa.24,2$. 


24. If AABC is isosceles, and OFxbase BC, then AAOE is 
isosceles. 

25. If the vertex ZA of isosceles AABC is twice the sum of the 
base an^es, and DBPjiBC, then AAOE is equilateral. 




RECnUNEAIl FIGURES 


IIT 


26. If the vertex angle of an isosceles triangle is a right angle, 
what b the ratio of its base to its altitude? 

27. The bisectors of the equal angles of an isosceles triangle meet 
the opposite sides at T) and B. Prove that BE is parallel to the 
base. 

28. If in a quadrilateral the dkgonds 
are equal, and also one pair of opposite 
rides are equal, prove that two of the 
triangles, into which the quadrilateral is 
divided by the diagonals, ate isosceles. 



ApPttED Problems 

29. To find hia distance from a 
lighthouse L, a ship captain measures 
^x, which he finds to be 33”. After 
sailing six miles to B, he observes 
that is 66”. Prove that he is now 
just six miles from the lighthouse. 

so. To find the distance across a pond 
from B to A, John measures AB equal to 
70”, and walks in the direction BC until be 
arrives at a point C, where ZACB equals 
S5®. He then finds that BC is 210 ft. Find 
the distance from A to B. 




Investigation Problem. The two triangles in the figure are right 
triangles having a leg DF in common, and the hypotenuse DE of 
one equal to the hypotenuse BG of the other. Do 
they appear to be congruent? How many parts 
of one are there that we know are equal to 
parts of the other? Using any proposition 
that we liave had, can we prove that triangles 
having these parts are congruent? Would it 
help 113 to know that ^ E equaled AG? If we knew that DBFO 
was a triangle, could we prove AE equal to ^G7 Is DEFO a 
triangle? Is £FG a straight line? Why? If the two triangles 
wMe not together as in the above ^pue, what could we do? 
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* 94. Two Tight tThngtes are congmenl. U the hypote- 
’cthlr"'^ ° ’’ypolenme end n leg of the 



OlTWi li^JJC and OEfl; and dF right angina, 
AB*aDE, and AC^ DP. 

To prove: A>lCCsADEr. 


Proof: STATTilENTO 

1. Place AdBCo that point 

™> along 

-andBtakesthepoaitionOon 

the opposite side of Dp fmn B. 
, A falls on point D 
t AWr'! «re rt. angloc 
, ■‘ii/'t/isast. angle. 

5- EFO is a St. line. 

6- DE=:AD or DG. 

7. AE=AG. 

8. As<=Ay. 

9- or A 4 PC. 


Reaboxb 

1. Ax. 10. 


2. AC*=Z)P by hyp. 

3. Hyp. 

<• Tvi-ortangles-ast.angle. 

5. ! 10. 

6. Hyp. 

7. 5 55. 

8. 5 33. 

»• 5 90. 
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96. Corollary. 7/ an angle of a nght triangle is 30®, iAe 
side opposite is one-half the hypotenuse. 

I/, in thediagramof Proposition 18, ADEF^ ADGP and ^ r = 50®, 
ehow that ADEG is equilateral, and therefore that EF =• ^DE. 

96. The distance from a point to a line is the length of the 
perpendicular from the point to the line 


Exercises 

1. If P ia equally distant from A and E, and PG±AE, then PC 
bisects AB. 

2. How many and what parts of two triangles must bo 
known to be equal, in order that the triangles can bo proved 

congruent? 

3. If tho perpendiculars from the middle point of a side of 
a triangle on the other two sides arc equal, tho tri.’uigic is 
isosceles. 

4. Inright AdCC, /ID ■^fl,andi>EX hj^ioU 
enuse AC, prow that AE bisects ABAC. 

6. If the base BC of AABC is trisected at D 
and E, and the perpendiculars to the other sides, 

DF and EG, are equal, Aj\BC is isosceles. 

6. Equal oblique lines from a point 
on a perpendicular to a line cut off 
equal distances from the foot of tho 
perpendicular. 

7. If fa the perpendicular bisector of 
BC, and /IC - CE, show that .d H R CE. 

8> A point equally distant from Uic 
sides of an angle fa on the bisector of the 
angle. 

2. In a circle, a radius perpendicular to a 
chord bisects the chord. 

JO. la circle 0, if KL and PQ are equal to each other and are 
twpcndieular to diameter RS, th« W-OQ. • 
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11. la square ABCD, E is & point on BC, IfSA-EB, pro 

that E is the middle point oi BC. 

IS. If AB and AC are equally distant 
from the center of circle 0, then AO bisects 
ABAC. 

IS. A trian^e is isosceles U two of its 
altitudes are equal. 

14. Two acute triangles arc coDgruent, if 
two sides and the altitude oa one of them in one triangle ^ 
respectively two sides and the corteaponding altitude of the ot er. 

15. InAABC, / A -30*, 
andAB-12. Find BC. 

16. latiLABC, £A-aQ*,^B-60*, 

and BC « 7. Find A B. 

17. laADEO, ^E-30*, ZG-45’, 

DPJ.EG and ED»12. Find the length of FC. 




Appino Pnofiuun 


18. AearpenterwishestoeawahoaTdata4h*ni>glG. HowcMihe 


lay oS this angle? 

19. Ptore that, if a carpenter wishes to cut 
two boards, whose widths are equal, so that 
they wdll fit together to form a right angle, as 
shown in the figure, he must cut each at 45*, for, 
if he cut them at any other angle, say CO* and 



30®, the slaotiog parts would not fit together as shown in the figure. 


InTestigadon Problem. i> is a point on 
BD, the bisector of AABC. DE and 
DF are its distances from AB and BC 
respcctirely, TTbat is meant by the dU- 
tance from a point to a line? How do 
these distances compare in length? Can 
you prove this? State the convetee of the 



above. Does it appear to be true? ^That ia the method of 


orovtng Zx equal to ,^u? 
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Proposition 19 

* 97. Any point on the bisector of an angle is equally dis- 
tant from the sides of the angle. 



GiT«n : BG bisects A A BC, D any point on BG, 
DE and DF the distances from D to A B 


and BC respectively. 

To prove: DE=DF. 


Proof: STATEilENTS 


1. In AiBDE s.nA BDF, Zx — 
Aw. 

1. Hyp. 

2. BD=BD. 

2. Iden. 

3. ^rand Z pore rt. angles. 

3. §JW. 

4. Zz=Zy. 

4. 5 33. 

6. ABDKSABDP. 

5. 5 90. 

6. DE=DF. 

C. V22. 


* 98. Converse. Any point equally distant from the sides 
of an angle is on the bisector of the angle. 

Does this proposition furnish us with any new method of 
proving lines equal? Of proving angles equal? 

If D moves along SO, Vfill it always be as far from AS as from 
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Ezcrciszs 



«. On one jiJ, , Mangle, find a 
KdS”"' dL...n. ,»n 

^«V,p^aHa. Otan, u,n 

Jn-iefimte lines Intersect o 

frotaiUUirSw' Points, each equally distaai 

of a quadrilateral? From* inr"'* oquallj- distant from three sides 
trom all four sides? Eaplain. 



A SELr-MeasTODeo Test 

2. What Pt^e trian^es congruent. 

if it is tnorra that the tria^w congruent, 

3. How many meth^i 

yon know? proving ri^t triangles congruent do 

«|J« of a triangfe,*^ ^ ioarned about the exterior 
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7. State two propositions about the isosceles triangle. 

8. DeGne an aliitude of a trian^; a median. 

9. Define parotid lines. 

10. Why is it that the first proposition about the isosceles triangle 
IS placed among the congruent triangle propositions, while its 
converse comes so much later? 

11. Why is the proposition regarding congruent triangles, gi\'en 
two angles and the side opposite one of them, not placed with the 
other three propositions about congruent triangles? 

12. What is the sum of the angles of a triangle? 

13. What method of proving angles equal depends on the sum of 
the anglra of a triangle? 

14. Which two congruent-triangle propositions depend on the 
of the angles of a triangle? 

16. Give two methods of proving that an angle is a right angle 
ir that two lines are perpendicular. 

16. Give two methods of proving lines parallel. 

17. If two angles of a triangle are of s degrees and y degrees 
respectively, how many degrees are there in the third angle? 

18. Are two triangles congruent if three angles of one equal 
icspectively three angles of the other? 

19. IVhat are supplementary anglcsT Adjacent anylest Vertical 
anglest 

20. In a triangle, how many of the angles can bo right angles? 
Obtuse angles? Acute angles? 

21. If a right triangle has an angle of 30% what relation of tho 
rides is known? 

22. AVhat fact has been proved about the diagonals of a square? 
Of a rhombus? 


Nomericai. Test {10 min.) 

1. The bbcctors of angles A and B of the equilateral triangle 
ABC meet at D. How many degrees are there in AADD1 

2. The angles of a triangfe are ia tbo ratio 3 :4 :S. Find the 
number of degrees in the largest angle. 
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3. In right triangle ABC, the exterior angle at A contains 140*. 
Find the number of degrees in the acute angle B. 

4. Two angles of a triangle are in the ratio 5 ; 3 and their dif« 
ference is 40*. Hnd the nnallcstangle of the triangle. 


CoMPLE'no.i Test (to min.) 

Vt rite the numbers of the questions on your answer paper 
and after each the word that is omitted. 


1. If two altitudes of a triangle arc equal, then the triangle is ... . 

2. In the rght triangle ABC. if ADSO” and AC~2 in., then 
the hypotenuse AB equals . . . inches. 

3. Tlie diaUnec from a point to a line is the length of the . . . from 
the point to the line. 


li of ft triangle is greater than a right 

ftu^e, the third angle U ... than a right angle. 

^^8. Any point equally distant from the sides of an angle is on 

6. If one Mgle of a right triangle is 45*. the legs arc ... . 

pom equally distant from the ends of a segment is on 


Multiple-Choice Test (10 min.) 

the triaS^'s b".”' <11= tkird angle, 

2. itfLinj Sl .Lf?,"*! 'r*' W"=k‘- 

parallel to one Jd^t the f 

W nrtt; (Oeqniangnlan; 

W the W ‘'t' Ikml la eqoalt 

CX'x-l-glel.iaose.leet Sthe 



BECTILINEA31 FIGURES 


125 


5. If an angle of a right trian^e is 60% (a) the adjacent leg is 
half the hypotenuse; (h) the triangle is equilateral; (c) the legs are 
equal; (d) the opposite leg is half the adjacent. 

Reasosiko Test (10 mtn.) 

Give the final reason only for each of the following: 

1. In AABC, AB^AC and OB and OC are angle bisectors. 
TheiiOB=OC. 

2. Lines from the middle point of a side of an equilateral triangle 
perpendicular to the other two sides cut off congruent triangles. 

3. The bisector of an acute angle of a right triangle cuts the 
opposite leg in a point equally distant from the right angle and the 
hypotenuse. 

4. A triangle is isosceles it the exterior angles at two of its ver- 
ticca are equal. 

QnADRILATERALS 

99. A trapezoid is a quadrilateral having two, and only 
two, sides parallel. It is isosceles if the noD'.parallel sides 
are equal. The parallel sides are called the bases. 



V, 5. A'stv 

Past or ths enrrasTHVertrM o» th* Diaiorai* **uacow. 

^’otfee the many geoisetrical fonns la the a&ders thwaeefre* and la their 

amatemoaL 
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3. In right triangle ABC, the exterior angle at A contains 140*. 
Knd the number of degreea in the acute angle B. 

A. Two angles of a triangle are in the ratio 5 : 3 and their dif- 
ference is 40*. Find the fmaUest angle of the triangle. 

CoMPLETios Test (JO rnin.) 

^ rite the numbers of the questions on your answer paper 
and after each the word that is omitted. 

1. If two altitudes of a triangle are equal, then the triangle is ... . 

2. In the nght triangle ADC. if ZB-30* and AC-»2 in., then 
the hypotenu-se AB equals . . . inches. 

3. The distance from a point to a line is the length of the . . . from 
the point to the line. 

.«tl angles of a triangle is greater than a right 

angle, the third angle is ... than a right angle. 

^^5. Any point equaUy distant from the sides of an angle Is on 

?' A “ ■*5’. tin legs are ... . 

jjjg' ^ y distant from the ends of a segment is on 

Multiple-Choice I^st {10 miti.) 

‘1“* '"■1 the 

the triangle^™ 'nl of a triangle equala the third angle, 

parallel to one a. 

m right! (r) nq«i«.g.la,”gr-e^„f ' '°™“' “ 
miheSrS'L™**”?’ "• «»“j. W Ihe third ia equal; 
hiangle ia a right trian£“'° ’ 

<■> ■ tS^TtrohSi"-' ^ 
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5. If an angle of a right triangle b 60”, (a) the adjacent leg is 
half the hypotenuse; (b) the triangle is equilateral; (c)thelepare 
equal; (d) the opposite leg is half the adjacent. 

Reasootko Test (iO min.) 

Give the final reason only for each of the following; 

1. In A4RC, AJ3=AC and OB and OC are angle bisectors. 
Then OB=OC. 

2. Lines from the middle point of a ride of an equilateral triangle 
perpendicular to the other two rides cut off congruent triangles. 

3. The bisector of an acute angle of a right triangle cuts the 
opposite leg in a point equally distant from the right angle and the 
hypotenuse. 

4. A triangle is isosceles if the exterior angles at two of its ver- 
tices are equal, 

Qdadrilaterais 

99. A trapezoid is a quadrilateml having two, and only 
two, Bides parallel. It is isosceles if the non-paralJcl sides 
are equal. The parallel sides are called the bases. 



Offlelal Phe(otraph, XT, S, Haev ^ 

Part or thb aurxasTBVCTOR* or to* waioiaw “iticow. 
NbtTee th* toaay foomotTicaf ibrau <6® irhjfenr CiiRMsVaf it 
•mneeaeat. 




FLAKE GEOSIETRY 

100. A parallelogram to) is a quadrilateral baviog both 
paira of opposite sides paralleL 

101. A rectangle is a patallelogrmn, one of whose angles is 
a right angle. 

It can be proved that: 

(o) An the angles of a rectangle are right angles', and 

(6) Any quadrilateral is a rectangle if all of its angles are 
right angles. 

Ex. Prove (a) and (6). 

i(fi. In a parallelograas, either pair of parallel sides may be 
caUed bases. GeneraUy the side on which the parallelogram 
appears to rest is called the base. 

IM. An altitude of a trapetoid or parallelograiD is a per- 
pendicular between parallel rides. 

ililereiil altiiud.!, one to ...h pair of 


Duwirc Exskcisb 
th. Mowing Gr«k design,: 


■-’i 


miSSSHsSsssilli^^^' 


liniiicniiii.'niiil 
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PROPOsmoir 20 

. 104. A diagonal of a paTattelogram divides it into iioo 
congruent triangles. 



Given: (JABCD; (diagonal AC]. 

To prove: AABCs^ AACD. 

Proof: Statements Eeabons 

1. In i^BC and ACD, AC~ 1. Idea. 

AC. 

2. AD II EC and AB || CD. 2. § 100. 

3. and Zv = Zy'. 3-5 79. 

4. AABC S AACD. 4. § 62. 

106. CoroUaiy 1. The opposite sides of a paralUlogram are 
equal and the opposite angles are equal. 

106. Corollary 2. Segments of parallels intercepted between 
parallels are equal. 

107. A rhombus is a parallel<^am having two adjrccnt 
sides equal. 

Then, from 105; A rhombus is an <?uite/<Taf paralUlogram. 

108. A square is a rectaDglc havang two adjacent sides 
equal. 

Then, from 105; A square is an eqvilotrmt reetangL. 
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PROPosmon 21 

* 109 . A quadrOaleTdl is c ptnclWosTCm il its cpposill 
sides are equal. 



Givea: iQuadrilateral AB-CD aod 

ADc.BC. 

To proTs: ABCD is ft paraUelogrom. 


Proof! STATEirE!fTS 

1. ConslmctAC. 

2. In AsiBC and ACD, 
AC^sAC. 

3. ilB=CI^5ndAI)-BC. 

4. AABC^ilislCD. 

5. ^*'and Zy— 

6. /!D||BCands4B[|®f^* 

7. .dBCDbaO. 


Keasoks 

1. Post. I. 

2. Idee. 

3. Hyp. 

4. \ 57. 

5- 522, 

6. 5 72. 

7. 5 100. 


Classify quadrilaterals accordint; to the number of pwrs of 
parallel sides. How many pairs of opposite sides has the quadn* 
lateral? How many of these may be parallel? How many are 
pawHeV in tbe paraileiogramt In the Itapeioid? Are there 
other quadrilaterals besides these? How do they diSer from these? 

What do we call a paraOdogcam which haa right angles? Arr 
there other parallelc^rams? Name the equilateral paraOdogram, 
Is the square a special rhombus? 
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Proposition 22 

* 110 . A quadrilateral is a parallelogram, if two sides are 
equal and parallel. 



Glvea: (Quadrilateral ABCD}i AD>"BC and 

To prove : ABCD is a parallelogram. 

Proof: Statesients Reasons 

1. Construct AC. 1. Post. 1. 

2. In AABC and ACD, 2. Byp. 

AD=BC. 

3. AC=AC. 3. Iden. 

4. AD li BC. 4. Hyp. 

B. Ax^Zx'. 6. 5 79. 

6. AABC^AACD. 6. §50. 

7. 7. 522. 

8. AB II CD. 8. 5 72. 

9. ABCDisaO. 9.5100. 


Investigation Problem. In parallelogram ABCD, not a rect- 
angle, draw both diagonals, AC and BD, intersecting at E. 
Does AC equal BD? Docs A B equal £C? DoesBBequal EDI 
Try to prove your conclusion vrithout further help. What method 
of proving lines equal can you use here? What properties of the 
parallelogram mil help you? 
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PROPOsmow 23 

111. The diaqonaU of a pamUelogram hisod each other. 



Given: 0/1 BCD; l«ilh and inter- 
eectiog at £]. 

To proves AE^EC,\ad BE^SD. 

Proofs STATtvcsra Reascwb 

1. In ±AED and EEC. 1. i 105. 

AD-BC. 

2. ADllBC. 2.5100. 

3. Z«c»Zx,aDd Zy*-/*. 3. 5*9. 

4. AAEDS/iBEC. 4. 5». 

5. AE«ECjmdBE-EP. 1 5.522. 

112. Converse. 4 quadrilaleral is a parallelogram if He 
diagonals bisect each other. 

113. Idetliod of attack. Vina may it proved parallel or 
tgunl by sbcrsring that they are opposte adcs of a parallelo- 
graai. 

Cuss Exbkcises 

1. The oppodte an^«3 s paiaBelogram are eqpsL 

2. Panlld hues are erer yw hcTo the a&me distance apart. 
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3. The line joining the middle points of two opposite sides of a 
parallelogram is parallel to the otiier two sides. 

4. Two lines are parallel if two points on one of them are 
equally distant from the other. 

6. If two opposite sides, AD and CB, of OABCD are extended 
equal lengths in opposite directions to E and F respectively, the 
figure AFCE is a parallelogram. 


Ex. 5. Ex. 7. 

6. Perpendiculars to one side of a parallelogram from the oppo- 
site vertices are equal. 

7. In a parallelogram, perpendiculars to a diagonal from the 
opposite vertices are equal. 

8. The diagonals of a rectao^e are equal. 

9. If the diagonals of a parallelogram are equal, the figure is a 
rectangle. 

10. A line through the middle point of a diagonal of a parallelo- 
gram and ending in a pair of opposite ades, is bisected by the diag- 
onal. ■ 

11. If the diagonal of a parollclogram bisects one angle, it also 
bisects the other angle. 

12. If E and F are the middle points of the sides AD and BC 
respectively of OABCD, then AF is parallel to EC, 

13. If a parallelogram is not equi- 
lateral, the bisectors of the opposite 
angles are parallel. 

14. ABCD and ABEF are two paral- 
lelograms. Prove that CE equals DF . 

15. If an angle of a rhombus is 50 % find the angles of the triangles 
formed by drawine the diasonala 
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Optiobal Exercises 

16. If the middle points of the four halves of the diagonals of i 
paralMogram are joined in order, another parallelogram wiH U 


nn!,'. dktanM Uiea on the diagonal 

BO of o,4BCD, then i, » 



Ex. 17. 



Ex. IS. 


aJd’^ei^r ^th H as center 

CfCasradiufi tiu* **’ ^ “ center and 

to FG. Prove that Q.V is parallel 




P 7a — c 

Ex. i9. 



Ex. 20. 



Ex. 21. 


equilateral fom “ Parallelogram which is not 

’>^=tors of the angles form a 
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HoifOR Woke 

24. The chords which Join the ends of any two diameters of a 
circle form a rectangle. 

26. If the opposite sides of a hexagon (six-eided pol3^n) are 
parallel and two opposite sides are equal, the other opposite sides 
are equaL 

26. If the opposite sides of a hexagon are equal and parallel, 
the three diagonals between opposite wrticcs meet in a point. 


E A n 



Ex. 25. Ex. 27. Ex. 25, 


27. If through the vertices of any quadrilateral lines arc draws 
parallel to its diagonals, the lines form a parsUelogram which ii 
twice as large as the original quadrilateral. 

28. If AD-^CD, AF~[IJE, and AF || BE, prot’e, without using 
triangles, that FC is parallel to ED. 

29. The medians of a trian^e caimot bisect each other. 

30. Is it possible to change the size of an angle of a parallelogram 
without changing the length of any of the sides? Is it poarible to 
change the lengths of a pair of opposite sides without changing the 
lengths of the other pair or the sire of any angle? Are the angles, 
then, dependent on the length of the sides? Is the same thing true 
of the triangle? 


Applied Problems 


31. Draughtsmen sometimes use 
rulers hinged at A, B, C, and D.as 
shown in the figure, having AC “CD 
and AD -Be. If the ruler CD remains 
stationary, ehow that a series at 
Parallel lines can be drawn along AB. 
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32. The pantoj^raph i« an instnincnt uvsl for malcing a differ* 
ent-aized copy of a map or draw* 

>Dg. It is made of four strips 
AC. CE, BF, and DF. Wng«l at 
the points B, C, D, and F. BF 
is equal in length to CD. and 
BC to FD. Show that, although 
the distance between A and E ' 
may be changed, BF wOl alwa>-a irmain 
parallel to CE. 

33. To find the distanco AB, AA is 
^dc 110* and AB 70*. and equal 
^tanecs AC and BD are measured 
Pro^-e that AB is equal to CD. 

M. Erplain how a mot-able shelf, like that 
in the figure, can be constructed so that it will 
always remain horizontal. 

n there are seats, hinged at A, 

wall when not in use. AD^CD BFmCP 
red,,£>.BC. Wthat..l,»L“; 

u d„„ n,, ^ 

■reittcal and the seat wiU be horisontal. 

30. When tin tone, are pnliing at 

if tiiilereat ,W - 
bolh in^amn^'f*^ force, the resultant, equal in effect, 

two forces liirwlion, fo the combined action of the 

rTw.!. : eimplifies 

problem dcahng with forces. He 
draws two lines, AB and AC, through 
the PomM, in the direction of the 

measures os many units t 



therp ns many units on each line as 

he complete a «prr«ented by that line. Nert 

draws the hues as sidw. and 

theiwiiltaref j •, » ' diagonal gi\-es the direction of 

»re.«ltat,.nd,t, leagth gi.,, n, ^ <j,„. 
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struct a parallelogram represec^g two forces, one of 2 lbs. and 
the other of 3 lbs., acting at an angle of 60®. By measuring, find 
the amount of the resultant. 

37. Two forces, each 4 lbs., act at right angles on a point. Con* 
struct the parallelogram and measure Uie resultant. 

38. The same parallelogram method holds true also for velocities 
(speeds). If a man is swimming 2 mi. an hour across a river 
whose current is flowing 4 mi. an hour, find his actual direction 
and speed. 

39. A man is walking 5 ft. per second directly across the deck 
of a boat which is traveling 12 ft i»r second. Find his actual 
speed and direction. 

40. An airplane which can go at the rate of SO mi. an hour in 
still air, is traveling east. Detennioe how far it will travel in 1 hr,, 
if the wind is blowing 40 mi. an hour (o) directly east; (J) directly 
west; (c) directly north; (d) 30® east of north. 

Space Geoubtrt (Optional) 

The prism. The prism is a solid like that shown here. 
The top and bottom are 
parallel planes and the edges 
between them are all paral- 
lel lines. These two parallel 
planes are called bases. 

The other faces are called 
lateral faces. 

The parallelepiped is a prism whose bases are parallelo- 
grams. 

EzBRasas 

1. Name several objects that are parallelepipeds; prisms. 

2. How many faces has a parallelepiped? How many edges? 
How many vertices? 

3. How many edges of a paraUelepiped meet at each vertex? 

4. How many edges of a paralldepipcd are necessarily the same 
jength? ftove that they are equat 


I 


1 
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6. How many edges different in length has the paraUelepipedf 

6. Three edges of a parallelepiped are 4, 6 and 0. What is 
the sum of the lengths of all edges? 

7. Pro\c that the lateral faces of a prism arc parallelograms and 
that the lateral edges are equal. 

8. If a prism haa triangular bases, prove that these bases are 
congruent. 


9. A cube is a parallelepiped vhose faces 
are all squares. A cube haa how many faces 
meeting at ceeh vertex? Row many right 
angles at each vertex? How many diagonals? 

10. If an edge of a cubo ia 10, find the 
fum of its edges. 

11. Proa-e that a diagonal of one face of a cube equals a diagonal 
of any other face. 

12. Prove that two diagonab of a cube AG and BIl are equal. 

‘^“Sonalsofacube bisect each other. (Show 

that the plane ABC// isa pareiwogran,.) 



A SeLT.MBAStnuso Test 

allelo^^ methods of proving that a quadrilateral is a par 

^ methoda of proving lines pa.'allel. 

taterids? method of proving lines parallel depends on quadri 
4. Gh, ta, oethc* a p«,.-bg a,., J. 
paraielog^?'’ proving lines equal depend oti the 

0. Define a porafleZogrem. 

\ I* S'?® ^ parallelogiams. 

«• Define a sqwsre; a tfumbua 

10 fZ h” * 

I, . N rectangle differ from other parallelograms? - 

II. Are all red^gles pamHdogramsT 
li^^sqd^r«tangles? Are aU rectangles squares’ 

e five methods of iwoving right triangles congruent. 
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14. I£ a triangle has angles of 30, 60, and 90 degrees respectivel/, 
what relation of the sides is known? 

16. Define suppUmenlary angles; adjacent angles; vatical angles; 
a right angle; quadrilateraL 

16. Is the converse of a proposition always true? 

17. Define the distance from a point to a line. 

18. How many different alUtudes has a triangle? A parallelo 
gram? A trapezoid? 

19. State a proposition which is proved by the indirect method. 

20. Name two purposes for either of which we might prove that »i 
quadrilateral is a parallelogram. 

21. Give a method of proving one line perpendicular to another. 

22. Give two propositions on which the proof of each of the fol 
lowing propositions depends: 

(а) The opposite sides of a parallelogram are equal. 

(б) The sum of the angles of a triangle is a straight 
angle. 

(c) Two right triangles are congruent, if the hypotenuse . . . 

(d) Two triangles are congruent, if the three sides of one . . . 

(e) The diagonals of a parallelogram bisect each other. 

(/) A quadrilateral is a paralielogram: if its opposite sides 
are equal; if two sides are equal and parallel. 

Investigation Problem. Examine a sheet of ruled writing paper. 
Are the lines parallel? Do they cut off equal lengths on the edge of 
the page? Draw several transversals in different directions. Are 
the lengths cut off by the parallel lines the 
same on one of them as on another? Are all 
the segments on any one transversal equal 
to each other? In the figure, il A B, CD, and 
EF are parallel, and AC eqi^ CE, do you 
think that BD equals DFl Try drawing BG 
and DH both parallel to AE. To prove these triangles congruent, 
what sides must you prove eqnal? Compare BG with AC; DH 
with CE; BO with DH. Can you now prove BD equal to DF1 
If you give up, read Proposition 24. 
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6. How many edges different in Jength has the paraUelepiped! 
6. Three edges of a parallelepiped are 4. 0 and 9. What is 
the sum of the lengths of all edges? 

*v lateral faees of a prism arc parallelograms and 

that the lateral edges are equal. 

8. If a prism has triangular bases, prove that these bases an 
congruent. 

9. A cube 13 a parallelepiped whose faces 
are aU squares. A cube has how many faces 
meeting at cech vertex? How many right 

ang]»s at each ^-ertoT? How many diagonals? 

10. If an edge of a cube w 10, find the F u 

*hm of its edges. 

of any^h«*fa^^ ^ ■diagonal of one face of a cube equals a diagonal 

ia 2!^* diagonaU of a cube A(? and BJI are equal. 

ihJf 4k r ‘^'=‘eonal3 of a cube bisect each other. (Show 

that the plane ADGH is a parallelogram.) 

. ^ SeLF-MEistraijio Txst 

allelogrm* tnethods of proving that a quadrilateral is a par 

Z ^ve four methods of proving tines parallel, 
laterals? ' ®f proving lines parallel depends on quadri 

i ^e four methodsof proving ace, equal. 

ParallelogramV™ proving lines equal depend cm the 

6. Define a vmiMopam. 

6. Define a square; a rhmAw. 

10 nZ “ P^Uelognm? 

IL A^'’ 11 1* differ from other parallelograms? 

}J-f®‘^«'=f«>gI«Paranelograms? 

« ^ squares? 

M. G.ve five methods of proving right triangles consent. 
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14. If a triangle has PogTes of 30, 60, and 90 degrees respectively, 
what relation of the sides is known? 

16. Define supplemeniary angUs; adjaceni. angles: vertical anglesi 
a right angle; quadrilateral. 

16. Is the converse of a proposition always true? 

17. Define the distance from a point to a line. 

18. How many different altitudes has a triangle? A parallelo- 
gram? A trapeioid? 

19. State a proposition which is proved by the indirect method. 

20. Name two purposes for either of which we might prove that n 
quadrilateral is a parallelogram. 

21. Give a method of proving one line perpendicular to another. 

22. Give two propositions on which the proof of each of the fol- 
lowing propositions depends: 

(а) The opposite sides of a parallelogram are equal. 

(б) The sum of the angles of a triangle is a straight 
angle. 

(c) Two right triangles are congruent, if the hsTDOtenuse . . . 

(d) Two triangles arc congruent, if the three sides of one . . . 

(c) The diagonals of a parallelogram bisect each other. 

(f) A quadrilateral is a parallelogram: if its opposite sides 
are equal; if two sides are equal and parallel. 

Investigation Problem. Examine a sheet of ruled writing paper. 
Are the lines parallel? Do they cut off equal lengths on the edge of 
the page? Draw several transversals in different directions. Are 
the lengths cut off by the parallel lines the 
same on one of them as on another? Are all 
the segments on any one transvereal equal 
to each other? In the figure, if AB, CD, and 
EF are parallel, and AC egi^ CE, do you 
think that BD equals DF7 Try drawing BO 
and DH both parallel to AE. To prove these triangles congruent, 
what sides must you prove equal? Compare BG with AC] DH 
with CE\ BG with DH. Can you now prove BD equal to DF1 
JlniDDaition 24. 
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PROPosmoiT 24 

* 114. If three or more paraHel tines cut off equal lengths 
on one transversal, they cut off equal lengths on every tranS' 
versal. 



Proof: Statekjwts 

and 

2. BG |] Dll. 

3. .IB II CD II EF. 

4. ^C—B(? and CB=D// 

5. .4C = C£:, 

6. In ABCD and DIIF 
BG-DU. 

7. ^«' = ^Vand Zx-Zz 

8. ABGDaa AnrjE 

9. BD-=DF. 

A K« „„ 

«« of a triangle and pardUd to a 
■.•■fe, hUed, the third 


lUlASONS 


1. §77. 

2 . 582 . 

3. Hyp. 

4. § 105. 

5. Hyp. 

6. Ax. 2. 

7. 5 80. 

8. 590. 

9. 522. 
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116. A given line segment can be divided into any number 
of equal parts. 



To prove: AB can be divided into any 
number of equal parts. 

Given: Line segment 

Coastructioa: Statemekts [ Reasons 

1. Draw AC to any point C j 1. Post. 1. 
not on AB. 

2. Construct AD=D£'=RF. 2. Post. 3. 

3. Construct FB. 3. Post. 1. 

4. Construct EG and DH par- 4. § 77. 
allel to FB. 

Proof: 

1. AD=DB=BF. 1. Const. 

2. HD\\GE\\BF. 2. Const. 

3. Through^, draw 3. §77. 

4. AH=HG=OB. 4. § 114. 

5. Similarly, can be divided 
into any number of equal parts. 

117. Corollary, A line bisecting two sides of a triangle it 
parallel to the third side. 
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Cuss Exzscises 

1. Divide a line into five equal parts. 

2. Dmde a ia,„ dilTorat method! 

3. rind f of a given line. 

4. Construct an equilateral truD-V. pten the rcrimcter. 

of a givcTSw.'^* " tfwBEle whose side- arc respectiivlj J, J, and i 

OpttosAt Exercises 

? .»d D L“, w «' “d II »•<, Iheo 

7. W05 tie ^ 

to»sh “ ® •» ^'-•'7 

into four COD^enu'riaa^'*’^'’’ that theso lines cut AdJJl 
and panUel 

ms aide. ° cuts off onc-thied ot the remain 

line enttms off Jlh „( „„ ^ triansic. where n c 

ttW aide.™''*'’ '° “ •'d'. “ta off Jih of thi 

thohyiScnL. “°®'' **«<> 

-^^dt'd-SulTtS^o 

hwet. the other Ic™ h«» . 

hisKts th?^^^^ ono, ■'8 of « tapesoid andpanlleltothe hoses 
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Honor Work 

14. In the paraUelogram ABCD, E and F are the middle points 
of the sides AB and CD respectively; 
prove that the lines AF and CE trisect 
the diagonal BD. 

16. If three parallel lines cut off 
unequal segments on one transversal, 
the second segment being three times the first, prove that 
they will cut off unequal segments on any other transversal. 
How will the lengths of the segments on the second transversal 
compare? Prove your conclusion. 



Appued Problems 

16. By means of a ruled sheet of writing 
paper, divide a given line into three equal 
parts. How short a line can you divide by 
this method? 

17. A carpenter, wishing to cut a board into 
three strips, equal in width, placed his square, 
as shown, near one end of the board, with 
the 0 and 24-in. divisions at 
the edges, and made marks at 
the 8- and 16-in. divisions. He 
repeated this at the other end 
of Uie board, and drew lines between the 
two sets of marks. Explain why this 
should divide the board into equal 
strips. 

18. The operation of the balance depends 
on having the two pans equally distant from 
the center post. Prove that, if the lengths 
AB and BC are equal and the post is vertical, the pans will always 
tang at equal distances from the post. 
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Class Exzbcises 


1 . 

2 . 

3 . 


Divide a iino into five equal parts. 

Dinde a line into four equal parts by two different methoda 
find s of a gi\Tn line. 


^n_truct an equilateral trians!c, given the perimeter, 
of a ^ ^ogle k1io«c fide? are rtspcctivcly J, }, and } 




OpTiosat Exercises 

f .od D f j’,?' II Cd, and ZT? |1 Bd, lte» 

llJ'. »f Ex. 6. PTO-c 
L’usb f! "* ® •« ^ 

i«to\ScTOT.nuil!iX'.'''*'’’ 

and patallel toTe^nd^ «nx-Uiird of ona aide of a triangle, 
tag ,S. *■*'■ «« off ooMldrd of the remain- 

A line cutting off Ith of one eide of a triangle, where n a 
third farallel to a second side, cuts off ^th of the 

■ 

h»«ts tbedia^^“®°® paralJel to the bases, 
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Honor Work 

14. In the parallelogram ABCD, E and F are the middle points 
of the sides AB and CD respectively; 
prove that the lines AF and CE trisect 
the diagonal BD. 

16. If three parallel lines cat off 
unequal segments on one transversal, 
the second segment being three times the first, prove that 
they will cut off unequal segments on any other transversal. 
How will the lengths of the s^;ments on the second transversal 
compare? Prove your conclusion. 


Applied Problems 

16. By means of a ruled sheet of writing 
paper, divide a given line into three equal 
parts. How short a line can you divide by 
this method? 

17. A carpenter, wishing to cut a board into 
three strips, equal in width, placed his square, 
as shown, ne.ar one cod of the board, with 
the 0 and 24-in. divisions at 
the edges, and made marks at 
the 8- and 16-in. divisions. He 
repeated this at the other end 
of the board, and drew lines between the 
two sets of marks. Explain why this 
should divide the boanl into equal 
strips. 

18. The operation of the balance depends 
on having the two pans equaHy distant from 
the center post, ftove that, if the lengths 
AB and BC are equal and the post is vertical, the pans wUl always 
hang at equal distances from the post. 
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Class Exercises 
1. Divide a line into five equal parts. 

, ~ equal parts by two different metbodi 
«»• rmd f of a given lin e , 

^iLtruct an equOateral triangle, gi^n the perimeter, 
of a triangle whose sides are respectively }, }, and i 

OpTionaL Exercises 

7. Using the hypothesis of Ex. ft 
into foS tn^enUrianX!**"^^'' 

Md parafieUrrETC^oQ?riX*^***!^ “ triangle, 

ing side. one-third of the remain- 

A Ibe cutting off Ifh of one ride of a triangle, where n is 

third to >* second side, cuts off ^th of the 

.j£;jsft.s-a.-; . .. 

Ilgsrss.: ■ 

=^•3 the diacomSf and paraUel to the bases, 
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4. He sum of the of a triangle is a straight angle. 

6. If two angles of a triao^e are equal, the sides opposite .... 

6. A quadrilateral is a parallelogram if two sides are equal and 
paraDel. 

Matching Test {10 min .) 

Write the numbera 1 to 10 in a column. After each write 
the letter of the phrase that is a correct definition of the word 
following the number. 

1. Converse o. A quadrilateral having two and only twj 

aides parallel. 

2. Rliotnbus b. An equilateral rectangle. 

3. Hypothesis e. A quadrilateral having both pairs of oppo* 

site sides parallel. 

4. Trapezoid d. The parallel sides of a trapezoid. 

5. ParaUoIogram e. A parallelogram having right angles. 

/. A theorem in which the hypothesis and 

6. Altitude conclusion of another theorem are inter* 

changed. 

7. Indirect proof g. A proof in which we show that the other 

possibilities are not true. 

8. Rectangle k. An equilateral parallelogram. 

9. Square ». A perpendicular from a vertex of a triangle 

to the opposite side. 

30. Bases j. The part of a theorem that is given. 

Hdmericai. Test {10 min .) 

1. In OABCD, Find ZR. 

2. AC is the diagonal of riiombus ABCD. If ^5=120®, find 
ABAC. 

3. In DABCD, AR=I0, ZB=30^ and AH±BC. Find the 
length of AH. 

4. In OABCD, AA*^2AB. Find the number of degrees in AA, 

6. In OABCD, diagonal AC±BC and AC’^BC. Find the size 

of ZD. 
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A proposition’s “family tree*” By this time you have 
learned that every proposition in geometrj’ depends on some- 
thing that precedes it. A later proposition depends directly 
^ those before it which are given as reasons in its proof. 
These in turn depend in the same waj' on earlier propositions 
or on axioms, etc. The whole geometry is built like a 
c in. Each link supports those whicli follow it, and a 
proposition once proved may be used as a reason in proving 
other propositions. 

liit US trace a proportion back by gi%’ing first those which 
^ directly used as reasons in its proof, then the proposi- 
loiu used as reasons in proving those, and so on back to the 
fundamental congruent triangle propositions. 

^ Illustration; Trace the family tree of the proposition; 
equ^'^” ^ ^ parallelogram if its opposite sides are 


Base .d if an 
laus. A are = 

I 

s.aA 


A quadrilateral is a O if 
its opposite sides are » 

!_ 

2 lines are || 
if their alt. 
int. ^ are =» 

An ext. d of a 
A>remote int. ^ 

I 

6.a.s. 


n 

6.aA 


Exbkcisss 

^b.cl ^ A , p„podUo» „ .bove: 

3. ^ if thdr corresponding angles are equi 

“fa of I»»llel li™ .re J. 
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Summary of the Principai. Methods 

118. Congruent triangles. Two triangles are congruent if: 

1. Two sides and the included angle of one equal respec- 
tively . . . (§50). 

2. Two angles and the included side of one equal respec- 
tively . . . (§52). 

3. Three sides of one equal respectively . . . (§57). 

4 Two angles and a side opposite one of them equal 
respectively . . . ( § 90). 

5. Right triangles, if the hypotenuse and a leg of one equal 
respectively , . . ( § 94). 

119. Isosceles triangles- To prove a triangle isosceles 
show that: 

1. Two sides are equal (§ 40). 

2. Two angles are equal (§ 91). 

120. Equal lines. 

1. Corresponding sides ol congruent triangles arc equal 

( 122 ). 

2. Sides opposite equal angles in a triangle are equal (§91) 

3. Opposite sides of a porallelc^ram are equal (§ 105). 

4. A point on the perpendicular bisector of a line is equally 
distant from the ends (§ 69). 

5. A point on the bisector of an angle is equally distant 
from the sides (§ 97). 

6. The diagonals of a parallelogram bisect each othei 
(S 111). 

7. Lines are proved equal the use of axioms (§ 30). 

121. Equal angles. An^es are equal, if they are: 

1. Corresponding angles of congruent triangles (§ 22). 

2. Right angles (§ 33). 

3. Vertical angles (§ 37). 

4. Supplements of equal angles (5 34). 
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CoMPLETioH Test {tO mm.) 

^ rite the numbers of the questions on your answer paper 
and after each the one word that is omitted. 

1. The diagonals of an equflatcral parallelogram are ... to each 


2. '^e statement, "A quadrilateral is a parallelogram if its 
opposite sides are equal,” is a ... . 

3. The trapezoid is a special kmd of 

4. A line hi^cting one side cf a triangle and' parallel to the second 
siae ... the third side. 


rn ’"•‘‘"■“““I ABCD /ie_ 10 , BC-S, DA-B and 

Cii=10. then the quadrilateral must be a 


TacB-FAtss Test {10 min.) 

statements. If the statement is 
true, wnto T alter iu number, it false, write F. 

trian'gl^^ diagonals of a parallelogram divide it into four congruent 

3 Ipmw ^ pamHelogtam cut eacli other in halves. 

1 A oTad^kr ° ■ “d ‘■‘“d angle is equal 

pendicnl„ to each TihS. " ‘*'“"''”3'™ “a diagonala ate pen 

t> A ^ * Parallclogmm if tno eidcs are equal. 

7 A ' id^’ “ has two unequal allilndes. 

i tv Th. oi'.r?'" * “ >id™. 

the enda of the angle, ^ ia equally distant from 

the hypoten^!” ^ triangle is 30", the aide opposite is half 
to. An equiangals, trimiglc u eqnilaterel. 
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appear to be true in these special cases do not hold for the general 
case. 

3. State in terms of your figure what is given and what is 
to be proved. 

4. Decide on a plan of attack. 


Do not blindly record every fact that may be true for your figure 
without considering its use in the proof. First fix clearly in your 
mind what you must prove. Then ask yourself which of the 
methods given in sections 118 to 124 seems most likely to give a 
proof of this. 

6. Study the hypothesis and the figure to determine what is 
known and what is needed to apply this method. 


For example, if you must prove triangles congruent, and find one 
side and one angle in one of them equal to the corresponding parts 
in the other, pick out the side which will give you two sides ^d the 
included angle by § SO and try to discover a means of proving it equal 
to its corresponding part. Or try to get another angle so that you 
can use §62 or §00. 

6. Wien you have decided what additional part you need, 
ask youraclt which of the methods tor this kind of part seems 
most likely to pve a proof. 

For example, if you need another pair of sides equal, ask yourself 
if there are other triangles of which these same lines are corresponds 
ing sides. 

7. Work backwards in this way until you arrive at some 


statement which you can prove. 

If, however, you cannot complete a proof with the method chosen, 
go back to the place where you had a choice of methods and pro- 
ceed in the same way along another line. But very o ten eac o 
methods, which nught have been chosen, will result in a prooi. 

The analytic method of proof amounts to this: Start with 
the last statement and work backwards. It is no a 
possible to tell in advance how a proof should begin, but the 



rL.\j;E GEOaiETRY 


liti 


5. Base angles of an isosceles triangle (§ 55). 

6. Alternate interior or corresponding angles of parallel 
Unes(§5 79, SO). 

7. Third angles of two trian^es having two angles of one 
equal to two angles of the other (§ 89). 

8. Angles are proved equal by the use of axioms (§ 30). 

122. Parallel lines. lanes are parallel, if; 

1. The alternate interior angles are equal ({72). 

2. The corresponding angles arc equal (|74). 

3. They are parallel or perpendicular to the same line 
(55 82, 75). 

4. They are opposite sides of a parallelogram (§ 100). 

123. Perpendicular tines. Lines are proved perpendicu* 
lar by shoning that: 

1. Two points on one are each equally distant from two 
poia»4 on the other (} Cl). 

2. Two supplementaiy adjacent angles are equal (§§11, 12). 

angles of a triangle equals the third 
angle (5 80). ^ 


124. Parallelograms. A quadrilateral is a parallelogram, if : 

1. ^e opposite sides arc parallel ({ 100). 

2. The opposite rides are equal ({ 109). 

i parallel ({ 110). 

4 . ihediagonalsbiscctcachother(5112). 

prorf^' guides to the analytic method of discovering * 


Btatemcnt carefully, and determine what is 
given and what U to be proved. 

Draw an accurate figure representing the facta giv'cn. 
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(4) “two angles and a side opposite one of them.” Therefore, another 
angle should be looked for. Try Z.x. Again, only one 

method of pro\*ing Z* (5 121) seems to apply, that is: (1) 
“Corresponding angles of congruent triangles are equal.’’ Write 
this reason, and then, as a preceding statement, ADEB = AFEC. 

It will now be seen that these triangle can be proved congruent 
by showing that two sidra and the included angle of one are 
equal to two sides and the included angle of the other. So, fill 
in above this statement the three parts necessary to prove the 
triangles congruent. Also fill in any reasons previously left blank 
and the final result is: 


STATESrEWTS ( ReABONS 


ZDEB=ZFEC, Vert, angles are equal. 

BE~EC. Hyp. 

DE>=‘EF. Hyp. 

ADEB & AFEC. Two A are S if two sides and the in< 

eluded an^e . . . 

Zu)» Zz. Corr. Z of = ^ are 

EF-DE. Hyp. 

SE=EC. ^yp- 

BF^DC. If equals are added to equals, .. . 

ZA*ZA. Iden. 

AABF S AACD Two A are = if two angles and a side 

opposite one of them . . . 

AB=AC. Corr. sides of = A are >=. 


In another form, this proof might be stated as follows: We can 
prove AB=AC, if we can prove AABF ^ AACD. But, since we 
have a side and one angle, we can prove AABF = AACD, if we can 
prove Zw = Zz. Now we can prove Zws= Zz, if we can prove 
ADEB ~ AFEC. And we can prove ADEB = AFEC by showing 
that two sides and the included angle of one are equal to two sides 
and the included angle of the other. Therefore we can prove 

AB=AC. 

If we had chosen Zy» Zz, instead of Zu= Zi, we should have 
succeeded by another proof, sl^tly longer. And, if at the begin* 
ning of our work, we had chosen C2) sides opposite equal angles in a 
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last statcniont, being Ibc conclusion o liich was to be proved, 
IS always tawn. Write this statement at the bottom ol the 
page. Then, the re.ason tor this statement, and consequently 
met, ? ■“ "-iU generally be one ol the 

methods even on pages 115-1 16. The mature of the pioblem 
to Innit the nnmher of reasonable lines of attack 

tinn ru often each of these will give a som- 

mclh!S h e' ' P™”' alatemcnl. It the 

?n toia ^r° ' <'5' 

ia evident * statement the proof of which 

-hich wem left S,5ri:g'Sla'’.Jls““" “ 

teSS b 1“* 

an Lun“‘^ 

in atrianirle *‘‘^«®PP<a'toenuaUngIe5 

this pSS. *Sy1n.' eS" "T""' 

AACD V “ust be: AADF^ 

necessary 

Been that ZA is identlMi It will immediately be 

ingtog,tl.,riup.„,, Tj,"j^'^-®^«h»bttecobtaiaedbyad<l- 



State M£afTs 

ef-=de. 

PE^,EC. 

AABP ^ AACi ). 

ABt=AC. 


Reasoks 


Hj-p. 

njT * 

Ax. 3. 

Iden. 

Corr. sides of s 


g. \ ‘ siaes of ^ A are equaL 

the only 

i' the triangles congruent (f 118), it 
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12. AO, BE, and CF are the medians of AABC. If DK is 
equal and parallel to BE, prove that KA is equal and parallel to 
CF. (See Fig. for Ex. 12 on 120.) 

13. Three straight lines meet in a point. Draw another strai^t 
line BO that the parts of it intercepted between the given lines are 
equal. 

14. On the sides of an equilateral AABC as bases, congruent 
isosceles, AABP, ACQ, and BCR are constructed. Prove that 
APRQ is a rhombus. 

16. The base angles of an isosceles trapezoid are equal. 

16. A right triangle is cut into two isosceles triangles by the 
median to the hj^wtenuse. 


p 



Ex. 13. Ex. 14. Ex. 17. 


17. In an isosceles triangle, the sum of the perpendiculars on the 
legs from any point in the base equals the altitude on one of the legs. 

18. In an equilateral triangle, (be sum of the perpendiculars from 
any point inside the triangle on the three sides equals the altitude 
of the triangle. 

19. The angle formed by the bisector of an angle and the altitude 
from the same vertex equals one-balf the difference of the other two 
angles of the triangle. 

20. The bisectors of the an^es of a triangle cannot be parallel. 

21. Two quadrilaterals are congruent, if 
three sides and the two diagonals of one equal 
respecth'ely the three corresponding sides 
and the two corresponding diagonals of the other. 

22. If -the diagonals of a trapezoid are equal, 
the trapezoid is isosceles. 

23. If AB=AC and BD=CP. then DE’=EF. 
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lm»Ele, instod o( ( 1 ), „ ,h<„u discownrf .notbcr proof 
oomratat ca,,cr thoo Iho ono givoo. Coi..o<,ucnlly, in Ihh prob- 
Itm « m many, ,l wai, ncoosary only to «loct nny rcajonablo line 
Of attack, and a proof would ha\-e followed. 

Review Exzkcises: Hosoe Wort 
one*™.!” '•“‘(■''■jlernls bare the t„„ ,id„ „„j „ diegonnl of 

diaeoml corresponding 

<bep.»^ot the olher, ILei, other dcgomU, nre cunl. 

of intPTwr joining the \Trtex of an isosceles triangle to the poini 

ofinleiOTUon of the nlUlndes on the lee, 

bisects the yertei angie. ^ o 

3 - Itdy.di+di.proyntbst.tflljcc. 

..0 f XU” of \ 

•<» •«'i CD C \ 

oust be extended to oeet. 

6 U,h“’"“n “"Sles of. triangle meet in . point, 
is a parallelog^* e angles of n qnadrilatera] ate equal, the figure 

h^Cldnnd.lP„d,.„‘XncAF^ „ , „ 

ntta^tlmeandXuitsmiddfepoiot. A T / 

OE 1 EE, nmee that AdEOaaicE. / \ \/ 

‘'•3'“ '’hose sides „e ^ J1 

tively perpendicular are either m>i«i i 
10- Two trianri or Eupplementaij-. 

median to that sidrin^^'-^'i”^ ^ ® altitude and 

correspondmsalUtudeand^SS ^ respectively a side and the 
11. Two sente teianglea 

“ngrnent, ff rides „d t 

^wnde on the third ride in ^ 

She, ® “ “» 


Tx. 12 . 
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33. The Bides of ADEF are the bisectors of the exterior angles of 

Prove that DEF is an acute triangle. 

34. If AC equals DC, show that AB cannot 
equal DD. 

36. TS \'0 trapezoids are congruent, if their 
corresponding sides are equal. 

36. If one leg of a trapezoid is perpendicular to the bases, its 
ends are equally distant from the middle noint of the other leg. 



I’LANE (;Eoji!n*nv 

21. la the figure, prove lhat £K.\Mm //:+//,+ / J/. 

on'ih.To° il a UJo .0(1 the allituto 

™oLi 1 t^Tofliveljr a ride and the <»ne. 

Bpondmg altitudM of the other. 

**** I’iwtors of ^DAD aad 
tCD rwi^ctively. prove that -IF equals KC. 


</ 


E*. 27. 

«dc3 0fa?y!S(S^^l“>JJv?oS*5^J^”^^ fonatnictcd on Ihe 
of square -IBS', 

pa«I!elograin. ” *^'**''- lhat EDFD w a 

30. Ci) bisects ZACR cp\- . 

that DE’^EF. ■ ^BCO. and DP || AO. Prove 



Elx-ao. 


the same side of a f ■“seelore of tho interior angles on 

32. The middle 

the middle points of two ODDowTaa^T®^® * quadrilateral and 
allelogram. (Use § 117 nre the vertices of a par- 
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133. A secant is a line which cuts the circle in two points; 
as KN. 

134. A tangent is a line which touches a circle at one, and 
only one, point, however far produced; as QR, which touches 
at P. The point P is called the point of contact or the point 
of tangenaj. 

136.' To intercept nie.aDS to cut off. An angle is said to 
intercept the arc which its sides cut off. 

136. If a circle passes through all the vertices of a polygon, 
the circle is circumscribed about the polygon, and the polygon 
ia inscribed in the circle. 

_ 137. If every side of a polygon is tangent to a circle, the 
circle is inscribed in the polygon, and the polygon is cir- 
cumsoribed about the circle. 

SiMPLB Tbbokbus 

138. Radii of a circle, or of equal circles, are equal. 

139. Circles are equal, if their radii are equal. 

140. A point is inside, on, or outside a circle, according as 
its distance from the center is less than, equal to, or greater than 
the radius. (Ax. 8). 

Investigation Problem. In each of two equal circles, draw two 
radii bo that the angles formed at the centers will be equal. Com- 
pare the lengths of the arcs- Can you make up a proposition 
about equal central angles and their arcs? Try to prove your 
proposition by placing one circle on the other bo that the angles 
coincide. Will the ends of the arcs coincide? Why? Will the 
circles coincide? Why? Is the converse also true? 

In a circle, draw two equal chords. Compare their arcs. How 
can you prove arcs equal? If you draw radii to the ends of the 
chords, can you jjrove the central angles equal? 


BOOK TWO 


THE CIRCLE 


126. A circle is a closed plane curve, all points of which 
^ the ^me distance from a fixed point 
in the plane called the center. 

Atirclen re,dby a oipiul lelle, pU»d 
f“' “j (OM. U may aim 

Bca ^ 

UJ 


D 

128 . Anypart of the circle is aQaic('~'); as RC. 

one >3 called a minor arc; 

ally, when the wo^ 

alone, a minor arc is meant. 

130. A radius ia a Une Irom / 

Ihs center to any point on the °t~ 


rircle; aa AO, above. 


131. Achotdisalinejoinine „ ^ 


two pomta of the circle; as^ 

e - — B 

132. AaUoctcriaacho.<lUm.nEhthe 

U4 

center; oaQU. 
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133. A secant is a line which cuts the circle in two points; 
a.sKN. 

134. A tangent is a line which touches a circle at one, and 
only one, point, however far produced; as QR, which touches 
at P. The point P is called the point of contact or the point 
of tangenaj. 

136. To intercept means to cut off. An angle is said to 
intercept the are which its sides cut off. 

136. If a circle passes through all the vertices of a polygon, 
the circle is circumscribed about the polygon, and the polygon 
is inscribed in the circle. 

137. If every side of a polygon is tangent to a circle, the 
circle is inscribed in the polygon, and the polygon is cir* 
cumscribed about the circle. 

Simple Theorems 

138. Radii of a circle, or of equal circles, are equal. 

139. Circles are equal, if their radii are equal. 

140. A point is inside, on, or outside a circle, according as 
its distance from the center is less than, equal to, or greater than 
the radius. (Ax. 8). 

Investigatioa Problem. In each of two equal circles, draw two 
radii so that the angles formed at the centers will be equal. Com- 
pare the lengths of the arcs. Can you make up a proposition 
about equal central angles and their arcs? Try to prove your 
proposition by placing one circle on the other bo that the angles 
coincide. Will the ends of the arcs coincide? MTiy? Will the 
circles coincide? Why? Is the converse also true? 

In a circle, draw two equal chords. Compare their arcs. How 
can you prove arcs equal? If you draw radii to the ends of the 
css jvKfjinfjv tie eeotraJ AUples equal? 
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ri*\NE cr/)MCTiiv 


pROPosmoff 1 

141. In a circle, or in equal ciretes, equal eenlrcl angles 
have equal arcs. 



GItcq: //J-Z/I'. 

To prove: 


Proof: StATsatN'nj 

1. Plara on on OB' to Mat 
point B U on point /)'. nnd BA 
tikes the direction of D'A'. 

2. Point A U on point A’. 

takes the direction of 

4. Point C fa on point C. 

5. AC coincides with A^, 

C. AC=A^. 


IttAiON'S 

1. Ax. JO. 


2. AB-A'/?' by 5133. 

3. AB-ZB'byhyp. 

4. CC-B'C' by 5 13S. 

5. 5 13.8. 

C. 521. 


** or in equal circles, equal ares 

nove equal central angles. 


Giv.a: OB-oK^^Tc-AV'. 

To prove: 
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Proof; Stateuents 

1. Place OR on OB' so that 
point R is on point B', and fl-4 
takes the direction of R'.4.'. 

2. Point ^ is on point A\ 

3. AC is on 

4. Point C is on point C'. 

5. BC coincides with R'C'. 

C. ZR=ZR’. 


Reasons 

1. Ax. 10. 

2. ^lR = .rR'by§13S. 

3. OR= OR' by hj-p. 

4. by hj-p. 

5. $ 4. 

6- 5 21. 


143. Corollary. A diamtter bisects the circle. 
(St. A arc cfjual, and § 141). 
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rL.\NE GEOMETRY 


pROwismoTT 2 

144 . In a circle or in equal circles, equal chords have equal 



Givea: Off-OF, aad chord ^i?»cliorU CD. 
To prove; 


Proof: STATEirtNTs 

1. Draw radii AE, ED CF 

end FD. ’ 

2. In AAER and CFD, chord 
AB=chord CD. 

3. AE=C/’aadEfl=/i». 

4. AAEBs ACEB, 

5. ^ 

6 AB = CD. 

146. Converse. 
have equal chords. 


RBASO^'S 

1. Post, 1. 

2. Hyp. 

3. S 13S. 

4. 5 57. 

5. 5 22. 

6. 5 141. 

or in e^uof circles, equal arcs 


In a circle 


Given: OE-OF and ^Vi} = (®. 
To provr; chord Jf 9== chord CD. 
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Proof: Statements 

Reasons 

1. Draw radii AE, EB, CF, 

1. Post. 1. 

and FD. 


2. In AAEB and CFD, AE^ 

2. 1 138. 

CF and EB=FD. 


3. XB = 6h. 

3. Hyp. 

4. AE=ZF. 

4. § 142. 

5. AAEB S ACFD. 

5. § SO. 

6. Chord AB=chord CD. 

6. §22. 


146. Method of attack. Arcs are prot'cdcguoZ by means of 
equal central angles or equal chords. Lines may he prar'cd 
equal by showing that they are chords of equal arcs. 


Class Exsrcises 


1. An inscribed equiangular triangle dhndes the circle into 
three equal arcs. 

2. If chord chord BC and BD bisects 
^ABC, then 

3. If chord AS-chord BC and Xd~S5. 
then BD bisects A ABC. 

4. E, F, and 0 are the middle points of 
AB, DB, and BC respectively. If chord AB=chord BC and 



EF=FG, then Xb’^DC. 

6. If ALIIK is inscribed in a circle and AK,thenBi. 


6. Two equilateral triangles inscribed in a circle are congruent. 

7. If CD is the perpendicular bisector of 
chord AB, then 

8. If D is the middle point of chord AD 
and C is the middle point of arc AB, then 

cdlab. 

9. If a circle is dirided into SCO equal parts, each are has a een- 
tral angle of one degree. 
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PLANE GEOMETRY 


10. If 04 = 0Dand Z.B = ^E, then BC=EF. 

11. If four succresive chords GH, HI, IJ, and JK are all equal, 
prove that chord GI equals chord IK. 

12. In a circle, two insctibed trian^es are congruent, if two sides 
of one equal respectivelj’ two sides of the other, and the vertex oppo- 
site the longer of these two sides in each triangle is on the major 
arc cut off by that side. 



“ Es:. 18. Ex. 19. 

13. The diagonals of an inscribed parallelogram are equal. 

14. The diagonals of an inscribed parallelogram are diameUrs. 


OmOHAl, Ezekcisbs 
18. Prove the converse of Ex. 14 . 

ar^ of an inscribed equilateral pentagon (fire sides) 

so* t! polygon is equilateral, it is equiangular. 

iq' rt ' “ parallel to diameter CD then Xc—Sb. 

passes through the center K, then 


triangles, inscribed in equal circles, are congruent 

u a leg of one ^uals a log of the other. 

25- If two chorf, bi«rt ..d, olh,,. th. oppodt, ™ e,a J. 
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Honor Work 


26. Two chords, which bisect each other, are diameters. 

27. If radius OD is parallel to chord BA, then AD^DC. 



Ex. 27. Ex. 2S. Ex, 29, 

28. If two equal chords intersect, their corresponding parts are 
equal. (Prove AKNL “ AMLN.) 

29. If BC equals the radius AB, show that A AEF is three times 
as large as ^C. 


Orawino Exercises 


30. Copy the following figures. (See the picture on page 181.) 



Investigatioa Froblem. In OO, the radius 
OD is perpendicular to the chord AB, Com- 
pare AC and CB, also arcs AD and DB. 
What construction lines are needed to prove 
AC equal to CB1 What method have you 
had of proving arcs equal? Can you pro^•e the 
centraf angles equaff 
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Pkopositiok 3 

<mi f^l’endicular to a chord bisects the chord 



Givea;[oO|; radius OOichord AB. 

To prove; dC-CB Md xB-ffi, 

SrATEiiEjrra 

1. Dmw radii 04 aodOR. 

2. In AAOC ard BOC, OA 


OB. 

3. OC=.OC. 

5. A.40CSAB0C 
C. ^=CBand4jr=/„ 


RfAfoys 

1. Post. I. 

2. S 133. 


3. Iden. 

4. ODxAB by hyp. 

5. §{«. 

6. 822. 

7. 8 141. 


^^8. CoroUaiy, a a! _» 

hitedi the chord and bcOi orw***”" ^’'’TwidJcuZcfr to a chord 

in the chord neccasarCv ^ ending 

“® chord? Prove your answer. 
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Class Exebcises 

1. A diameter bisecting a chord which is not a diameter is perper^ 
dieular lo the chord, 

2. A diameter bisectiDg an arc is the perpendicular bisector of the 
chord of that arc. 

3. The perpendicular biseetar of a chord passes through the center 
of the circle. 

4. A line bisecting both arcs, into which a chord divides the circle, 
is the perpendicular bisector of the chord. 

6. A line bisecting a chord and its arc passes through the center 
of the circle. 

6. Bisect a given arc. 

7. Construct the center of a given circle. 


OpnoNAL Exsbcisbs 

3. In a triangle, no side of which is a diameter of its circum* 
scribed circle, a median through the center of that circle is an 
sltitude. 

9. The altitude to the base of an isosceles triangle passes 
through the center of its circumscribed circle. 

10, The arcs intercepted between parallel chords are equal. 


BoaoR Wosx 


11. If a chord of a circle moves but remains parallel to a given 
line, what line will its middle point trace? Prove your statement. 

12. If radii OE, OF, OG and OU are drawn perpendicular 
respectively to the sides AB, DC, CD and DA of a square A BCD 
inscribed in circle 0, and the points E, F, G and It are joined in 
order, then EFOH is a square. 


Investigation Problem. In Ihis figure, AD and CD 
are equal chords, and OC and OF are the perpen- 
diculars on them from the center. Are OE and 
OF equal? If you think so, what lines would 
you draw to prove it? How docs AE compare in ^ 
length with A 5? with C»? with 

CF7 Why? Is the converse of this true? Prore your answer. 





GEOaiETRY 


ICl 


PnoposmoK 4 



cQord I 

and OTxCD. 

prove: OE^OP. 

Proof: SiATtaiE^-Ts 

i ?"’'”®0-l«dOC 
Oc.' "d OCF, 0.1. 

i. “->"-1®. 

7- 

8. OE-r^OF. 


HzAsosa 

1. Post. I. 

2. § 138. 


3. }12. 

4. Hyp. 

5. S 147. 

6. A.T. 6. 

7. § W. 

8. 522. 


' o* 122. 

160. Converse jn 

equally distant from the ejuaf arcfey, cAok 

. tenrer cj-e egucf 

Given: OO.OE^OF fiF' , 

To prove: XB-cof’ 
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Proof: Statesients 

1. Draw radii OA and OC. 

2. In AOAE and OCF, 0A« 
OC. 

3. Za: and are rt. angles. 

4. OE=OF. 

5. AOAE^AOCF. 

6. AE=CF. 

7. AB=^AB&ndCF=\CD. 

8. An=CD. 


Reasons 
1. Post. 1. 

1. § 138. 

3. § 12. 

4. H^tj. 

5. §94. 

C. §22. 

7. § 147. 

8. Ax. 5. 


161. Method of attack. Chorda are proved equal by show- 
ing that they have equal area, or that they are equally distant 
from the center. 


Class Exercises 

1. A polygon, inserfljed in a circle, is equilateral, if the perpen- 
diculars from the center to its sides aro equal. 

2. If a paraiielogram is inscribed in a circle, the opposite sides 
arc equally distant from the center. 

3. If perpendiculars from the center to two chords are equal, the 
arcs of the chords are equal. 

4. If two chords from a point on o circle make equal angles with 
the radius to the point, the chords are equal. 

6. Tlie perpendicular Ksectors of the ades of an inscribed poly- 
gon meet in a point. 

6. Two parallel chords, through the ends 
of a diameter, are equal. 

7. Two chords, perpendicular to a third 
chord at its ends, are equal. 

8. AECD is an inscrihcil square, and 
OE, OF, OG, and Oil arc the radii perpendicu- 
lar to AD, DC, CD, and DA rcspecth-cly. Provo that polygon 
AEDFCGDII is equilateral. 

9. In a circle, chorda unequally distant from the center are 
unequal, and conversely. 




1C4 


I’LANE geometry 


PROPosmoN 4 



St»ina2,-„ 

Of,' I" i-OAS and ocr, OA. 


1. Post. I. 
2- 5138. 

3. 5 12. 

4. Hyp. 

5. 5 147. 

6. Ax. 6. 
i 7. § 94. 

' 3-522. 


160. Converse. 7n « 
tqvally distant from the ee # * «?ual ciVc/?s, cAorrf# 
_, «»’e eyuo/. 

Given: O0,0E«0 FOp. 

To prove: X5»CD.* 
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Proof: Statements 


Reasons 


1. Draw radii OA and OC. 

2. In AOAE and OCF, OA = 
OC. 

3. /land /j/are rt. an^es. 

4. OE=OF. 

5. AOAE^AOCF. 

6. AE=CF. 

7. AE=iABandCF=iCD. 

8. AB^CD. 


1. Post. 1. 
1. § 138. 

3. 1 12. 

4. Hjtj. 

5. §94. 

6 . § 22 . 

7. § 147. 

8. Ax. 5. 


161. Method of attack. Chords are proved equal by show- 
ing that they have equal arcs, or tliat they ore equally distant 
from the center. 


Class Exercises 

1. A polygon, inscribed in a circle, is equilateral, if the perpen- 
diculars from the center to its sides are equal. 

2. If a parallelogram is inscribed in a circle, the opposite sides 
are equally distant from the center. 

3, If porpandiculars from the center to two chords are equal, the 
arcs of the chords are equal. 

4, If two chords from a point on n circle make equal angles with 
the radius to the point, the chords are equal. 

6. The perpendicular bisectors of the sides of an inscribed poly* 
gon meet in a point. 

G. Two parallel chords, through the ends 
of a diameter, are equal. 

7. Two chords, perpendicular to a third 
chord at its cads, are equal. 

8. ABCD is an inscribed squaro, and 
OE, OF, OG, and OH arc (hcradw perpcntlicu- 
lar to AB, DC, CD, and DA rcspccthxly. Prove that polygon 
AEDFCGDIl is equilateral. 

9. In a circle, chords unequally distant from the center are 
unequal, and conversely. 
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10. If the radii perpendicular to two chorda of a circle form equal 
Mgles with the radii to an end of each chord 
the chords are equal. 

11. If two intersecting chords make equal 
angles with the radius to the point of intereec- 
tion, the chords are cquaL 
^l^fState and prove the con%-erse of 



OPITOBAt Exrsciszs 

if circle biscctsaiinewhich passes through 

It and ends in two paraUel chords, the chords am equal. 

ant lini* Jr® of the circle bisects 

any hne through it and ending in the chords. 

centers^ if (heir chords equally distant from the 

parts circles which hai-e the same center, its 

P^, intercepted between the two 
Ottles, are equal. 

17. If, through two equal furcles 

« « U.e i. dZr Z m 

to the hoe joining their centers the 



given chord.^'^'° circle, construct a chord equal and parallel to a 


Ptriel to 

theeircfeTArtTchrL^tJ!^' 


^\^\Hobos WoaK 
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22. If two equal chords are extended to meet outside the circle, 
the line joining their point of intersection to the center 
bisects ths angle which they form. 

23. If any number of parallel chords are drawn in a circle, 
their middle points are all in the same straight line. 

24. If the secant AE moves away 
from the center of OO, but re- 
mains always perpendicular to the 
diameter CD, how do the points A and 

Compare the distances ylH 
and DB. "What can you say about 
the secant AE when it reaches the 
end D of diameter CD? What l»as 
become of points A and R? \Vhat then is the 
relation of a diameter to the tangent at its end? 

25. Two lines, KL and MN are bisected by the 
center of a circle. Prove that the chord througli 
K and M equals the chord through N and L. 

Applied Problems 

26. A wheelwright is given a part of a broken wheel, and told to 
make a new wheel of the same sire. Show how he 
could construct the center ond radius. 

27. A log is sawed so os to yield eight boards and 
two slabs, each! in. thick, one cut passing through 
the center of the log. Show that the boards can be 
dhided into five pairs, the two boards of each pair having the same 

width. 

Investigation Problem. AB is tangent to 00 at A , and OX is a 
radius. What do you suspect about ^COABJ 
Is OXi.XB7 What do you know about 
the length of a perpendicular to a line 
as compared with the length of any other 
line from the same point to that line? Is 
OX shorter than any other line from 
0 to XB? Why? Is X necessarily outside the circle? 
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PKorosmow 6 

162. A tangent is perpendicular to the radius draim to the 
point of contact. 



Gken: {GO]; tangent AD and radhw OA 
to tte point of contact /I. 

To prove: Ai}±OA. 

StATtJIESTa 

1. Draw OX to any point A* of I 
ABfKCptA. 

2. X is outside OD 
3- OA < OA', 

^,OA±AB or Ai?x0.4. j 


Heasoxs 

1. ro<!t. 1. 


2. 5 134. 

3. S HO. 

4. As. 12. 


Do j-ou.thbTiur^t'lS Srlb Proposilion 5. 

tancent ivhat mii«» ^ ebore figure, to prove Afl a 

the length Vf OX co ^ about any point on it? How does 

Where then 

•bough a Anl oiftho Sde?”cl'““ ”"h •“S'"‘ to « tirclo 

sx;:; »XdoT.:s''iruS 
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163. Converse. A line perpendicular to a radius at its 
outer end is tangent to the circle. 


Given: [00]; radius OA and AB1.0A. 
To prove: AB is tai^ent to OO. 


Proof; Statejients 


Reasons 


1. Draw OX to any point X of 
AB except vl. 

2. OX>OA. 

3. X is outside GO. 

4. AB is tangent to 00. 


1. Post. 1. 

2. Ax. 12. 

3. § 140. 

4. § 134. 


164. Corollary 1. A perpendicular to a tangent at the point 
of contact passes through the center of the circle. (Use § 152.) 

If a line is drawn from an outside point to the center of a circle, the 
length of the segment from the point to (be nearest intersection with 
the eircio Is called the distance of that point from the circle. 

166. Two circles are tangent to each other, if both arc tan- 
gent to the same line at 
the same point. 

A common tangent to two 
circles is internal if it passes 
between the circles, ns AB; 
and external if it docs rot pass 
between the circles, as CP. 

166. Corollary 2. // fwv a'rrfes are tangent to each other, 
the point of contact and the two centers lie in a straight line. 
(Use § 154.) 

Investigation Problem. Draw two tangents to a circle from 
an outside point. How do they compare in length, measured 
from the outside point to the point of contact? Can you draw 
two tangents to a circle from an outside point such that their 
lengths arc not equal? State and ptOTC your conclusion. 




GEOMETRy IN MODERN ROAD BUILDING 


Because of the speed at vwhicfi cars travel today, the' 
probieni of road building becomes more and more scien- 
tific, ar»d consequerrlly a belter Jtnowicdge of geometry is 
required of the engineer who plans the project. Its the 
picture shown here.thcciicularroadi tangent to thestraighl- 
line speedways are needed to conduct traffic from cither 
roadway irs either direction to the ether road In cither 
direction without making it necessary for any line of traffic 
0 cross any other. This is one of the problems of modem 
road building. 


Another problem of toad constmelion that requires • 
hnowicdp of geometry is that of banking a curve. The 
amount that the road must be raised on the outside of the 
curve depends on the sharpness of the curve, that is. on 

Bool. 3 how h,. 

dS no. h '’’•'S' “f 

r„XL d So thore is 

s"\d ‘ ’“"I seorortic book- 


Pholo br Paul J. Woolf 





GEOMETRY IN MODERN ROAD BUILDING 

Because of the speed «t which cars travel today, the 
pro erne »oad building becomes more and more scien- 
tihc, and consequerjtly a better knowledge of geometry is 
required of the engineer who plans the project. In the 
picture shown here, the circular roads tangent to the straight- 
Ime speedways are needed to conduct traffic from either 
toa way m either direction to the other road In either 
direction without making it necessary for any line of traffic 
toad^uld'^ This is one of the problems of modem 
Another problem of road construction that requires a 

amount that the road must be raised on the outside of the 
curve depends on the sharpness of the curve, that is, on 

Bnni ° will learn In 

Book 3 how this radius is determined. At the present time 

S tanked the 

dS nTi; construction 

t^asL r J r® So there is 

ground ** P««on$ with a good geometric back- 


Photo by Paul J, Woolf 
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Propositiok 6 

167 . l, a tirdc/rom a poiM cn ejwd. 



Giwn: aS^ bc tangent to 00. 
Toprore: AB^bc. 


Statejienis 

Kpr»wO^, OB.andOC. 

3. ^-BO. 

4. OA^AD and 0C±BC 

5. AtiWOSACBO 

6. 

\ Cliss Exzxqsss 


Reason's 

1. Post 1. 

2. Idea. 

3. }I3S. 

4. S 152. 

5. jM. 

6. 522. 


1. TangenW to a cude fjxwn a nr.i„» r 

chord joining ibci'r points ©frontal angles with tba 

2. If two tanglats are draw* to a rir-i r 

joining that point to' the center of ts. ® 

by the tangents. ^ bisects the an^e made 

JeL ^ * diameter are paial- 
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4. Draw two orcles, so that the distance between their centers 
ehftll be: 

(a) greater than the sum of the radii. 

(&) equal to the sum of the radii. 

(c) less than the sum of the radii, but greater than their 

difference. 

(d) equal to the difference of the radii. 

(e) less than the difference of the radii, but greater than 

sero. 

(/) equal to zero. 

5. How many common tangents can be drawn to the two 
circles in each of the above cases? 

6. If DA and B are tangent to DE 
ftt C, show that tangents FG and /*//, 
from any point F of DE, are equal. 

7. If two circles are e.’rtcmally 
tangent to each other, their common 
internal tangent bisects tbeir common 
external tangents. 

8. The common intemal tangents to two circles are equal. 

9. The common external tangents to two unequal circles are 
equal. 

10. If AB and CD are the common internal tangents to two circles, 
then chord AC is parallel to chord DD. 

11. AB, BE, BD, EG, and EF 
are all tangents, and the circle? aro 
tangent to each other at C. Then 
fiB=r(7, if AB^BB. 

12. A chord Is parallel to a tan- 
gent drawn at the middle point of 
its arc. 

13. Construct a tangent parallel to a gi«n chord. 

14. If two tangents meet at an angle of CO”, the chord joining 
thdr points of contact equals each tangent. 
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PROPosmon 6 

167. Tangents to a circle from a point are equal 



s 'ISand RC tansent lo 00 . 

To prove: AB^BC. 


STi,TEiCEl.Vt8 

l\prawOA,OB, and OC. 

and CBO, B0= 

3. OA-=OC. 

t' OC±BC. 

6. AB«iB(7 


RsASOxa 

1. Pcet. 1. 

2. Idea. 

3. S 133. 

4. S 152. 

5. 

6. 522 . 


\ Class ExsBaszs 

I* Tangeu:^ to ’ i 

^ord Joining the’.-p ^ ^**>n> a point form equal an^es with ih* 
2- If two tan »nlact. 

[oining that poinfto°'tt.y^ ^ ® 

®y the tangents. water of the circle bisects the angle made 

• ’■"E'”*- to .1 ih. .„j, „f . ^ 
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Hohor Wore 

26. ABCD IS a circumscribed quadrilateral. If AD || BC, proT» 
that A AOB and DOC are ri^t angles. 

27. The radius of the circle inscribed in an equilateral triangle 
is one-third of the altitude. (Use $ 05.) 



Ex. 20. Ex. 2S. Ex. 29. 


28. and B are tangent at C, and DB is a common tangent. 
Prove that ADCE is a right angle. 

29. J{ FH re tangent to OO at O, KJ anj' diameter, KF±FS, 
and JII^FU, prove that f(/*» Oil. 

30. The angle formed by two tangents is the supplement of the 
angle formed by the radii to the points of contact. 

31. The bisector of the angle formed by two tangents is the per- 
pendicular bisector of (he chord joining their 
points of contact. 

32. The bisectors of the angles of a circum- 
scribed polj'gon are the perpendicular bisectors 
of the sides of the inscribed pol)'gon, whoso 
vertices arc the points of contact of the sides of 
the circumscribed polygon. 

33. If AB, BD, and DE arc tangents to OO, and 0B1.0D, then 
AB D DE. 



Applied Problems 


34. Two streets meet at an angle of 45*. 
It is proposed to round oH the point of the 
curb by constructing an arc of a circle of 
radius ten feet tangent to both curbs. 
Construct a plan for the work- 
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Optiowal Exercises 


jucribed 


circks ^ equilateral, if ita inscribed and cireumsc] 

circles ha\-e the same center. 

Prove ^ draini to a circle from a point outside, 

to the arc inri*^ *^bJo formed by these tangents and any tangent 

tirctiD».ribed «bout a circle » equiUl- 

“nid sz 


A 


«l their points^ ronticrml* * circumscribed polygon 

23. If tangent CD L Point. 

0^ = OD. EF and ^DCC = ^rEff, then 


through the formed by two tangents to a circle 

23 The b' to 

®cet in ft common point\ * circumscribed quadrilateral 
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Hokok Wore 

26. ABCD is a circumscribed quadrilateral. If AD |1 BC, proy* 
that A AOB and DOC are ri^t angles. 

27. The radius of the drcle inscribed in an equilateral triangle 
is one-third of the altitude. (Use § 95.) 



Ex. 20. Ex. 28. Ex. 29. 


28. (DX and B are tangent at C, and DB is a common tangent. 
Prove that ADCE is a right an^e. 

29. If FH is tangent to OO at ft, KJ any diamtec, KFS-FH, 
and JIlXFH, prove that F(7- GH. 

SO. The angle formed by two tangents is the supplement of the 
angle formed by the radii to the points of contact. 

31. The bisector of the angle formed by two tangents is the pe^ 
pendicular bisector of the chord joining their 
points of contact. 

32. The bisectors of the angles of a circum- 
scribed polygon are the perpendicular bisectors 
of the sides of the inscribed polygon, whose 
vertices are the points of contact of the sides of 
the circumscribed polygon. 

33. If AB, BD, and DE arc tangents to ©0, and OB±OD, then 
AB II DE. 



Applied Problsus 

34. Two streets meet at an angle of 45®. 
It is proposed to round off the point of the 
curb by constructing an arc of a circle of 
radius ten feet tangent to both curbs. 
Construct a plan for the worit. 




174 


PLANE GEOMETRY 



L Mraight parallel paths, connected 

circ 03, tangent to both. Construct a plan of the tracL 

cn .1 if s-^ctions of track. ABaad 

1 ^ r”"„“ •" •“"S'"* •» CB, *”'i 

tMgent to AD at D. Construct 
the center of the circle. 

37. A railroad cnjpncer must 
instruct a track passing through 
t, and joining the two parallel 
tracks AB and DE. so he plans 
to Im-c the arc of a circle tangent 
to yiB at D, and passing through 
pomt C, then forming a revetso 

L\r?'by 

tangent CII to the cun,-ed^ « ACE-""?r 'J" i , .i -A 
^OC ™d. by the dC ct?’ ^ «en™eJ 

Pnve tlal ZDCT eq„* 

1=4/. "St' iS’puit't t 

measures the length ADCD ' sjk 
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41. Luring an eclipse of the sun, the sun, moon, and earth are in 
the positions shown in the diagram. In determining facts about the 
eclipse, the astronomer makes use of the four common tangents to 
the sun and moon. 

There is no eclipse at 

A, a partial eclipse 
at B, and a total 
eclipse at C. Draw 
a diagram showing 
how the sun would 
appear if you were at 

B. Draw a figure illustrating nn eclipse of the moon, that is, 
when the earth is between the sun and the moon. 



A Self-Mbasorino Test 

1. Give four methods that depend on circles for proving lines 
tqual. 

2. Give two methods that depend on circles for proving angles 
equal. 

3. Define: tangent; chord; secant; arc; circle; radius. 

4. Make a list of ten methods of proving angles equal. 

5. State two propositions about tangents. 

6. Define parallel lines. 

7. Give three methods of proving lines parallel. 

8. Define: (a) supplementary angles; (b) verfi'caf angles; (c) 
straight angle. 

9. Make a list of eight methods of proving lines equal. 

10. Define isosceles triangle. 

11. Give two propositions about isosceles triangles. 

12. State two propositions in which chords are proved equal. 

13. State two propositions in which arcs are proved equal. 

14. If a chord and a tangent have a point in common, where is 
that point? 

IB. Give four methods of proving triangles congruent. 



PLANE CEOilETRY 

i, «« *>■'> ■^'>I»»P««ofprovi»slri^«„»gme«lI 

17. Define a ixtraJUlogram. 
la Give f„„ tacte about pa.*,|„j^ 
another”^ ™ methods of pnnlng one line perpendicular ta 

AreequdEg™ 

;„Sbe J" ‘“'‘•'i "f 

Are equal circles necessarily coneruent? 

tnea equ:^^^ <lefinition of the circle be used to prove 

23, What method of proving lines equal depends on tangents? 


Space Geometrt (OpfjonaO 

which are\he ^ closed surface all points of 

All radii of a sphere areequal. 


ExaaasEs 






1. Prove that a bcction of a 
sp^ made by a plane is a dreJe 

Draw OD from the center of the 
sphere ± plane MN. Then prove DB^IiP i> j ^ 

any two poinU on the curve. ^ B and (7 a» 

2. IS plane SfN moves ' ^ 

doea the size of OD change' '*‘*1 
does its radius then compare - 

3. Since there are no ' ^ 

between two points must be 
onall circle or ' ■ ^ * 

two pomts? Whj^^j''" 
circle through •* ** . 
board. ’ 'i 


of the sphere, how 
- the largest? How 

; V”* toft 
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4. The section of a sphere made by a plane which passes 
through the center of the sphere is called a great circle. How 
many great circles can pass through two points on a sphere, 
(a) if the points are ends of a diameter; (6) if not? 

6. An aviator, flying frmn Chicago to Rome, Italy, was forced 
to the land near Hudson Bay. Why did he go away 
up there instead of staying near the latitude of 
Chicago or Rome? 

6. If two circles of a sphere have their planes 
equally distant from the center of the sphere, are 
their radii necessarily equal? Prove your answer. 

7. If a plane is perpendicular to a radius of a sphere at its 
outer end, what is its relation to the sphere? 

8. Make up propositions for the sphere resembling those of 
paragraphs 162, 163, 164 and 166. Do they appear to be true? 

9. Can more than one plane be drawn tangent to a sphere at a 
given point, (a) on the sphere; (6) not on the sphere? 

10. Can more than one line be drawn tangent to a sphere at a 
given point, (a) on the sphere; Q>) not on the sphere? 

CoMPLBTiow Test (10 mtn.) 

Copy the numbers of the questions and after each write 
the one word that is omitted. 

1. If two circles touch each other extemaBy, the greatest number 
of common tangents that can be drawn b . . . . 

2. Tangents to a circle at the ends of a diameter are . . . 

3. A diameter, bisecting a chord which is not a diameter, is . . . 
to the chord. 

4. If two unequal circles have the same center, all chords of the 
larger circle that arc tangent to the smaller circle are ... . 

5. A line throu^ the center of a circle perpendicular to a chord 
... the chord. 

6. Two chords of a circle equally dbtant from the center are .... 

7. A point b inside a circle if its dbtanoe from the center is . . . 
than the radius. 

8. If two circles are tangent to each other, the point of contact 
and the two centers lie on a ... . 




*” rusE cEojiETnv 

It Wlul u, 0^ nai« purp,*, levins trUntia arjrjttcll 
17. Dfiiiu. t roroiWojTo-i, 

It Oir. four firt. .I„., ,m|l,!ocr«u. ,|.irh Ju., I..r. porrf 

jiHolJarr”^* I'nivins one Iim I-fTpcnditular U 

«r™ 

cwcIm an- wjyal LKUaJ cj (tmp'jnilT 
Art equAl circle nrrt-wfl/ ft-ncrumir 

tin^W]" ”” U tlip cirde be uvd lo provit 

liAl cicthuct trf [im\-tns b(w^ f*ju»J depf^dt en Ung-nt*? 


Sp*C£ Gtoumr (OpfioncI) 

*hicb ” A fIo*rtl njrfarr all i»InM of 

An radii or t fpbercan-rqual. 

ExiicisE9 

1, Prevj, tt., . ^ 

iphCTc nuido by . plane . , 

•poere x pW i/m. _. 

«>7 two pobt* «; S; euX" il and C « 

does the the of to^wl tlie center of the sphere, how 

docs its radius then eom”*”***- “ OD the larpst? Ilow 

3. Since 

between two points must K. ®” * fphere, the shortest line 

™all circle or of & very lare- * W'-e. Do you tliink the arc of * 
two points? Why? Te«t |”^j *^'^^*theshorterlinebctwwa 
circle through the same ♦»/, ®'ccle and a brge 

>”»<. TOdr iT; rS* ■»'- “ “> •>“ 

more nearty rtraight? ^tliicli is ahorter? 
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True-Falss Test (lO mtn.) 

Write T if the Btatcmcnt is true, F if it is false. 

1. A tangent is a line that touches a circle at one and only one 
point, however far produced. 

2. In a circle central an^es have equal arcs. 

3. A line perpendicular to a radius is tanirent to the circle. 

4. A radius perpendicular to a chord bisects the chord. 

5. In a circle equal chords have equal arcs. 

6. Equal chords are equally distant from the centers of circles. 

7. Tangents to a circle are equal. 

8. A tangent is perpendicular to the radius to the poiut of 
contact. 

0. Any part of a circle is an arc. 

10. Radii of circles are equal. 

158. An inscribed angle is an angle formed by two chords 
meeting on the circle. 

169. A segment of a circle is the figure formed by an arc 
and its chord. An angle is inscribed in a seg* 
went, if its vertex is on the arc of the segment 
and its sides are chords drawn to the ends of 
that arc. 

is inscribed in segment in ABC. 

160. Measurement of arcs. The arc of a circle inters 
copied by a central angle of one degree is called an arc degree. 

The arc degree has the same subdivisions as the angle degree; 
that is, 60”= 1', 60' = 1®. An arc of 90® is a quadrant. 

161. An angle is measured by an arc, when the number 
of angle degrees in the angle equals the number of arc degrees 
in the arc. 

For example, in the above figure, if AA contams 42 angle degrees 
and contams 84 arc degrees, we say that A A is measured by hall 
of which means simply that the number 42 is half of the number 




riwWE GEoxumiy 


WArcmso Tkst UO min.) 
the ^ '** 

the number correct definition ot the n-ord foUomng 


b Minor are 

2- Secant 

3- iMcribed circle 

4. Circumference 

5. Are 

6. TanRcnt 

7. Diameter 
8- Chord 

fl- Circuiaacribcd 

circle 

to. Intercept 


o- A part of A circle. 

*• The length of the ciwlc. 
c- A line touching a circle at one point, 
fl. A line joining two pointa on a circle, 
c. A circle pawing through all TCrticra of 
^ polygon. 

/- A chord through the center of a cirtla 
ff. To cut off. 

^ An arc less than a Kroicifclc. 

«. A line lalersecting a circle. 

J- A circle touehing all aides of a polygon- 


t/h, ^o“»<CTinss or * CosciusioH (Id min.) 

« the conclusion la rnrr ju .i 

used In proving it; ff biTwlbesL' 



Zx.6 


3- Giv„: 

*• Gi™; CD-ijaAcDi., 


Then AB is tangent to OO- 
OX^AB, O the center of 

Then AD=-DB. 

Then AC=CB. 

Then AD‘-DB. 
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cannot tell directly, what do yoa know about the relative sizes 
of ZA and Z.B’l How does AAOC compare with ZA and 
ZB? What then is ZB measured by? In 
the second figure, neither side of the angle is 
a diameter. Can you draw a line dividing the 
angle into two parts, each of which will have 
one side a diameter? What is each part 
measured by? What then is the whole angle 
measured by? If both chords EF and FG were on the same 
side of the center of the c/rde, would your proof still hold? Are 
you a good enough student to complete this proof before looking 
at Proposition 7? 






rUNE GEOMETRY 

to that one numbei is equal 

u reasons. JM^poaitiona about equals may be used 

«ai arc of^"'a°ecmiS'™'t H * «<ntral angle of 1" intercepts 

central angle of 3 * oriii • . 

B«- ot j woi intercept an are 

an are of “* ~ 

*g^«s«ai intercept' of a 

*ral wginr^^wlre .forifacea- 

would be cut Jn»« parts, the arc of 1* 

of 1* .„ . "«• Siailatly, a watral angle 

«« cut tao."'’’.'*"!!""' ’.'" ‘'’ ‘ ‘‘ 

be cut into intercepted arc of 1* would 

"uUKiom that: 

loo. Corollary 1 , j 
... f ' A arrU corUatm 3G0*. 

lo4. Corollary 2. A ttV.fc. » 
orefe. ^ ^^'^°”9leti7mamredbt/halfasemi- 

1 As ^“ecises 

“gie? takes place in its central 

“ «“ «>SL '"'■ 

ita i£S '“"i '» „ .„d 

■cBeomparewith 4AOC7 IS joo 
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167. Corollary 2. Angles inscribed in the same segment 
are equal. 

168. Corollary 3. The opposite angles 
of an inscribed quadrilateral are supple- 
mentary. 

169. Method of attack. Angles may be 
proved equal by showing that they are measured by equal 
arcs. 



Class Exercises 

1. Is an angle degree alwaj's the same size? Is an are degree 
*lwaj*a the same size? 

2. IfRZ>isadiameterand^»80%find ZABD. 

3. If AABD^45^ and ®-40% find AABC. 



E*9. 2. 3. Ex. 8. 


4. If chords ^27 and CD intersect at E, show that iiAEC and 
DEB are mutually equiangular. 

6. The sides of a triangle inscribed in a circle cut off arcs which 
ba^t the ratio 2:3:4. Find the number of degrees in each angle 
of the triangle. 

6. An angle inscribed in a segment less than a semicircle is obtuse, 
and one inscribed in a segment greater than a semicircle is acute. 

7. In a circle or in equal circles, inscribed acute triangles are 
congruent, if two sides of one equal rcspecti%*cly two sides of the 
other, 

8. If four points on a circle are in the order C, A, B, D and if 
prove that chord AB O chord CD. 
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* 165. /In inscribed mule is meeswred by hall ils inta- 
eepted arc. 



Given: inscribed in 00. 

To prove: Z ABC is measured by 

Proof: 

SlATtUtHTa 

0 ^ 1 . ^l^aeaerideUadmncbr. 

1. Draw OA. 

2. OA-OB. 

3. AA^aB. 

4. ^B+^a^aaoc. 

5. 2iB-./.A0C. 

6. -^AOC is measi-red by 4^. 

7. is measured by |4c. 

1- IW 

3. is measured by Jic. 


Rzasowb 

1. Post. 1. 

2. S 138. 

3. $55. 

4. 587. 

5. Ax.1. 

6. § 162. 

7. Ai.6. 

1. Post. 1. 

2. Case 1. 

3. Ax. 3 or 4. 
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Optioit&i. Exercises 

If, from a point A on a circle, a chord AB and a diameter 
AC are drawn, a diameter parallel to AB bisects arc BC. 

21. If two secants from a point to a circle are equal, their chord 
parts are equal. 

22. An Inscribed parallelogram is a rectangle. 

23. 'If a circle is cut into two segments, the angle inscribed 
in one segment is the supplement of the angle inscribed in the 
other. 

24. If AB is the diameter, and AC equals CD, prove that BD 
equals AB. 



Ex. 24. Ex. 2$. Exi.30.31. 


26. The line, drawn from the v-ertex of the right angle to the 
middle point of the hypotenuse of a right triangle, equals one-half 
the hypotenuse. (Circumscribe a circle.) 

26. A circle, described on one of the equal sides of an isosceles 
triangle as a diameter, bisects the base. 

27. A circle, drawn on one eidc of an equilateral triangle as a 
diameter, bisects the other two sides of the triangle. 

28. The diameter of one circle is the radius of a second circle, 
ftove that all chords of the larger drcle, drawn from the point of 
tangency of the two circles, are bisected by the emillcr circle. 

29. If a circle is divided into four equal parts, the chords joining 
the pomts of division in successioa form a square. 

30. IfA^-100* and Sb - 30*,£nd the number of degrees Ii 
AC. 

31. The angle formed by two secants meeting outside a circle b 
measured by one-half the differeace of the intercepted arcs. 



ri^VNIi CEOSrETIlY 

9. Trove tie converse of Etcreise 8. . . 

mimll''*'’ *'■”» ir,dAECm 

niulually equiangular. 

Bide nn^” tri.anclos inwRxxl in n circle are congruent, if ■ 

»n,»p„nd„; ""rccii^iy » .a» .»<i n- 

•f 



E*. M. Ex. IS. 

,„,1.. ' .nd FLU .r» .r,„l,„llv mi 


angular. 
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40. To erect a perpendicular to a line AB at the end B, take any 
point E over the line aa a center and EB ns 
a radius, and draw a circle cutting the line 
at B and again at D. Draw the diameter 
DC, and join the points C and B. Prove ^ — 
that CB is the required perpendicular. 

41. If a rectangular piece of paper is placed 
on a circle as shown, prove that BC is the 
diameter. Draw a circle and find its center 
by the method suggested in the preceding 
aenfence. 

42. Eratosthenes, who lived in 200 n.c., 
determined the circumference of the earth as 
follows: Ho noted that at Syene in southern Egypt, the sun wa» 
directly overhead when far- 
thest north, while at Alexan- 
dria, 600 miles farther north, 
the shadow of a vertical pole 
made an angle of 7.2* with the 
pole. Therefore he decided 
that the arc from Syene to 
Alexandria was one-fiftieth the 
circumference of the earth. 

Prove that he was right, and find the circumference of the earth 
from hia data. 

Investigation Problem. Draw a line DC tangent to a circle O 
at point B. Now draw a chord AB making an obtuse angle with 
BC. How do you think the number of angle degrees in ZADC 
compares with the number of arc degrees in the major arc ABl 
To test your conclusion, draw the diameter BD. What is AABD- 
measured by? How many degrees are there in A DDCl Why? 
How many degrees are there in DBl Why? How do they com-- 
pare? What then is measured by? Complete the proof. 

What change would you make in your proof, if A ABC were acute? 
Do you think that any angle whose vertex is on the circle- 
is measured by half of eome arc? Try to prove some other 
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Bokor Wore 

32. R AB and AD are diameters, proire that BD 
point C. 

33. An octagon ABCDEFGff (eight 
‘id«)i3,nscnbedin a circle. Pro\-ethat 

^ + .iC =. three straight 

equal circles intersect in A 
.w^ ^ drawn through C ending in the circles, 

1 IS equaUy distant from Its ends. 

“"8'^ ““ 

quadrilateral equals the opposite in- 
tenor angle. 

now does point C w 

urn. M", ..te „ "’7 « ">« !».- 

byT Wkra BD »mTo ,1 L“”“ 

of this arc? What ar position BD", what becomes 

be measured by? ’ y®« AABD" should 

/ "" 

Appueo Problems 
whih^r •*'”» ■» I«.m 



^ in every pos‘itio!.,teWM‘'2S Ih" 

^twsemicircuUr. Why is ihU tr^ 







PLANE GEOMETRY 


PRoposmoir a 


170. An angle formed hy 
by half Us intereepled arc. 


c tangent and a chord is measured 



iveu: [GO]; chord 4 R meetiog tangent .SC at J 
by 

Reamkb 

1. Post. 1. 

2. 5152. 


3. § 143. 

4. § 1». 

5. 5 165. 

. Ax. 3 or 4. 


**''’«*8 STATTUENTa 
1. praw diameter BD 

A , n ® semicircle. 

5 ^?pn^“*“'^byiDEB. 

• measured by 1^. 

• aTABc is measured by Jipn i 

Jivestigatioii Problem. Dra • * ®' ^ " ^■ 

and CD crossine at E tv. * circle with two chords AB 
i, ™r.d 

^hjch z AEC is the same nr • “ another figure in 

‘V i« rtich aS i, , you drew lint, 

ch^ge do you find ia fin? , ***** becomes larger, what 
f»art' of both arcs? tVhal ^AECbe measured bya 

™*ght be Used here? T^^***^^’***^ comparing angles with 
^ 'V«> «d X doe, d/ro oo»- 

are these angles 
“ measured by? 
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Proposition 9 

171. An angU formed by two chords intersecling insidcacirdt 
i» measured by half the sum of the opposite inlercepted arcs. 



Given: Ax formed by chords AB and CD 
intersecting at E inside the circle. 
Toprove: Ziismeasuredby 


I'roof: Statemenis 

1. Draw BC, 

2 . 

3. ZB is measured by and ZC ia 
measured by ^bB. 

4. i::xjsme3suredfay§(^+.^)- 


Reasons 

1. Post. 1. 

2. 5 87. 

3. S 165. 

4. Ax. 1. 


172. Corollary. Parallel lines irUercept equal arcs on a 
circle. 




190 


PLANE GEOMETRY 


PROPOSITIOK 10 

• formed by ftro lines intersecting outside a 

circle, and which meet the drde, is measured by half the differ^ 
ence of its intercepted arcs. 



GiTen. AC and EC intercepting arcs c and fc. 
to prove: ^C IS measaredby 


Stathkents 

1. Draw AD. 

2. 

3. AC^Ax-Zy. 

4. Ax is measured by | J. 

5- ^Vis measured by lx 

6. -^Cismeasuredby^^-X) 


Reasons 

1. Post. 1. 

2. §87. 

3. Ax. 4. 

4. S 165 or I 170. 

5. § 165 or g 170. 

6. Ax. 1. 


Class Exskcises 

lengths 

by the chords. ’ ^ ® ^ the angle made 
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2. Tho line Joining the points 8 and 11 on the clock is perpendicu- 
lar to the line joining the points 4 and 9. 

3. An angle formed by a tangent and a chord equals the angle 
inscribed in the opposite segment. 

4. A tangent through the vertex of an inscribed isosceles triangle 
is parallel to the base. 

5. Three consecutive sides of an inscribed quadrilateral cut off 
arcs of C5*, 05®, and 125®. Find the angles of the quadrilateral and 
the angle formed by its diagonals. 

G. If AD = 114®, ^ = 106®, and ^AFB=S0®, find the other 
angl» of the figure. 



Exe. 0. 7. Ex. 6. 


T. It XS ^35’, Sc -103®, and /An>»119*,how many degrees 
are there in each angle of the quadrilateral? 

8. If, from a point on a circle, a chord and a tangent are drawn, 
the perpendiculars to them from the middle point of the arc arc 
equal. 

9. An angle formed by a tangent and a chord is the supplement 
of any angle inscribed in the segment cut off by the chord. 

10. How many degrees are there in the angle formed by the side 
of an inscribed square and a tangent through one of the adjacent 
vertices? 

11. If two chords intersect at right angles, the sum of a pair of 
opposite intercepted arcs e^ab a seoiicircte. 

12. If the diagonals AC and BG of the equilateral inscribed octa- 
gon ABCDEFGH intersect at K, how many degrees are there in 
AAKB? 

13. The tangents through the vertices of an inscribed Ltoeceles 
triangle form another isosceles trianfde. 
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Optiohal Exercises 

parallel hypothesis, prove that the tangent at A is 



equiUteral trianglea, one 
17 A D ■ 4 v j- ’ «ircumscnbed about the same drcle. 

•w'tine at E* « chords inte^ 
^tmg at E, and ^AED^w. Rnd the number of degrees in 

AC, find AAE^' ® is the middle point of arc 

m order to divide a circle into arcs, proportional 

^/=5S*, and ^ mutuaUy perpendicular chords. If 

21 If fm 4 u , ' *“'1 ‘he number of degrees in AKLP. 

DB ■'''<>too,iw.ctori,jtr..d 

. right ,„2r ® P «> u to note ^APB-K', to 

ia ZABC.if ^ ^ *" and 

22. EC is twice Xh >. i e« 

Sc and aS ia 2 n» i ^ 

.ALJ1S20 IcasthanCB. 

AD, DC, and CB are equa], and each 10' more than 
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Honor Work 

In the exercises in which two circles are tangent to each other, 
draw the common internal tangent. 

24. Circles E and F ate tangent at 
G, Provo that the tan^nts AC and 
BD are parallel. 

26. If 07/ and O J are tangent at K, 
prove that LH is parallel to JM^ 

26. If Qp and OOare tangent at E, 
prove AB parallel to CD. 

27. Circles 0 and 0' are tangent internally at P. Prove that OA 
is parallel to O'A'. 




28. In the Hrst figure, two chords AB and CI> intersect at E. 
What is ZAEC measured by? Wliat is /A measured by? Ifthe 



point E moves along AS toward S while A, B, and C remain fixed, 
what change takes place in Xd7 In DB? When E arrives at 
B, what angle has ZAEC become? AAEFt What arc has DB 
become? AS? What, then, is AABC measured by? AABF,1 , 
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tinues becomes 0“ but cou- 

aroim point C until E is outside the circle at 
E,, where now is Dfit H n 
quantity decreases to tcro and 
then continues m the snme di- 
fcction, what would you expect 

'•""'ne? What is 
^AttC measured by? 

30. Itelurning 

/ifiC 

“ in the fimre how^f If now GF turns around point B, 

/abk ® ^ 'fkPt it measured byf 




£x. 30. 



Ex. 31. 


arcs is .<;A£C me^ured’ *5^, chords, by what 

E moves to the center O wK . j “comes n diameter and point 
i* ^ttOCmc.asuredbv7 n ''1>atthcn 

32. Cotwidc ^ this will, j 162. 

cf the angle, and sero*^ ”^tivc vlicn it bends toward the witci 
onjfe, icAose ^ ®“i® coincide, prove that: An} 

of iU inkretpUd orcT “ b.j one^alf the olfcbraic 



THE CIRCLE 
Class Exercises 

1. If AB II CD, CD is a diameter, and 
iR=80®,find AC. 

2. If AB II CD, CD is a diameter, and 
ZC>=20“, find AB. 

3. If CD is a diameter, AC=40*, and 

is XB II CD? Why? 

4. An inscribed trapezoid is isosceles. 

6. If two arcs of a circle, with no common point, are equal, their 

ends are the vertices of an isosceles trapezoid or rectangle. 

6. If a tangent through the vertex of an inscribed triangle is 
parallel to the base, the triangle is isosceles. 

7. lUB lICA then AZ>-BC. 



£n. 7,8. Ex. 9. Exa. 10, II, 
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Exs. 1, 2, 3. 


8. If AB [[ CD, then ACBD is isosceles. 

9. If OABDC and OEFJlGhave the same center, and 
then^=^. 


Optional Exeroses 

10. If KLM is an isosceles triangle, prove that PQ I| base LAf. 

11. If PQ II LM, prove that AKlAf is isosceles. 

12. If the side AD of inscribed quadrilateral 
ABCD is less than ride BC, then AB is not 
parallel to CD. 

13. If DB bisects A ABC and DE Q AB, prove 
that DE^DC. 
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14, AB 13 a Ungent and CE is parallel 
to AB. Show that AB h measured by 
one-half the difference of aresADand^C 
by means of the relation ED^^AD—AE. 

u’"™™ ■^^■StfBincosurcd 
^7 5(^ C^+QP), by showing that PU*»RU+QT. 


BoiroR Woftt 
16. The comnon eitemal lengenU to 
two equel crclee ere pe„Jioi 




A Seip-Mbasowho Test 
1 . Complete the following statementsr 
<o) A central angle is measured by 

( ) ^ inscribed angle is measured by 

by ° formed Iqr a tangent and chord is measured 

mea^red by by two chords crossing inside a circle is 

is m^ured^" ionned by two secants meeting outside a circle 
by ^ vertex b inside the circle, is measured 

An angle, whose vertex is on the circle, is measured 
by !?. ^ “ outside the circle, is measured 


(0 An angle inscribed in a semicircle is ... . 

of ten methods or 
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8. Give three propositions about a tangent. 

4. Give three methods of provin g arcs equal. 

6. What proposition on the measurement of angles by arcs 
depends on the fact that the base angles of an isosceles triangle are 
equal? 

6. What propositions on the measurement of angles by arcs 
depend on the fact that the exterior angle of a triangle equals the 
sum of the remote interior angles? 

7. State two propositions about equal chords; about equal arcs; 
about a radius and a line perpendicular to iL 

8. Give a method, dependent on the circle of proving that an 
angle is a right angle. 

8. Is a central angle of a circle measured by half the sum of (wo 
arcs? 

10. Explain what is meant by the statement that an angle is 
measured by half Its arc. 

11. What part of a circle b intercepted by an inscribed right 
angle? By an inscribed acute an^e? 

12. Is a line perpendicular to a radius always a tangent? 

13. State a proposition about parallel lines cutting a circle. Is 
the converse of this propositioD true? 

14. What is the point where a tangent touches a circle called? 

15. Where is the vertex of an inscribed angle? Tt'hat arc ita 
sides? 

16. Define: chord; are; diameter; lanffcni; eccarU. 

17. Can secants intercept equal arcs os a circle, if they meet 
outside the circle? If they meet inside the circle? 

ClASS Exebcises 

Trace back each of the following propositions through two 
generations, that is, gi%'e all propositions used as Tcasooa in 
the proof and all propositions used in pro\1ng those proposi- 
tions. 

1. A ladiia perpendicular to a cfaord bisects (be chord and its arc._ 
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a ^ uucribcd angle is measured by halt its intercepted arc. 

iris •„! wa” “I' '1“»I 

ttey eut „j every- lr.nsr3. 

of one r.!! ^ congrueut if the hypotenuse and a leg 

of one equal the hypotenmu, and a leg of the othS 

triangles ^ parallelogram divides it into two congruent 

from the^center.°^ eirclcs, equal chords are equaUy distant 


Hohor WoRt 

of the following propositions back fo arioms 

PostulatM all propositions, definitions, anoms, and 

postulates on which they depend. 

Ulia^fred°lfv'l,'”l7^?' inleraeeting iasida a circle 

•i" «™ »f the opposite intercepted arc. 

S. In a curie equal chords have equal area. 

the Bides f»sector of an angle is equaUy distant from 

constmeted!*^'^'^*^'^ bisector of a given line segment can be 


Nomericu, Test (W 

angle at cS 150* 'Sdtr'e^C.'^’^' ^ and the oxterior 

iSfh 

3. AAfir U t . “ "0 

End thenmaber'^Tegreerin*^'^' ^ ^'^='*2“ and Z-B=6S". 
A Tf /” P r “jsrees m the minor arc AB. 

sis 70®, 'and ’if°^ and and PB drawn to circle 0, 

\UaOB. *" fi“d the number of degrees 

If “ perpendicular to chord AB. 

find the number of degmea in BD 
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CoMPLETioif Test {W mtn.) 

1. In a circle an angle inscribed in an arc that is less than a 
semicircle is an . . . angle. 

2. Ab is a diameter of a circle and AC is a chord such that 
ABAC=ZQ’*. If AB is 12 in. Ion& then chord BC is . . . in. long. 

3. If a central angle and the angle fonned by a tangent and a 
chord intercept the same arc, the ratio of the angles is ... . 

4. The sides of a triangle inscribed in a circle cut off arcs that 

have the ratio 3:4:5. The number of degrees in the largest 
nn^e of the triangle is ... , ^ 

5. AB la a diameter of a circle, AC b a chord and AC =>110®. 
Then ZBAC^ . . . degrees. 


Test ok Meashrememt of Angies (10 nin.) 

In exercises 1 to 6, a: » 00®, p — 130®, r *» 40® and EF la 
i tangent. 

1. ^r- ... 

2. Zs- , . . 

3. 

4 . ACEG-^ 

5. AA-> .. 

6. ZDCE= 

7. If Zr!=35°, then x= .... 

8. If ZA >= 15® and 2=35®, then i- 



MATcraso Test {10 min.) 

After each number write the letter of the phrase that 

corresponds. 

1. Inscribed angle o. Measured by its arc. 

2. An angle of 25® formed 5. JIea.?ured by half the difference 
by a tangent and chord of its arcs. 

3. An angle formed by ij»- c. Measured by half tlic sum of 

tersecting chords iw arcs. 

4. An obtuse angle pleasured by half its arc. 
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1 ^ angle is measured by half its intercepted trc. 

transvercsl parallel lines cut off equal lengths on one 

tr^^. they cut off equal lengths on e.-cr/transTcSal. 

of one eouaMl! congruent if the hjTxitenuse and a leg 

t one equal the hypotenuse and a leg of the other. 

triangles ® parallelogram divides it into two congruent 

from the center.'*'^ ^ circles, equal chords are equally distant 


nOHOB WOBt 

or of the following propositions back to axioms 

postulate, on S they'5^„i“’ 

ia by tali n, ^ to oS;,“STOptrf'i»’ 

a. h . cucle equal eboria bav. eq„l „ea. 
the aides ofth^an^^* f’f^cctorofan angle is equally distant from 
constnictedf^*^*^^'^'*^ t^sector of a given line segment can be 
Nckewcal Test {w mfn.) 

angle at C is IM" =40" and the exterior 
■^BAK= 55 * and Afv a chord in a circle such that 

End the number of deSLia.r^- and Z^=68". 

\ is 70* and if OA anif nn° ^***^1* P A and PB drawn to circle 0, 
drawn, find the number of degrees 

®-'Tbv\ diameter 1)0 nf . • i . 

II an JL “ perpendicular to chord AB. 
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^ pROPOSlTlOn 11 

* 174. A rirrfe can be circumscribed about a given tri- 
angle. 



Given: A ABC. 

To prove: A circle can be circumscribed 
about A ABC. 


Construction; Stateiiesto Reasokb 

1. ConstructBBthe ± biscclorof AB,8nd FCthe 1. 5 G3. 

X bisector of AC, meeting in 0. 

2. TOth 0 08 center and OA as radius, construct 2. Post. 3. 

ao, 

00 is the required circle. 

Proof: 

1. 0/i=0B and 0A = 00. | 1. 5 59. 

2. OO passes through i4, B, and C. I 2.5140. 

3. 00 is circumscribed abwt AABC. 1 3. 5130. 

If the perpendicular bisector of BC were drawn, would lU 
intCTBcetion with FO pve the center of another circle through A. 
Band C? 
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6 Ananl*u* "TH by half a BPmieird^. 

8. An !n«,.-;i j . IntcrccpU an arc of 100 . 

9. A„„i„iX"o'a“* ?■ 

>»■ A risht .nclc •■ Inscnhrfinanunorm. 

J- Inscnbcd in a major arc. 

A, li, an^ C a circle through the potnU 

b ' S"'' • roinl O shW. J 

points - . of ^Ij 

on Uje , A anti C are 

■ ®‘ "njc inter- 
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Proposition 12 

177. A circle can he inscribed in a given triangle. 



Given: AABC. 

To prove: A circle can be inscribed in AABC. 


Consttuction: STATZiizsTs 

1. Construct BF bisecting ZR, and CG 
bisecting ZC, and meeting in O. 

2. From 0, construct OEXDC. 

3. With 0 as center and OE as radius, 
construct GO. 

GO is the required circle. 


Rnasoxa 

1. S65. 

2. § &I. 

3. Post. 3. 


Proof: 

1. 0 is equally distant from ilR.RC, and 
AC. 

2. DC, AD, and dCare tangents. 

3. GO is inscribed in AdRC. I 


1. §07. 

2. § 163. 

3. § 137. 


1. By extending tho sides of the triangle, construct other cifclt* 
touching all three sides. 

2. If AA grows larger, how does ABOC change? WT:en AA 
has increased 40®, how many degrees has ABOC cliangcdf 
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ifiTte pointt not m t 

•trmgkt hne, ono end ordy one circle am Z constructed. 

points. If figure of Proposition 11, be tbe line 

on FG ttn. j through A and C, aust iU Mfff ^ 

circle ({60}. D 

centerb'e’ ** ^firwgh A and B, on what line must tie 

Is point O aUo of these conditions? ({5}- 

* ‘’“‘be perpendicular bisector of ({CO). 

points. Tiro nVrfca con inlersed in orJ'j luo 


obtuse? (rft « ** * *DgJc? (e) When beceiaes 
««^C? cn n->Jrr®^^”“**'”''^»wtoBC7 (OTVhea^J* 

2- Ho* da .kT .'°^ “■ ‘I” “* 

When , ^'k change /or each 0/ these 

me™<io4;;S“ “• r'“' ** •*■'” •»» »' p '® 

3- How does ih • crosses to the other side of BCt 

^^t becomes of '(“ugc as A mores nearer to Kae BCt 

is inside the tri^gV™'^ wuter of its circumscribed 

An obtuse angle^"”^ * rimflar e« rose when Z A is a n'^t an^e. 

fl^-ight^e can intencct a circle in only two points. 

- oonstnict a circle touching AB, BC 

“d a point 0 ^ 

^••... AD points /V 

A-“X 
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Case 2. When P is outside the drde. 

Construction J 

1. Construct OP. 

2. Bisect OP at B, 

3. With B as center and OB as radius con- 
struct a G cutting GO at A and (7. 

4. Draw 4P and CP. 

Then AP and CP are the required tangents. 

Proof: 

1. Draw 0,4 and 00. I i, post. 1 . 

2. .dPj.0.4 and CP±OC. 2. 1 166. 

3. AP and CP are tangent to GO. I 3. § 153. 

Space Geometrt (Optional) 

A pyramid is a solid figure of which one face, the base, is a 
polygon having any number of sides and the other faces are 
triangles meeting at a common vertex. The faces meeting 
at the common vertex are the lateral faces, as VAB, VBC, 
etc. The altitude VH of the pyramid is the perpendicular 
from the vertex to the plane of the base. A pyramid is called 
ti^ngular, square, etc., according (o whether its base is a 
Wangle, square, etc. 

V 


D 




1. Post. 1. 

2. §63. 

3. Post. 3. 

4. Post. I. 


Exercises 

Can a sphere be circumscribed about any triangular pyramidT 
*™ve your answer. 

2. Can a sphere be inscribed in any triangular pyramid? Prove 
your answer: 
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jeni !o the arcle can be cmetmcled. 



Given. Point P, on or outride OO. 

° '» OO llmiugh P can be eonelnictei 

C“' ■■ m.= PI..<,ii,b.„„fc. 

Srinnc-rs , 

1. SuSrt?dr0P^p ■■ 

is tbc required tangent, * 2. 5 6^- 

Proof; 

1. PAiOP. 

2- PA is tangent to QO 1. Const. 

1 2. 5 153. 
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Propositiok 14 

180. Given iit three sides^ a triangle can be constructed. 



Given: Line segments a, b, and c, the sides of 
a triangle. 

To prove: The triangle can be constructed. 


Coastructioa: Statements 

1. With D M center and c as radius, cut DE 

atP. 

2. With D as center and b as radius, construct 
an arc. 

3. With F as center and a as radius, cut the last 
arc at G. 

4. Draw DG and FO. 

^FG is the required triangle. 

Proof: 

!• The sides of ADFC are a, 6 , and c. I 1. Const. 

Is it possible to choose the lengths of the segments a, b and c 
so that no triangle could be constructed having those segments as 
Its sides? Explain your answer. 

Is it possible to construct another triangle, having a different 
shape or size from £^DFG, with the same three segments as sides? 
Prove your answer. 


Reasons 

1. Post. 3. 

2. Post. 3. 

3. Post. 3. 

4. Post. 1. 
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spheres that can be passed throu^ 2 
points, 3 points; 4 points; 5 points. 

toth^mS'iS erf? ■P'-'"’ <» ttsTt^e t"S»‘ 

JETTS’! 

•te X'"* 

■“"iC. The opposite ides 

are deaoted by the small 
letters a, b, and c: a beinit 
oppteite d.4, 6 opposite 
fc-Dj etc. 

The altitude from .4 ia " ^ “ 

bS^Ite oV ixty t.‘,‘‘ete“"^ ^ ”■• '''•’ 



Ezekcises 

circle bbccMh^id^ the points of contact of the inscribed 

circle bisect fu ^ P<^t3 of contact nf its inscribed 

their points of contTct^iv™*'"^*^ quadrilateral are all bisected by 
4. In the , !,** quadrilateral is cquilatcraL 

of degi^ SO“. ''"®* 

*^8ie. paths meet to form a 

touch an three wall-. r» * circular flower bed which will 

. »■ Comb^t?^ '» “■ 

circle* and whose sid« t track whose ends arc aemi- 

«« «d« are straight lines tangent to the curres. 
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Proposition 16 

182. Given two angles whose sum is less than a straight 
angle and the included side, a triangle can be constructed. 



To prove; A triangle can be constructed with two angles 

and the included side equal U)A,B, and c, respccth’ely. 


Construction: Statements 

1. With D as center and c as radius, cut DG 
at E. 

2. At D construct an angle equal to /lA. 

3. At E construct an ang^e equal to AB. 
ADEF is the required triangle. 


Reasons 

1, Post. 3. 

2 . § 66 . 

3. § 66. 


Proof: 

1. Two angles and the included aide equal A, R, I L Const. 

and c, respectively. ' 

Is it possible to choose the ^ren parts bo that no triangle could 
be constructed? 
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pROPostijoif 16 

Mn 6econ5*^c!^rf*'^" mc/u*rf angle, a Manglt 



Giren: -4, L'no segments fc and c. 
°nithTw ^ A"*”®*® ix* constructed 
to 6, e, and X respectively, 
Constrectioa, STsreusa-re 

“d » « radio,, na 

atP. 

4. Drawer. 

*OEPi.thcreqnired,rt.„j,,, 

Proof: 


Reasons 

1. Post. 3. 

2 . i 66 . 

3. Post. 3. 

4. Post. 1. 


1. Const. 


“d d resrSuvely ‘“'“ded anele e,,ail t, c, I 

Isitpo,aibletodio)teeth. ■ 

jangle differing in given parts, another 

answer. « site o^ghape x„m ADEF? PnJve your 
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Proposition 18* 

184. Given the hypotenuse and a leg, a right triangle can he 
ccjislrucied. 



Givens Line segments k and m, with k longer than m. 
To prove; A right triangle can he constructed with 
hypotenuse k and leg m. 


Constnictlon; Stateuents 

1. Construct CDJ.AB at any point C. 

2. With C as center and m as radius, cut CD 
at E. 

3. With E as center and k as radius, cut AB 
atF. 

4. DrawEF. 

Then CEF is the required triangle, 

ftoof: 

1. The hypotenuse and leg equal k and m re- 
spectively, and Z C is a rt. angle. 


Il£ASO>;3 

1. §&4. 

2. Post. 3. 

3. Post. 3. 

4. Post. 1. 

1. Const. 


Is it possible to so choose the given parts that no triangle can 
be co nstructed? 

* This proposition is optional. It is not mentioned by the National 
Committee on Mathematical Eeqairemcnta or by the College Entrance 
Ihsmination Board. 
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PROPOSITIOK 17 

arid a side sum is Jess than a straigU anglt 

opvosrU one of them, a triangle can be consumed. 



angle, ai^ Ue ^ “ straight 

Xo provQ * f " * 

angles and a ^ constructed with two 

and a respectively equal to A, B, 

Coition: 

1- With D as cent,.» j Reasoks 

»tP. as radius, cut Z)£ I. Post. 3. 

i 2. seo. 

’roof: 

!• zBsad DF=tT 

2. ZGFE=^zB+za I 1- Const- 

2-Co»rt. 
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Step 2. Examine this figure. We observe that AADE is a 
right triangle whose hypotenuse and leg are 
known. 

Step 3. Construct tJLDE. 

Step 4. Examining the first figure again, we 
notice that C can be found by taking A as center 
and b as radius, and cutting DE at 
C. Finally, since AE is a median, 
and BE equals EC, B can be found 
and the triangle completed. (Note; 

A different triangle would have been 
constructed with the same parts, if AC cut DE on the other 
side of D.) 

From these two illustrations, we observe that the method 
of discovering the solution of a construction problem is as 
follows: 

1. Draw a figure like the one you wish to construct, using 
solid lines for the given parts and dotted lines for the 
unknown parts, as in the illustrations given. 

2. Examine this figure to see if there is any part of it 
which you can construct. You have at your command five 
methods of constructing triangles. Propositions 14 through 
18. Find a triangle in your figure which has enough parts 
known so that you can use one of these five. 

3. Construct that part, disregarding the rest of the figure. 

4. Finally, build the rest of the figure around that part. 




Exercises 

1. Construct an equilateral triangle, given: (a) aside; (J) the 
altitude; (c) the perimeter. 

2. Divide a line into: (a) four equal parts; (&) eight equal 
parts. 

3. Divide a circle into; (a) bx equal parts; (6) three equal 
parts. 



fI2 
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method^!™* * constnielion problem. Analj^Es is ths 
This mclhfvl solution of a construction problem. 

“ ■"'■'W «nll l» expl;u„„| by the (cllowinj .xxmpta. 

P'tn UirWRte 

^SCD as j-ou wmplctcd, sod drair a Bgun 

the traprioicl shouhl If a 

look. MAkt K)Iitl C 

liflw for the thrro n 

■ -D 

»ota ial 1bcd ’J?°”‘ ^ ^ 

Sn:P 3. Conatniel 4fl?I> “ *11 thita aides are knaim. 

“■replete Us topcsoid by Sstia 

3™" - « trianslo, ^iven 6, re., and t 




THE CaOBCLE 


215 


(g) One side, the two diagonals, and the angles which 
the diagonals make with the given side. 

(A) The three sides AB, BC, and CD, the diagonal BD 
and AABD. 


13. Construct a parallelogram, given: 

(а) Two adjacent sides and a diagonal. 

(б) One aide and the two diagonals. 

(c) A side, a diagonal, and their included angle. 

(d) A side, a diagonal, and the altitude on the given side. 

(e) A side, an angle, and the altitude on the given side. 


14. Construct a triangle, given: 


(a) a, h, ha. 

(b) a, 6 , h,. 

(c) a, 6, fn«. 

(d) A, b, ha. 
(«) A, b, hi. 
CO A, b, ta. 


(g) A, B, ha. 
(A) A, B, A., 
(t) A, B, ta. 
(j) a, hi, mi. 
(A) a, A». A.. 

(0 ha, ma. 


(m) A, ha, hi. 

(n) A, hi, he. 

(o) A, ha, la. 

(p) A, hi, to. 

(f) a, ha, hi. 

W A, B, I,. 


16. Construct a triangle, given the radius of the circumscribed 
circle and: 

(a) a, b. (c) a, vi,. (e) a, hi. 

(A) A, 6. (d) a. ka. CO 

16. Construct a trapezoid, pven the four 
Bides. (Construct ADEC,ibeaCJEDAB.) 

17. How many circles are determined by 
four points, no three cf which are in a straight 
line, if each circle passes through three of the points? Construct 
them. 

18. In a given circle, construct two parallel chords which are 
equal. 

19. In a ^ven triangle, construct a semicircle tangent to two 
Bides and having its diameter on the third side. 
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points at equal distances apart and each 
iin. from a given point. 

6. Construct AABC, given: 

W “=3in.,B=90»,andC=60“. 

(6) o=3in.,B=60'»,andC*=45». 

6. Construct an isosedes triangle, ^ven: 

W pe base and a base angle. 

(6) A leg and the vertex angle. 

S tS® *“** aJijtude to the base. 

altitude to a leg. 

(e) The vertex angle and the base. 

C«)»l'8i W*‘’ 

8. Constnict a square, eire„ . diagoMl. 

10 Sr!™'! ' “■< “ 

10. Constracl s right lri.n8fe, gi,s„. 

(o) The legs. 

Z S. ?»’0ta»re „d .sure .-gis, 

“ ''8' •’J' 8”‘ “® ‘'*® ‘y" 

' W The hvtv.^ '^nstnlcting . semicircle on it. 

.emr,,?”" *''' "““^e on it. (Construct . 

thehjporen"^^''’’’”'™™ ‘ “ 

■ is S'” “"8 » Oiag,^ 

<iSSSro”tSl‘7J^80.mb. 

S that angle. “8le, and the diagonal fr«n 

(fl AIi=-BC=4\„ f t 

\ *^A.= 120 ", ZB.=90*. and Z(7-fl0’' 
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186. So far in our work wc have generally studied station- 
ary figures. Ilowcver, in life many of the objects with which 
we must deal are not stationary. We see around us auto- 
mobiles, trains, and animals in motion. And even in 
machines which are themselves stationary, wheels are turn- 
ing and rods are moving to and fro. Let us therefore 
consider some point on a moving object. How does it move 
and along what path does it travel? 

Take, for example, the wheel of a car moving along a 
track. At one instant the center of the wheel is at A, a 
little later it is at B, then at 
C, and so on. Evidently it 
moves along a line p as si ng 
through the points A, B, and C, 
and, if the track is straight, the 
path is a straight line parallel 
to the track and at a distance of the radius from it. Now, il 
instead of the wheel moving along a track, we consider the 
. circle from a purely geometric standpoint, it is evident that 
it could move equally well on the other side of the line, 
and the center would trace another line parallel to the given 
line, and also at the distance of the ra^us from it. Thus 
in this case the path of our moving point would consist of 
two lines. 

What is the path of a point which moves so that it is 
always three inches from a fixed point? 

Think of the fi.xed point as a nail in the wall, 
and of the moving point as the end of a 
piece of chalk fastened to the nail by a 
cord three inches long. Evidently the path 
13 the circle whose center is the given point 
imd whose radius is three inchra. It is also evident that 
tveiy point on this circle la exactly three inches from the 
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20. Construct, togenl to. give„, Me: 

“> J^U'ltooEiveoliM. 

21 Con , ^^^“®>’“S'»»i‘l‘»Eiveulin=. 

(Take external tangent to two given circles. 

«mct tangent sc 

‘le como»„ 

« tangent m t™ gine. 

23 Ttough too given point,. ^ ' 

2t.'anrtrac?"““ ■' ••’“rt. 

tontnln a 'We on ,1® „ , chord, srhith wi 

'?“« ‘t* wpplemen; 

ol ^ECF into angles 

» “.? '■ ConatTOl 




Drawiko Exercises 

Copy tfie follow^g'^^**’® 
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it, always keeping them in contact. TFhat is the locus of the center 
of the cent? 

8. Hold your ruler etaticmary on your desk and roll a cent along 
the edge, keeping them in contact. What is the locus of the center 
of the cent? 

9. Katherine is walking through a field keeping equally distant 
from two straight intersecting roads. What is her path? 

10. A cow is fastened to a stake with a rope 30 ft. long. If she 
walks, keeping the rope pulled tight, what is her locus? 

187. To prove that a line is a locus, it is necessary to prove 
iwo propositions: 

1. Thai any point on the line satisfies the given condition. 

2. Either (a), Th<d any p<nTil which satisfies the given condi- 
tion is on the line', 

or (6), That any paint nU an ike line does not satisfy the 
tiven condition. 

The first proves that a point can move along the lice, and the 
socond, that it cannot move off the line. 

Ex. 1. Mark six points, each equally distant from two given 
points A and B, Do they lie on a straight line or on a circle? 
Are all points on this line equaUy distant from A and Bt Can you 
find a point not on this line that is equally distant from A and Bt 
^That then is the locus of a point equally distant from two given 
points? 

Ex. 2. Draw an AABC. Select five points inside tliis angle, 
«ach the same distance from AB as from BC. What line docs the 
locus appear to be? Is every point on this line equally distant from 
AB and BCt Is every point equally distant from AB and BC on 
this line? What then is the locus of a point, equally distant froto 
the sides of a given angle? 

188. In § 59^ it is proved that any point on the perpen* 
dicular bisector of a line segment is equally distant from the 
ends of the segment, and, in § 60, that any point equally 
*iistant from the ends of a line segment is on the perpendicu- 
lar bisector of the segment. Therefore: 
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feed point, md that cveiy point three inches from the feed 
point IS on the circle. 

^ point moving according to some given con- 

ditioni, called the locus of the point. 

rpla^o ^ hatin word meaning “place, ” and is 

thplfipit ® P the point is. Instead of thinking of 

Ih. r; f ‘ "°™6 f””*. "> ““'‘“ee Ihint of it .s 

and op .np a peseta are that fulfil the given condition. 
Just a th P * ttc the locus of points aatisfviog that condition, 
so the n«?','“ ""“""e »" «■' W traces a line, 

or rircte!' ^ “"“'d'ted here are either straight ta 

EzeaasBS 

liue!’.a°eh T In “»«• Mart sis points abote the 

paper throueli <h Point of your pencil along tb# 

tivcite .“d t.TL'r' '* •“ 

2. What • th 1 ^ ** 

top of the page? ^ one inch from th» 

clock? locus of the outer end of the minute hand of « 

from the two stream equally distant 

is the locus of the boat? * are straight and parallel what 

the dea^^'lTStt’thp*^'’ “ 

cover? upper right-hand corner of the 

-heel ia made to spb''n^t'^ ground. If the 

epohml the locus of a point on one of the 

’■ on ,«n dede and roll a cent around 
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I poi”* “f “ 'liorf of a given 

length that can be drawn in a given circle? 

11. Two circles We the eame center. Find the locus of the 
center of a circle tangent to both. 

12. What ia the locus of the centers of all circles which: 

(o) Touch two intersecting Un^? 

(6) Pass through two given points? 

(c) Touch a given line at a given point? 

(d) Touch a given circle at a given point? 


OPTtOHAL ExERCISSS 

to moves that the lines which connect it with two 

ed pobts, A and B, are alwaj-s perpendicular to each other, 
what IS its locus? 

^ABC is fixed both b length and position. 

f the altitude from A equals a given Ibe segment, what is the 
locus of A1 

15. A circle of radius 1} b. rolls around a square whose side is 
2 m. Construct the locus of the center of the circle. 

16. A circle whose radius is J in. rolls on the Inside of a square 

ose side is 2 b. Construct the locus of the center of the circle. 

17. Construct the locus of the center of a circle of radius 1 in. 
which rolls around an equilateral triangle whose altitude is 2 in. 

18. What is the locus of the center of a circle of radius 1 b. that 
rolls inside a rectangle whose length is 5 b. and whose width is 2 in.7 

19. TOthb a rectangle, not a square, circles are drawn tangent 
to two sides of the rectangle. Rnd the locus of their centers. 

HoiroR Work 

20. What is the locus of the middle poml of a Ibe segment 
from a given point P and ending b the circumference of a circle, if: 

(o) P is on the circle? 

(6) P is outside the drcle? 

(c) P is inside the circle? 

(d) P is the renter of tba circle? 
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*189. ThfpntemtimhrUucloro/alinestsmentblhe 
locus ofapomt equally distant Jtom the ends of the segmerd. 
* 190. Similarly, Irom { 97 and ; 9S; 


“ "" »/ « PoidI 'H"'® 

•‘"'‘"’t /tom the sides of the angle. 


Cuss EXBBCIStS 

pointa?'^*^ ^ «]UBlly distant from two gim 

Bccting oq«ialIy distant from two intar- 

* ****^'^ ^ *“• * given straight Unef 

«- Oeaenbe the locus of a point: 

W t)utsideofag,rene<i«ibtenltriaDgloand iimfromit 

»Mt M iLI * Eiven fixed line seg 

e V4.1. , ite vertex? 

r ^ nr * P^iot inside and f in. from the boundary; 

)« «■<*« *3 2 in 

“ «.«l«il.te,l Iriaasi, ab<« ,a„ 3 

W “■■rTd.ah«,arfi„i,ia, 

W Compare th«» l„rf ^(1, H.a,a 4. 

of one inch, and^' ^ **** f*"*** of - oircle that has a radina 
\ Touches a given line? 

point? 

(d) TouchM whose radius is 2 in.? 

8. What ia tK raally a given circle whose radius is 3 in.? 

parallel lines? ^ <*nter of & circle that touches two 

circle? ^ middle point of the radius of a given 
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21. Point Pis outside OO. Wliat is the locus of the middle point 
of the chord cut off Ly ©0 od a secant through point PI 

22. "^shasePCof A4B(7isfiiedinpoaitiona2idlength. Whati* 
thelocusofpointXif:(o) ZA= 90 «;( 5 ) ZX = 60“;(c) /A=120“r 

^ P^llelogram is fiired in position and length, 
and the adjacent side has a given length. What is the locus of the 
intersection of its diagonals? 

attack, lod are used to find a point 
itot fulfila two given conditions. Construct the locus for 
tII separately, without considering the other. 

thif f ifi^i ^ of the two loci determine the pmnts 

that fulfil both conditions. 

points cquaUy distant from two 

Step 1 ^“regarding poinc C, tie locus 
of a point ^uaQy distant from A and B b 
^ perpendicular bUector DE of segment 

second locus. ' on the 
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Class Exercises 

1. Find a point equally distant from three given points. 

2. Find all points 2 in. frctm each of the given points A and B. 
flow many solutions are ttiere if: 

(o) A and fl are 3 in. apart? 

(t) A and fl are 4 in. apart? 

(c) A and B are 5 in. apart? 

3. On a given circle, find a point equally distant from; 

(а) Two given parallel lines. 

(б) Tno given intersecting lines. 

4. Find a point equally distant from two intersecting lines and 
at a given Stance from a given point. 

6. Find a point 2 in. from a given line and 4 in. from a point 
which is 1 in. from the line. 

6< Find a point 2 in. from a given line and 1 in. from a circle 
whose radius is 5 in. and whose center is 2 in. from the given line. 

7- Find all points equally distant from throe given lines. Die* 
cuss the number of solutions, if; 

(a) The lines intersect in 3 points. 

(i) Two of the lines arc parallel and the third is a trans- 
versal. 

(c) All three lines intersect in one point. 

(d) All three lines arc parallel. 

8* Find a point equally distant from 2 given points and: 

(o) Equally distant from two parallel lines. 

(h) One-half inch from a given circle. 

9. Knd all points equally distant from 2 intersecting lines and; 

(а) One inch from their intersection. 

(б) One inch from a point on one of the lines. 

(c) Equally distant from two p.vaUel lines. 

10. Find a point equally distant from: 

(a) Two intersecting lines, and on a given circle that cuts 
the lines. 
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“"“r ’'I*'"' ■»J’ tomB is, if I ten jou 
ttot It IS «« lie north side rt Tenth Staeet? It I tell you it is e« 

S-S t'Is n. " I M ynn it is both on the north 

n ty,- and the e«sl side of Atiinne MT For locatinj 

^int exactly, how many loei are needed? 
iaet w.“, t'J»nte 100 It. from a eertain tree. Does this 

If von ? ’ Draw the locus on which the treasure is. 

on “ directly east of the tree, 

Can VA„ ““ ^ this locus. 

Can lou now definitely locate the treasure? 

Important loci. 

1- lie locus of a point nt a staen distance from; 

(a) A given point is a circle having 
, ■”“* “ 'enter and the given dis- 

tance aa radius, 

») A given line ia the two lines 
PMallel to the given line and at the 
even distance from it. 

(e) A pven circle is two circles 
whose center is the center ol the given 
cwcle, and whose radu differfrom that 
oMhe given etrele by the givendis- 

<««lrom:‘“™ 

(a) TVo gven points fa the per- 
pOTicular bisector of the seemVnt 
joining the two points. 

JEj^^ecting lineg fa the 
two hues bisecting their angles. 

paraMel lines is the line 





(«) Tangent to two parallel lines, ana passing through c 
given point unequally distant from the lines. 

(J) Tangent to two lines, and touching one of them at t 
given point. 

0?) Tangent to a line, and to a given circle at a given point. 

15. Fmd all points equally distant from two circles having the 
ttme center, and at a ^ven distance from a third circle if; 

(а) The third circle intersects the other two. 

(б) The third circle is entirely outside the other t\ro. 

(c) The third circle has the common center of the other 

two. What can you say about the possibility of 
this case? 

(d) The third circle moves from the position in (c) until it 

is a great distance from the other two circles. 

Homor Work 

16. Find the center of a circle whose radius is } in., if it is tangent 
to a given straight line and to a given circle. Discuss the number 
of solutions if the line; 

(а) Passes through the center of the circle. 

(б) Cuts the circle. 

(c) Is tangent to the circle. 

(d) Is entirely outside the circle but less than J in. from it. 

(e) Is more than } in. from the circle. 

17. Find the center of a circle whose radius is { in., if it is tangent 
to two given circles of radii 3 in. and 4 in. respectively. Discuss the 
solution for the different positions of the circles. 

18. Find the center of a circle which touches a gi\'cn straight line 
't a given point and touches o given circle. 

18. Find the center of a circle which touches two intersecting 
dues and passes through a point on their angle bisector. 

Applied Problems 

20. Two enemy forts arc at A and B, 20 mi. apart. A column 
•of^advancing troops must pass between the forts, but desires to 
as far as possible from each fort while doing so. Construct 
the line of march. 
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{&) Two intcrscctiDg lines, and also equally distant Irca 
two gi\-en points. 

(c) Two ginn points, and a giwn distance from a p'wn 

line. 

(d) Two intersecting lines, and also equally distant freo 

two other intersecting lines. 

IL Construct a circle having a given radius and tangent tot 

(a) A pven line, and passing through a pren point 

(b) Tao given intersecting lines. 

(c) A given circle, and to a given line outside the circlc- 
(tf) A pven circle, and a given line that intersects the rirclc- 
(«) Two given circles external to each other. 

(/) Two given inteneetiog circles. 

(ff) A pven circle, and passing through a pven point. 

12. Show bow to find the center of a pven ciKle. 

OmotiAi. Ezebcisss 

11 Find all points equally distant from two giwn lines and a 
pven ttistancc from a third line. Discuss the solutions if: 

(a) Tlie lines intersect in throe poirU 
(5) The first two lines arc parallel and the thJrd is a 
>cr^. 

(c) T!)c first two lines intersect and the third is ranhrl t'* 
one of them. 

(<f) AH three lines interroct in one point. 

(r) All tij-re lines are parallel. 

^ 11. Coa'trurt a circle: 

ioii.^iS ifte^ Haling iu center on a given line, and pawng throi-^ 

point* on the same side of the line, hut ureq 

it- , 

DCS hi.s'n, rough a pvcE poiot, and t.angecl to a given 
(r) Two pi “'’Other given point. . „ 

iwrallel to to twosidmof a triangle, and havingits^ 

^•‘tween them. third tide. 

Tiroiigh a gii-cn penat, and tangent to » 
at anotlwr pren poinL 



.-issiDg through c 
the lines. 

>ne of them at 9 

•it a given point, 
cles having the 
rcle if; 

ther two. 
r of the other 
possibility of 

in (e) until it 
ifcles. 


it is tangent 
the number 


n. from it. 

is tangent 
iscuss the 

, y, aight line 

■ & gi^ui < 

of a circle wl ea two intersecting 

’> »• point on tlicir angle bisector. 

. •> Pbobuus 

at A and B, 20 mi. apart. A rolumn 
’ »nccn the forts, but desires to 
_-^fort •while doing »o. Coastnjct 
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(J>) Two intersecting lines, and also equally distant from 
two given poinfa. 

siwn points, and a gi^-en distance from a given 

(i) Two mtenecling line,, „d »Iso equ.Uy distont tom 
two other intersecting lines, 
u. Contort, circle ho™, . gi„„ 

fh\ P^“R through a given point. 

(6) T^ o given intersecting lines. 

circle, and to a given line outside the circle. 

M ‘^iccle, and a given line that intersects the circle. 

} f{ i. erternal to each other. 

y) Two given mtersocting circles. 

P^iag through a given point. 

12. Stow howtofind the center ofa^von circle. 

OpnOHAl Bxsrcisss 

B’veti disUnSto^'’ S'? '"‘'J?' ' 

M T, , ““"silheBotuUoimiti 

^ *»o line, „d the third fa . timts- 

Cr) drat twh line, intersect and the third fa parnllel to 
one of them. 

(d) All three lines in* : 

(e) All !• *** one pomt. 

W AH three lines are-J^rallel. 

14. Construct a circle: 

pmaeufi? m • own line, mtd possing through 

jommg th- dist^tfro^^i*^" suneaide of the line, but unequally 

two ii^l'^Sr'‘j;.rn°5S.'’ 

(c) Two olfthe 
parallel to trhrouch • . 

between thm at aSothefeSn*^!"'* to a given erde 



THE CIRCLE 


(e) Tangent to two parallel lines, ana passing through c 
given point unequally distant from the lines. 

(/) Tangent to two lines, and touching one of them at a 
given point. 

(р) Tangent to a line, and to a given circle at a given point. 

16. Find all points equally distant from two circles having the 

*ame center, and at a given distance from a third circle if: 

(а) The third circle intersects the other two. 

(б) The third circle is entirely outside the other two. 

(с) The third circle has the common center of the other 

two. What can you say about the possibility of 
this case? 

(d) The third circle moves from the position in (c) until it 
is a great distance from the other two circles. 

Honor Wort 

16. Find the center of a circle whose radius is i in., if it is tangent 
lo » given straight line and to a pven circle. Discuss the number 
of solutions if the line: 

(а) Passes through the center of the circle. 

(б) Cuts the circle. 

(c) Is tangent to the circle. 

(d) Is entirely outside the circle but less than j in. from it. 

(e) Is more than | in. from the circle. 

17. Find the center of a circle whose radius is f in., if it is tangent 
to two given circles of radii 3 in. and 4 in. rcspoctivoly. Discuss the 
solution for the different positions of the circles. 

18. Find the center of a circle which touches a git'en straight line 
't a given point and touches a given circle. 

19. Find the center of a circle which touches two intersecting 
dnes and passes through a point on their angle bisector. 

Afpuep Pboslems 

20. Two enemy forts arc at A and R, 20 mi. apart. A «luma 
of advancing troops must pass between the forts, but desires to 
keep as far as possible from cai* fort while doing so. Constnict 
the line of march. 
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21. In a ^acant lot bcttrecn two streets which meet at an acute 
Mgle some boys wish to lay out a base- 
baU dnunond, so that home plate will be 
^ually distant from the two streets and 
90 y^ from a large building which 
^nds between the streets. Show how 
to locate the plate on a plan of the 
grounds. 

t«^h^ “i “ straight fence. A man, dying, 

from treasure 20 ft. from tlie fence and 60 ft. 

^*‘te all the points where the son should dig. 

“d Robert. 100 mi. apart, 
a loon aerLil^'fi <iesi« to locate the sender. John, with 

who has an n»» -A direction to Robert’s. Robert, 

<™., hi, 

sru*uo“.' 

‘^ unequally disUnt from the 
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Space Geometry ( Oplional ) 

1 . What is the locua of a point in your classroom: 

(o) Three feet above the floor? 

(6) Four feet from the front wall? 

(c) Both 3 ft. above the floor and 4 ft. from the front wall? 

(d) Two feet from the right hand wall? 

(e) Three feet above the floor, 4 fL from the front wall and 

2 ft. from the right hand wall? 

2. What is the locus in space of a point: 

(а) Equally distant from two pven points? 

(б) Three inches from a given point? 

(c) One-half inch from a given plane? 

(d) One inch from a given straight line? 

(e) Two inches outside a given sphere? 

(/) Equally distant from two gi^^n parallel planes? 

(ff) Equally distant from two given intersecting planes? 

3. What is the locus of a straight line: 

(a) Perpendicular to a tpven line at a pven point on the line? 
(fi) Parallel to a given plane and passing through an outsids 
point? 

(c) Intersecting two given parallel lines? 

4 . What is the locus of the center of a sphere: 

(a) Passing through two given points? 

(t) Touching two inteisecling planes? 

(c) Touching a plane at a given point? 

(d) Touching s given sphere at a given point? 

6. What is the locus of the center of a sphere haringa given radlu^ 
and: 

(o) Passing through a given point? 

(b) Touchmg a given j^eT 

(c) Touching a given line? 

(d) Touching a given sphere externally? 

(<) Touching a given plane along a given line in the plane? 
if) Touching a &ven s^cre along a pvtn tiitlc on tU 
sphere? 



1. A central angle is measured by its arc {§ 162). 

2. An inscribed angle is measured by one-half its arc 
(1 1G5). 

3. An angle formed by a tangent and a chord is measured 
by one-half its arc (§ 170). 

4. An angle, inside the circle, formed by two chords is 
measured by one-half the sum of the opposite intercepted 
arcs (§ 171). 

5. An angle inscribed in a semicircle is a richt angle 
(5 166). 


Review Eurcisrs; Honor Work 

1. If equal distances AC and BD are taken on chord AB, and 
^i^ndiciJara EC and FD are erected to meet the circle at Hand 
r , then ABFE is an isosceles trapeioid. 




Ex. 4. 


nro™ Jh ^ ™ it" ‘“eent! to 00 , ond , 1 D fc > diameter, 
prove that AB is parallel to OP. 

m,™ LI'S!" “ » ‘•'■seot, and OP parallel to rlO, 

prove that PD is a tangent. 

FmdthJwrr"' IrianEle are 42. 50, and 56. 

find the ens!»^.e=,Vbe vert™, to th. point, of tangeney. 

^IrtD-i, BB.A then CF-AC-x, CB-CT-p.) 

^“^nis^bed about a circle is double the square 
“senoeq m the same circle. 

8 circumscribed about OO. Prove 


— V. uie same circl 
*• Quadrilateral riBC. 


that til. ABCSi IS circumscribed about G 

* «uia of a:A0B anlk^COD is a straight angle. 
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7. Tho side of an equilateral triangle circumscribed about a 
circle is twice the side of an equilateral triangle inscribed in the 
same circle. 

8. If the sura of two opposite angles of a quadrilateral is two 
right angles, the quadrilateral can be inscribed in a circle. 

9. If exterior equals ZRHD,showthat ZBAC— ABDC. 

(Show that ABCD can bo inscribed in a circle.) 

10. In quadrilateral ABCD, if ADAC^ ADBC. prove that 
CDAB and ADCB are supplementary. 



&X8. e, to. Ex. II. 


11. Two circles are tangent Internally at A, and chord BD of the 
largeristangenttothesmalleratC. ProvelhatC/1 bisects Z.BAD. 

12. The perpendicular bisector of one of two parallel chords 


bisects the other. 

13. To construct a tangent to QACD from point P, draw OPBE 
with 0 as center and OP as radius. Iben construct ABlAP, and 
line BC through 0. Prove that PC is 
the required tangent. 

14. Construct a circle tangent to 
three equal circles. 

16. If AB and CD are drawn through 
tho points of intersection, E and F, 
of ® (7 and H, then AC D BD. 

16. If DAB is a tangent throu^ / 
vertex A of inscribed AABC, prove ! 
that the three angles at A equal respec- ' 
tively the three angles of the triangle. 

17. If OA= OC and AB=BC, prove that DE=Fa. 
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18. Inscribe a circle whose radius is 1 in. in a semicircle whose 
radius is 3 in. 

• the circle on BC as a diameter cuts AB and AC 

m D and E respeeti^-ely. Prove that BE and 
CD are altitudes of AABC. 

20. If are AB equals 60“, find the sum o{ ZE 
and ZC. 

21. The altitude of an equilateral triangle 
13 three times the radius of its inscribed circle. 

^ divided into fiw arcs, so that each arc, be^ning 
t>i<v 1 than that just preceding it. Find all 

diagonal^ i^cribed polygon and the angles formed by the 

^8ht triangles Inscribed In equal circles are congruent, if a 

leg of one equaU a leg of the other. 

Ae!!fil inscribed in equal circles are congruent, if an 

acute angle of one equals an acute angle of the other. 

throiiffi.*. j middle point of a chord which paa** 

““ough a fixed point on the circle. 

middle point of a chord which passes 
“Tough a fixed point inside the circle. 

perimeter'*^^'^^ isosceles triangle, gii-en a base angle and thi 

snce of the ® triangle equals the diffcr- 

the ‘fa- *faW ride made byk ^int of contact 

(»Twndicil^ from'tle inscr^ quadrilateral are eqiul, 
two Bides, produced thrir included angle on the other 

1 in 
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PROPORTION; SIMILAR FIGURES 

196. A ratio is the quotient obtained when one quantity 
is divided by another of the same kind. 

A ratio may be expressed ns a common fraction, for example, 
the ratio of 30 to 75 is 4^ or 

197. A proportion is a statement that two ratios are equal. 

A proportion is written a : b^c : d, or ^ ® 

6 as e ia to d." The terms of the proportion are the four quantities 
0, 5, e, and d. The first and fourth terms, a and d, are called the 
extremes, and the second and third terms, b and c, are called the 
means. 

Although it is necessary that the terms of a ratio oe expressed in 
the same unit, it is not neces«ary that the four terms of a proportion 
be of the same kind. For example, if an iron rod 6 in. long weig^ 
2 lbs., and one 9 in. long weighs 3 lbs., we cannot express as a ratio 

6 in. : 2 lbs., but we can say than I" 

' 9 in. 3 lbs. 

most common use of proportion throughout science. Similarly, 
the terms of one ratio of a proportion may be expressed in inches 
and of the other in feet or miles. The ratio itself is not expressed 
in terms of any unit but is an abstract number. For example, the 

Gin. . 2 ,2. 

ratio 13 not - lu- 

9 in. 3 3 

198. A fourth proportional is the fourth term, d, in the 
proportion. 


S3S 
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“ 1!'°, ’’ "'“‘J to «“'> 

either is called a mean proportional. 

U Ihc praportion S- ‘ t i, p„p„rti„„^ 

TH£0R£US oh Phoportiok 

JZ, ProdM ./ tt. ,Tlrem» ,^1, Ih, 

proauct of the meana. ^ 

j j y hypothesis. ^^uIliptyjof' by the common denominator, 
W. ad«fee is obtained (Ax 5), 

SQuare Proportional belaeen two numhera ia the 

equare root of their product. 

p- by hj-poth«i3. Tlicn J.-oe (200), and 6- V^. 

three corre^!^-^'^ proportion riTual rcspec(irc/j/ tAe 

h ^"““^J'hJTMthcsis. Then ar = fcc and oy=&r (S200). 

<tt=oy (As. 1), and 

two others ^ ‘>/ two quantuies equals the product of 

‘“-M by hyp, Dividbgb,„p,*5.a „ ‘-’(Ax. 6). 

204 r« wp mp' pm'' 

JmJ ^ 

6“d hjTj^heais. Adding i, “+j ,„£^j or— « — 

. , X\. . . h d ' A “ d 


^As. 3). AIao2±^t!^ 



r> i 1*111.^ ly 


Class Exercises 


1. Find a fourth proportional to 2, 3, and 4; to 5, 8, and llj 
to 2.4, C, and 8.3. 

2. Find the mean proportional betyreen 3 and 12; between 
2 and 4; between 1.8 and 3.2. 

3. If z*='\/ab, write a proportion in terms of x, a, and b. 

4. H x=\/l2ab, nrite a proportion beginning with 3a. 

6. If x=\^, write a proportion in terms of x and numbers. 

6. If ff=gh, write eight proportions in terms of these letters. 

7. If l:> = mn, write three proportions in terms of these letters 

8. Determine whether the fotlowing proportions are true: 


9. 'W’rite the proportions in exercise 8 by addition. 
10. Find the value of * in the following proportions: 


, , 3 5 
Co) --T 


(a) j- 

* 8 

X 7 



, . x+2 5 

<i,f. 

,, 3 8 

"> r; 



II. Find if 2i 

*3i/; if 5r=p. 



12. a and find i and y. 
3^36 


13. If AB=8, BC=^4, AE^iO, and 
SD=:5, are the lines AC and AD di- 
vided into proportional segments at B 
and£? 



U. If AB=6, B(7=4, AE=-8, and 
U»e lines AC and AD are divided into proportional segments at 
B and E, find ED. 
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jg ^ ^ ^ ^ 

DC^ ED ^ and substitute single lines fm 

the sums of lines. 

sides 0 / AA'n^ ^ proportional respectively to the 

??and a'?b' -d B'C'U, fnd 


EH and u'p'iMail. ptoporliooal betwMn 


EP and fifd Eo"”' ““n proportional bolwM 


OaOMitaio Kaasomno Armap to Im Srrrratioaa 


'"n 

Whatis 

n day, and Wiml 7 ""* ^ «“■ raWot ">''=«! 

22. A mir.:., • ^ ahould they divide the money? 

material in the ra'tio^”* 8 *^ *'*"* contains lead and waste 

of theore? ' wnihegetfrom38501bs. 


and 4 c. of'We^'^'* ^ f™it juice, 2 c. of sugar, 

“ake 4 lbs. cd^ cream? pounds of each will be needed to 


accepted raeasored Iqr comparing it with some 

mean that it iriiphTV**^ 

>t IS ^ght times aa long as a unit of length 
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called the foot. The number, eight, is the nmnerical mea- 
sure of the line, when the foot is the unit. 

To find the number of times one line is contained in another, it 
is necessary to divide one by the other. If line AB is 238 in. long 
and line CD is 42 in, long, the ratio of AB to CD is obtained by 

dividing 233 by 42, and is written 

42 

We have already measured angles and arcs, using a unit called 
the degree, in each case, as the measure. 

Two quantities of the same kind may or may not have a common 
unit which is contained in each a whole number of times. The 
lengths 8 yds. 2 ft., and 0 yds. 1 ft. have a common unit, the foot, 
which is contained in them 26 and 19 times respectively. But the 
lengths 5 in. and \/3 in. have no such common unit. Anj’ unit 
which is contained in one of them a whole number of times is not 
contained a whole number of times in the other. 

206. Two quantities of the same kind are commensurable 
if there is a common unit of measure which is contained in 
each of them a whole number of times. They are incom- 
mensurable if no such common unit of measure exists. 

In this book, we prove propositions for the commensurable case 
Only, and assume that they also hold when the quantities are 
incommensurable. The latter can be proved from the former by a 
method known as the method of limi ts. 

207, The ratio of two geomelric quatiiilies of the same kind 
is the ratio of their numerical measures. 

Similarly, the product of two geometric quantities, as two lines, 
is the product of their numerical measures. 


Investigation Problem- In the figime, BE !| CD. Measure 
AB and BC and find their ratio. Simi- A. 
larly find the ratio of AE to ED. State 

your conclusion as a proposition. If b4 

AB=2BC, does AE^2ED7 Draw \ 

& line parallel to CD bisectii^ AB. ^ 

Compare AE and ED, if if AB=2JBC. 
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Propositioit 1 


203. A line pereUel to cne side of a Iriangle 
other two sides mto proporlionot segments. 


divides the 



Given; lA/lBCI: DE 1 BO. 


To prove: - — = 
DB 


EC 


STATl:lIE^•X3 

A.D m 

- _ Di}“n 

^ ■ Through the poiute di™i„„^ d„„ 

“1 i«>« » pet. 


Reason's 
1. 1207. 


2. §77. 

3. § 114- 


4. 2 

£C°“n* 

s. 

' T>B EC' 


\ 


j 4. §207. 
5. Ax. 2. 
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209. Two lines aro divided proportionally, when one line 
is to one of its segments as the other line is to its correspond- 
ing segment. 

210. Corollary 1. A line parallel to one side of a triangle 
divides the other two sides proportionally. 

— =— (§20S), 

Da EC * ' 


AD-irDB AE-\-EC 


(§2W), 


AD^ AE 


211. Corollary 2. Parallel lines cut off ^roj5or//ona/ 
segments on two transversals. 

Craw D// 11 AC. 

Then 



V ■ 


J g\e 

4 

' J\r 

1 

\ 


BC^EF 

InvestigaUon Problem. State the converse of Proposition 1. 
Do you think that it is true? Try to draw a triangle in which 
two sides are divided proportionally by a line which is not parallel 
to the third side. What is your conclusion? 

If DH were drawn parallel to BC (in the figure for 
1), and if it cuts AC at H, what must you prove about DH ana 
DE7 What ratio does ^ equal? Why? What ratio does ^ 
equal? Can you compare the length of All with that of A5? 
How many terms of one of your proportions equal coiresponding 
terms of your other proportion? Why does DII coincide with 
DE? 



'<40 
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PROMsrnon 2 

^ f^imdes two sides of a triangle piopOT* 

Uonally IS parallel to the third side. 



GI«a: (aADC, D„„aB.Eoti AQ- 
. " /ID AE 


To proTej DE U DC. 
Proof; Stateiiests 

1. Construct DF H DC. 

“■ ad^’ab' 

3 

' ad'^af' 

4. AB^’AF. 

5. Point F is on point E, 

6. DF coincides with DE 

7. DE II DC. 


RtiiBOsi 

1. 577. 

2. Ilyp. 

3. 5210, 

4. 5202. 

5. AE-=AF. 

6. §4. 

7. DE coincides with DF 
which is parallel to BC. 


\ SXKKCISES 

la the figureVor Propositioa I. 

and E£7= 8, h DEjBCJ 

3- If i)E[lB{^AD=7, DB=. 9, and AE-=1I, find £*£7. 
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8. If BE II BC, AD=‘Z, DB‘‘ 4, and AC=15, find AE. 

4. BE II BC, AB=7 in., and the unit of measure is 1 in. How 
long is the unit of measure of AE and EC, if A.C=14 in.7 If 
^Cr=21 cm.7 

6. liBE\\BC, AB=‘BB, and AC^17, find AE. 

6. 1{AB‘^AE, i)B=9, and BElBC,&nA EC. 

7. IfHHIIRC, AD = o, Z)R«=6, and AE=c, find EC. 

8. Prove that Section 210 is still true, if BE meets BA and CA 
produced through A. 

9. Prove Section 211 by drawing DC instead of DH. 

10. If the ratio ~ changes, BE remaining parallel to BC, must 

DB ^ 

the ratio " necessarily change? If ^ increases, how does — 
change? 

11. If BE moves toward A but remains parallel to BC, what 
Chang, tatopko. in thenlio^? In^! Dr*, the proportion 
continue true for all positions of BEJ 

AE 

12. If — can you tellthevalueof A£? OfDC? 

IS. AC rotates around point A but change its length so that 
C travels along the fixed line BC. If 


of point El 

Investigation Problem. Can 
point F on the segment BE, so that 

What method of proving lines 
you learned? MTiat, then, must be the re^Uon 

of the lines DD and Cn Can you construct Cf / 

R tWlinrs^gments n, b, and c are given, construct 
ISO tbatr=-:- 



'sgment 
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Proposition 3 

213. A /ourffi profiortionat to fftree fffven itne sepmenis 
can be consiructorf. 



Glvea: Three line segmcDts a, b, and c. 
To prove: * caa be constructed so that ^ 
Construction; Stateuints 

1. On DC, take Z)F-a and FK-b. 

2. On any line DJ throuRh D, Uke DG equal to e. 

3. Draw FG. 

4. Draw KIl f| FG. 

Then GH -x. 

Proof: 

1. KH n FG. 


HsAao.v3 

1. Post. 8. 

2. Post.3. 

3. Postl. 

4. 577. 

1. Const. 

2. §208. 

PraMeaa Diride . jivea to sesa,c.t AB to 
e,ml p«,. F„d ih„, Htto CD 

IfT.i'f ° !”'*> “ 'k" "Xio "I 3 3- 

np ■ . WO given segments, can you now divide a segment 

tffmto partem the ratio of a to M Prove your construction. 

, and\c are three given line segments, divide a segment 
in o parts iB the ratio a :b:e. Prove that your construction 
« correct. \ 
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Propositiott 4 

214. A line segment can he divided into parts propor- 
tional to two given segments. 



Given: Line s^^ments AB, a, and b. 

To prove: A B can be divided into BCg- 
ments proportional to a and b. 


Constructions Stateuents 

1. Draw AC to any point not on AD. 

2. On AC, take AD~a and DE^h. 

3. Draw ED. 

4. Draw DG jl EB. 

Then AG and GB are the required Begments. 
Proof: 

1. DG !1 EB. 


Rsaboks 

1. Post.l 

2. Post. 3 
8. Post. 1. 
4. 577. 


1 . Const. 

2. 5 20S. 


, h, and c .re Ihreo pve» Ite Bcpn.nH. roralroct i: 


.. 2<*i 

6. Ifx— — . 

3c 



m 


GEOMETRY 


T.^njtniet a fourth proportional to o, b, and e: then a fourth 
proportions to a. c, and b. How do these two fourth proportionals 
eomparo m length? 


8. Ilnlarcc a eivra Irhnsic «o that a sicla ot lha cnlarjad Iri- 
anglo 13 to a side of the giv-cn Inanglo as 5 : i. 

9. Dmde a line segment into parts in tlie ratio 1 : 2 ; 3. 


10. CoMtracl aad v, i( „ 

given line segments. ^ ^ 

iwrpemlicuhr 

to All, show tLat the ratios 

d£' 

^Ci’ .ICi’ ’ ' ‘ ■®'^*^*>**- ^ 
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216. Similnr polygons 
angles are equal and 
whose corresponding 
Bides are proportional. 

ABCDE'-s^A'D'C'D't:', ^ 

if 


• • • , and 
BC ^ CD 
B’C’^C’D’"' 


AB 

A'B'” 


arc polygons whose corresponding 



^ •“ pTOportiounl, but are not 

similar b*eauso their corresponding angj« are not equal; 1 and 3 



hut are nota milar , because their correspond- 
ing sides are not proportional. 
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Investigation Problem. Draw a triangle having angles equal 
respectively to ZA&nd ZB. Does it appear to be the same shape 
as AABC? Do you think th^ are similar? ^ 

Try to draw a triangle having two angles As. 

equal respectively to ZA and ZB which j 
does not appear to be similar to AABC. j 
What is your conclusion? What parts of your ^ C 

AA'B'C' are known to be equal to the cor- . ■ « 

responding parts of AABC? How are polygons proved simiiar? 
Can you prove ZC equal to AC? What must still be proved in 
order to prove aA^B'C' rimilar to AABC? WTiat ^ 
method of proving lines proportional have jnu 

learned? Could you place AA'B'C' in such a position L 

that B'C' would be parallel to BC? IVhat sides 

are then proportional? How must AA'BC be pac o pro\e 

BK BG^ 

B'A'”b'C'^ 

Can you prove right triangles similar if you 
acute angle of one of them equals an acute angle of the other? 
Does the ratio of the sides of a right triangle depend on one 
acute angle? , 

Investigation Problem. Draw a AA'B'^ having A A «iua o 

ZA, AV one-thiri M long «3 AB, .»<1 -1'^ “ XL”? 

AC. mat conolnsion about A4'B'C" and .TJ 

Make another triangle in which AA' ^ f vSv ^ 

A'B’ and A'C' are twice as long as AB and AC respectnely. Is 
this triangle similar to AABC? If state ^ 
your conclusion as a proposition. In /\v 

to prove AA'B'C' simdar to ZliABC, what / 
method seems the most reasonable? 1 ovr j 
many angles of one trian^e arc knorm io jf C 

be equal to angles of the other? .nualled AB? 

prove these triangles similar if you knew 

U AA'B'C were placed on AABC, aa sho^ Jn'/tTc' 
tanat bo kno™ aW B'C nnd BC in orfer to P™" 
oqual to .1 B1 Can yon prove J, ^„b,o„,a. look 

hj7>otlicsis help you? If S^ou stiU cann 
at T'rrposilions 5 and 6. 
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7. Construct a fourth proportional to a, b, and c; then a fourth 
^po lona to a, c, and 6. How do these two fourth proportionals 
wmpare in length? 

8. Enlarge a gi\-en triangle so that a side of the enlarged tri- 
angle is te a side of the given triangle as 5 : 4. 

9. Dinde a line segment into parts in the ratio 1:2:3. 

10. Construct and y, if x+y=a and ~=<^, where a, 6, and c are 
given line segments. ^ ^ 

^"’^'+ 1 ^’^’' ■ ■ ■ Perpendicular 
to AB, show that the ratios 

d£> AB, 

AC,' 


Similar Polyoors 

whose corresponding 
Bides are proportional. 
ABCDE'^A’B'C'D'E' 
if ^A=^Z.A', ZB=.’ 

, AB 


A'B' 



, and * 

BC CD 
B'C' C'D' 

aimilar^°pai^ proportional, but are not 

similar b.cause their corresponding angles are not equal; 1 and 3 


CD 


D 


ine sidM because their correspond- 

sides are not proportional. 
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Livestigation Problem. Draw a triangle having angles equal 
respectively to ZAand ZB. Does it appear to be the same shape 
as AABC? Do you think they are similar? 

Trj' to draw a triangle having two angles 
equal respectively to ZA and ZB which 
does not appear to be simitar to AABC. 

What is your conclusion? What parts of your 
hA'B'C are known to be equal to the cor- 
responding parts of A4BC? How are polygons proved similar? 
Can you prove Z C equal to ZC? What must still be proved in 
order to prove ZlA'B’C' similar to AABC? What 
method of proving lines proportional have you 

learned? Could you place AA'B'C in such a position / 

that B'C would be paraDel to BC7 *. nrnvp 

are then proportional? How must Ad B C be p a p 
Bd BC ^ 

prove risht triangles similar il you ””f 

r/'L'” etng » ..ajC I. 

this triangle similar to AdBCT , ’ _j„ 
your conclusion as a proposi j 

to prove AA'B'C' similar (o AdBC, wl^ 
method seems the most 
many angles of one 

be equal to ^ jf j-ou knew that ZB' equalled ZB7 

prove these ^ ^pc. as shown in the figure, what 

-If A.I'B'C' wvre xfc in order to prove ZAB’C 

must be known - ^Vill any part of the 

equal to ^ B? yw >' problems, look 

hypothesis help j-our n ^ 
at prrp<'*ition3 5 and 6. 
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US 


psoPOsmoiT 5 

* 216. Two triangles are ainji/ar, if two angles of one 
equal respectively two angles of the other. 



Girsa: (4.ASC and A'B'Cl; d d- d d' and ^ B- ^ S'- 
ToproTftt AABC'^£i.A'B'C'. 


Proof: Statements 

1. Place AA'B’C od ^ABC, so that 
A' ia on A, and A'B' falls on AB. 

2. Then A'C ia on AC. 

3. 

4. B'C II BC. 

6 . ZC^Zy^^ZC. 

AB AC 
AB' AC' ” A'B' A'C' 

7. Similarly, fay placing S' on B, 


JtSASOKS 

1 . Ax. 10. 

2. by hyp- 

3. Hyp. 

4. 5 74. 

5. § SO. 

6 . 1 210 . 

7. Reasons 1 to 6. 



8. Ax. 2. 

1 9. §215. 

217. Corouir]^!. Bight trianglei are similar, if an aeuh 
an acute angle of the other. 
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218. Corollary 2. Triangles stJnt'Zar to the same triangle 
are similar to each other. 

219. Corollary 3. Jn similar triangles, corresponding alti- 
tudes are to each other as corresponding sides. 


PROPOSITIOR 6 

* 220. Two Mangles are simitar, if an angle of one equals 
an angle of the other and the including sides are proportional. 



Given; [d.ABC&adA'S'C'h d.A‘^^A',and~^,'=>-^/ 
To prove: AABCr-^'AA'B'C. " ^ ^ 


Trools STATEltENie 

1. Place AA'S'C' on AABC, bo that 
A' is on A, and A’B' falls on AB. 

2. Then A'C is on AC, 

3 A2. ilR AC 

A'B'’"a'C'' AB’^^AC' 

4. B'c [| Bc. ; 

5. ZB^Ax=AB'. I 


Reasons 

1. Ax. 10. 

2. ZA'“ /A by hyp. 

3. Hyp. 

4. 5212. 

5. 5 SO 


6. ZA=ZA'. I <5- IfJT- 

7. AARC/^AA'Il'C'. j7. §210. 


221. Corollary. A line Wsecftnflr two sides of o triangle is 
parallel to the third side and equal to half the third ride. 





LOOKING UP INTO A BROADCASTING TOWER 

This picture is a very striking illustration of the use of 
similar triangles. As you look up into the tower, you will 
notice that the triangles nearer the pointed top have shorter 
sides than those farther down, but have the same shape. 
The triangle is used in this construction because, as you 
have already learned, it is the most rigid polygon and 
gives the greatest strength. 

This, however, is not the most important use of similar 
triangles. They are so valuable in engineering, astronomy, 
and soiveying that much of that work would be difficult or 
impossible without them. Triangles can be shown to be 
similar by measuring angles only. And remember that 
angles are often more easily measured than lines. Then the 
sides of a triangle, extending all the way to a star, can be 
imputed, because those sides have the same ratio as 
those of any smaller similar triangle that is entirely within 
our reach and can be measured. This makes it possible to 
determine long distances, or dislarsces to inaccessible 
points, by measuring lines conveniently short. 

Still other illustrations of similar figures are plans of build- 
ings or machines, pictures of objecb and enlargements of 
them, and maps of cities, stales, or countries. 


Pholesraph from Philip D. G«ndreiu, N. Y. 
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Ezercisss 

1. Equilateral triangles are simBar. 

2. Are AKLil and PQR Rimilar if; 

(а) ZL=73*, ZQ=73*, and ZX=86''? 

(б) ^^^=67*. ZL=54", ZQ-54'»,aDd Zi?=59®? 

3. Are AEFG and E'F'G' aimilAr if ZE' and: 

(а) EF=12, EO=15, E'G' 

=7i, and £'^*=6? 

(б) EF=0, £G<= 12, £'C'=9, 

and £'F'=67 

4. If ZC b a It. Z and DExBB, 
then AADE'-^AABC. 

6. IfABal2, AC«=8.A2)-9,and 
AE’^t, are AABC and ADE similar? 

Provo TOUT answer. 

.nl; " and ^£-81", are AdSO and 

ADE similar? Provo your answer. 

7. Are all isosceles triangles 
rimilar? Explain. 

8. Jl/AT b the common internal 
tangent to ® 0 and P. Then 
AOMR'^APXR. 

9. Make up and prove a eimilar exercbe in which MN b a 
common external tangent and meets OP produced. 

10. Is it posable for two trian^es ABC and DEF to be eimilar if: 

(а) ZA=S7‘’ and ZE=94®? Explain. 

(б) ZA=>71*, ZR=52* ZD=.71*, and ZF=85*7 

•t ^ y«* think that triangles are similar 

u their cofF^i^ding gidea are proportional? Can you place one 
\ v’hy not? Can you construct a new triangle on 

the brger havingVwo sides equal to aides of the smaller? Are the 
. , “ aides then equal? What proportions involve these third 
'idea? 
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Proposition 7 

* 222. Two triangles are similar, if the three sides of one 
ate respectively proportional to the three sides of (he other 



Given: [AAflC and Avlm-J, 

To prove: AABC'^AA'B'C'. 


Proof: Stateuentb 

Reason’s 

1. Oa AB, take AD^A'B" and on 

1. Post. 3. 

AE-*A'C'. 


2. Draw DE. 

2. Pest. S. 

3. InAARCand ADF, I'A-ZA. 

3. iden. 

AC^AB 

4. Hy’p. 

A'C'^A'B’' 


AC^AB 

5. Ax. 1. 

AE^^AD' 


6. AABC'^AADE. 

C. |220. 

AB^BC 

7. S215. 

AD^DE' 


S. Hyp. 

A'B- B'C 


9. In AADE and A'B'C, DB^B'C. 

9. §202. 

10. AD^ A'B' and AE’^A'C'. 

10. Const. 

JL AADESAA'B'Cr. 

11. 557. 

12. AABC^AA'B'C. i 

12. Subfit. 
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Class Exercises 

^ L In /\ABC and A^l'E-C*, ^B=d, AC=12, BC=16, 
d'C'=8, andB'C'=12. Are the triangles similar? IVTiy? 

2. AABC~Ayl'B'C'. AB=10, BC=8, AC=9, A'B'=15; 
find B'C and A'C. 

3. The sides of a polj-gon arc 4, 6, 5, 9, and 2. The side of a 
similar polygon corrcspondbg to 4 is 12. Find its other 
aides. 


4. A tower casts a shadow 160 ft long when a vertical 12-ft 
pole casts a shadow 8 ft. long. How high is the tower? 

6. A man 6 ft. in height, standing 15 ft. from a lamppost, 
obscrvTs that his shadow cast by the light is 5 ft. in length. How 
fijgh 13 the light? 

6. The sides of a triangle are S. 7, and D; if the side of s 
iimilar tnanglo corresponding to 7 is 10, find the other two 


^’Z)XBI>, find AB, F_ ,£> 

^^"20ft.,and2)F=50ft 

8. ■rae base of a trian^e is 20 ft: the |\ 

other sides aro 16 ft and 10 ft AlineparaUel \ 

to the base cuts off 2 ft from the lower end ■®‘ 

r/ «>de. Find (he segments of the other side, and the 

length of the hne paniUel to the base. 

« li!il ^ >2 in. respecti^-ely. If 

J1 r ^ -^“ds in the other two 

sides, find the segments into which it dindes them. 

• I?' ® *"• “'’d 8 in., and the legs are 

1. ana o in HpSy far must each of the legs be produced that 
apoint? 

Investigatioa circle^ whose 

Itt their correspond ^pecthely, 

\,he olhert 'Wj?! ‘7 »'■« 

h.™g S' »' “"im 4 

then • internal tangent. ^ 

find AC. 
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13. There will be a total eclipse of the sun, S, whenever a part of 
the earth, E, is within the shadow, BCD, of the moon. If SC= 
93,000,000 mi., the 
radius of the sun is 
413,000 mi., and the 
radius of the moon 
is 1,0S0 mi., what is 
the greatest possible 
distance of the moon, 

M, from the surface of the earth, at which a total eclipse is possible? 

Method of attack. To ptote triangles similar, show that 
two angles of one equal two angles of the other; or, that an 
angle of one equals an angle of (he other and the including 
sides are proportional. 

14. Two isosceles triangles are similar, if the vertex angle of one 
equals the vertex angle of the other. 

18. Two bosceles triangles are similar, if a base angle of one 
equals a base angle of the other. 

16. If two chords AB and CD intersect at E, 

17. Prove that 

18. In AKLM, N01.KL and M is a right angle, prove that 
AA’A'0~A/vL;1/. 




Ex. 17. Ex. IB. Ex. 20. 


19. Tlie altitude on the hyiwtcnuse of a right triangle cuts the 
triangle into two similar triangles. 

20. If A B is a diameter, and BC a tangent, prore tliat 

21. If one cf two similar trianirles is isosceles, the other w also 
isosceles. 

22. If the diagonals of a quadrilateral divide each other into 
Droportionnl segments, the qu^rilateral has two sides parallel. 
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Cuss Ezsscises 

1. la AABC and AA'itC, Atl-O, AC-\2. il'fi'-S 

A C 8, and B'C - 1 2. Are the CrianglM giinihr? ^\'h j-? 

B ifC-S. AC~0, A'lfmn; 

find if C' and A’C'. 

3. The Fides of a polygon are 4. 6, 5. 0. and 2, Tlie gidc of a 
sim^ar polygon coiTe?,»ndins to -1 is J2. Hnd its other 

4. A tower easts a shadow ifiO ft long when a rertica) 12-fL 
pole easts a shadow S ft. long. How high is the tower? 

^^‘sht, standing 15 ft from a lamppost 

k5™hXS 

6 . Thojid,!, „I , s . ii , 

iSdet ^ corresponding to 7 « 10, find lie other two 

fOXBi>. find AB, 

' ?r* ^ C>f a triangle h 20 ft: tins 
^t- A line parallel 

S <L' -j' ‘ — 

lennh of tho ffCmonls of the other ride, and the 

''nsth ot the line parallel to the hare. 

a hm J!'n i™ *■ "’■ '= mpeetiecly. It 

Silica find fh ^ **•* longpst side, ends in the other two 

fnd the segments into which it divided them. 

H andV”**^ ® ® *”•» l^c ^egs are 

0 in. How far must each of the legs he produced that 

a point? 

Inrestigatiori p’ circle^ wh<^ 
if their cofrespiiii?- "speclii-dy, 

on the other^'V » ” far from the 
the larger ha>-ing\ ® *'"* waters 

third sides then “teraal tangent. ^ 

«<ie3? ^^“‘^AjaadHr-Oft., End AC. 
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For each of the following proportions, read the triangles 
which must be proved similar, without attemjiting to draw a figure: 


^‘^^Gc-dF’ ^^W~s' 

33. In the acute AABC, the altitudes BD and CB aro drawn. 

Prove^=^. 

CE AC 


34. If, using the same hypothesis, BB and CF intersect at F, 
prove that 

CF DF 


35. The diagonals of a trapezoid dhide each other into propor* 
tional segments. 

^ 36. If a tangent and a secant are drawn from a point outside a 
circle, the tangent is a mean proportional between the secant and 
its external segment. 

37. The bisector of AC ot AxADC meets AD at D, and the cir* 

cumacribed circle at E. Prove — 

CD CB 



Lx. 37. Cx*. 30, 40. 

38. In the right AiABC, CD is the altitude on the hjTwtenuse. 

Prove that 

CB CD 

39. If AB is a diameter and CD±AB extended, then 

40. If AB Is a diameter and CDXAfl. 

4L In similar triangles bisectors of corresponding angles have 
the same ratio as a pair of corresponding sides. 

42. In similar triangles corresponding medians have the laipe 
'itio u a pair of corresponding sides. 
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^BCDE and A'D'C'D'E'.f^timH^, prove 
that AABC'^AA.'D'C'. 

24. If Z) is any point on BC, and E. F, and 0 bisect DB. DA, and 
DC respectively, then AEFG'^£^BC. 

‘ P> and (7 bUect DB, 

DA, and DC respectively, then A£f(? is similar to A.4DC. 

tx.21 __ 

26. If u-o circles arc tangent at D. and AA', DB', and CC pass 
inrough D and end in the circles, then AtlDC-'-'A^'B'C'. 

ud» teu the thmi side md «,„eh, onedntt IhVeeeehd eido. 

ehow that attack. To prove fines ■proporlional, 

ey are corresponding sides of similar triangles. 

^hoEc sides are the numerators of the pro- 
cesiful vrith th’'* denominators. Ifunsuo- 

oTa tr^-Il each fraction the sides 

Then marWK.. ' of one of the triangles x, y, t- 

Sn^ii «"slea of the other triangle x', y', z', 

tbe coxrespondS'g 

by equal a^, ^ 
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For each of the /oRowing prcportions, read the triangles 
frhichmust be proved similar, without attempting to draw a figure: 


GC OF’ ^ PO P-Q’ A' py P'n’’ UA' iff' 


33. In the acute AABC, the altitudes BD and CE a 
Prove 

CE AC 


34. If, using the same hypothesis, BD and CF intersect at F, 

prove that — . 

CF DF 


35. The diagonals of a trapezoid divide each other into propor- 
tional segments. 

36. If a tangent and a secant are drawn from a point outside a 
circle, the tangent is a mean proportional between the secant and 
its external segment. 

37. The bisector of Z<7 of AABC meets AB at Z>, and the cir* 
Cumscribed circle at E. Trove 



18. In the right AABC, CD b the altitude on the hjTwtenuse. 


. , AB AE 
and CD±AB extended, 


40. IT AB is a diameter and CD±AB. 

41. In similar triangles bisectors of corresponding angles have 
the same ratio as a pair of corresponding aides. 

42. In similar triangles corresponding medians Iiave the same 
ratio as a pair of corresponding udes. 
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43. If the Bides AB and DC of inscribed quadrilateral ABCD 
are extended to meet at E, prove that 

DB BE 

44. If C is the middle point of pro\-e that AC is a mean pro- 
portional between CD and CB. 

45. State and prore the converse of Ex. 44. 

46. If two circles are tan^^nt to each other at P, the chords 
formed by a line through P are proportional to the diameters. 

17. If two circles are tangent at P, secants through P arc cut 
proportionally by the circles. 



48. In AABC, ZBm2£A, and BE bisects AB. Prove that 
BC u a mean proportional between CE and AC. 

49. If FJ7 is a diameter, ond FG end /// are tangents, FBisn 
mean proporUonal between FCand ///. 


^4. Method of attack. To prove two products equal, 
mil e t em the means and extremes respectively of a pro- 
portion, and prove the proportion. Then tho product of the 
means equals the product of the extremes. When one of the 
pro ucta is a square, make it a mean proportional. Con- 
verse y, tvio products are equal, form a proportion and 
iise 13 proportion to help prove triangles similar. 


“““ ™ » that.lBXEE- 

l-i X£D, prove that AADE= /.CBE. 

W. If two chords intersect inside a circle, the product of ths 
events of one chord equals tin product of the segments of the 
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62. If AD bisects AA and ABxAU=ADxA£/, then 

63. If two secants are drawn from a point, the product of one 
secant and its external segment equals the product of the other 
secant and its external segment. 

64. In inscribed AARC, the prodact of AB and AC equals the 
product of the altitude AD and the diameter AB. 

66. If, in LKLM, PQ is parallel to LM, prove that KLxKQ=* 
KPXKM. 



Ex. 82. E** 55. 


66. State and prove the converse of Ex. 55. 

67. _If RS is tangent to the circle, TSXRS, and VTis a diameter, 

thenRr*-rrx5r. , ,r,r., in 

68. Jf AB is the diameter of a circle, AC a chord, and CD±AB, 

then AC* -AD XAB. , 

69. If AB is the diameter of a circle, AC a chord, and D a point 
on AB such that AC* =ADXAB, then CDXAU. 

GO. The product of the h^lcnusc of 
a right triangle and the altitude on 
equals the product of the legs. 

6t. If CD ia the altitude on the h>-potcn- ^ _ 

use of right AABC, then CD*^ADXDB. 

62. Using the same bj-pothesis, RC*- ABxDB. 

63. Using the same bjTwtlicsis, ACXCD- AD^ 

64. If, in 

66. It BD »»<! CE .lUtadc of ^EC, II.™ CExAB- 
® Chonl fa bfaeclrf ^ »' ' 


c of c 

Icn- — ■ /, — H 
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segment of the former equals the product of the segments of the 
latter. 


Horor ElBRaSES 


67. and AD are tangents to ©ADD and ABC respectirdy. 
Pnne that AB «BCxBD. 

68. If FI is parallel to tangent DE, then ABxAG^ACxAE. 



Ex. 67. Exa. 6S. «9, Ex. 7a 

69. If ABxAG'^ACxAH, then FI is parallel to tangent DE. 
OyRr ^ ® ftngle and PQRS is a square, then Ofi‘- 


ADxAB^^ ^ iatneter and BD is a tangent, then ACxAF~ 

72. If AB and AC are tangents to ©0 from point A, and CD 
is perpendicular to diameter BOB. then ABxCD=BDxBO. 



I t. 7o. 

I”™W .ides of trapezoid ABCD, and 

P»'-" .isx™" 

‘ l»n»ndrralar to tha diaaieter AC, from D, a 

poinl'lm ^rd rlE, theo ztBXXD-otCxdB. 

BKxF!^ “ “ AFKB, thnn oS’- 
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76. (a) In AABC, can /LA grow larger without any correspond- 
ing change in the sides of tlio triangle? Can the sides grow longer 
without any corresponding change in the sire of A A? 

(6) If the three sides of AADC are given, can you construct the 
thiw angles, A, B and C^ If the three angles of AABC are given, 
can j-ou construct the sides? 

(«) Do the sides of a triangle determine the angles? Do thi 
angles of a triangle determine the sides? Do the angles of a tri- 
angle give any information about the sides? Given this informa- 
tion and, in addition, any one of the aides, could you construct the 
triangle? 

77. Determine the relations of the sides in the following triangles, 
two of whose angles are: (o) CO*, CO*; (6) CO*, 30“; (c) 45 , 90 . 

78. Construct each of the triangles in Ex. 77, if the shortest side 

is 2 in. 


Ap?UEO PROBtlMS 

To moasute tho height ot o buildinE. make a tight AdiJC, and 
suspend a weight from corner 
d. Hold the triangle at the 
lei-el of the eye so that the edge 
AC will be vertical (it will be 
vertical when the plumb line 
hangs parallel to the edge), 
and walk toward or from the 
building until the highest point 

is in line with B andd4. I«t 
t be the height of the eye from — 

the ground, d the distance of ... -.j 

the observer from the building, and A the height of the building. 

79. If AABC is isosceles, prove that A=d+e. 

80. If AaABC is isosceles, what is the height of the 

when a boy, whose eye is 4i ft. above the ground, finds that hto 
distance from the building is 18 ft.? 

81. If the triangle is not isosceles, but BC is represented by o 

W 

and AC represented by b, prove that 




L.VNE geoxiethv 



82. If AC-^S in., in., BB-S ft., and rr-24 ft., find DF. 

83. If the triangle h.aa an altitude of 0 in. nnd n base of 3 in. «ad 

®y6 is 5 ft. from the ground, stands 20 ft. from the 
budding, wh.it is the hei^t of the building? 

84. A \crtic.il yardstick casta a sh.idow 20 in. long at the same 

budding? shadow 30 ft. long. How high is the 

85. A man six feet till, standing 2S ft. from no arc light, notices 

: ','V, ' I°“e '^Duld it become, if he 

Balked Oft. toward thought? 

^ ^ found f>y placing a mirror hori- 

zontally on the ground, 
and fl-alking back until 
the top of the tree can 
be«en in the mirror. 

If Paul, whose eji; is 

4 ft. from the ground, — 

is 5 ®f 1" *1*® mirror, when he 

tigh b **>' ia 30 ft. from the tree, hew 

from'lhe ** building, I plaeo a mark at B, 6 ft 

Jfom the ground. Then I walk back 
a (glance from the budding and 
my ruler i-ertirally a» erm’s 

“ , ot Ihe b»adl„s? 

• Nest he Valks along CD to •. 
pomt D, wherpVn !. »♦ -^7 “ 

CD. TrrnXe r, i 

f)=Y ft. and rf)«22ft, what is the distance .iB? 
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89. Chester found the length of a pond TO by measuring OJ at 

right angles to FG. He found this ^ 

distance to be 40 ft., and also found 
lhat///=15 ft., and H/=12 ft. at 
right angles to JO. Wliat result did 
tie get and how did he get it? 

90. An inaccessible distance LK 
can be found by extending KL to M 
and taking LO and MN perpendicular to 
KM. If Z,il/=*10 ft., I0=1C ft., and 
WJV=20 ft., find LK. 

91. In the camera, the light proceeds 

in fitraight lines from the object to the image, which is 
inverted. If the camera is G in. 
deep and is held 10 ft. from a 
bush 4 ft, tall, what height will 
the picture have? If Katherine 
wishes the picture of the bush to 
be just 2 in, in height, bow far from it should she hold the 
camera? 

92. The pantograph consists of four strips AC, ED, BE, and CF, 
jointed to form a 
OBEDC. It has a 
point at E and a 
pencil at F. If A is 
held stationary, while 
E traces a figure, F j 
will trace a similar 
figure. If AC is 20 
in. long, and I wish 

to make a figure „ , . , 

whose length is three times that of the figure at E, what lengths 
must I make AB and BC7 

93. It, in Ex. 92, CE !» 12 in., find tlin Imsth oi CD. 

94 When « ruler is held 28 in. from the eye, the diameter ot the 
moon .eems to be about } to. II the moou is 240,000 miles away, 
what is its real diameter? 
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95. The sun appears the aame size as the moon. What la its 
diameter, U it is 93,000,000 maes awas^ 

The plan shown in the diagram is that of a building 50 ft. long. 
By making measurements on the 
plan, answer the following ques- 
tions; 

95. What is the width of the build- 
ing? 

97. Find the dunensiona of the 
living room and of the kitchen. 

93. ^Vhat is the width of the 
dooro-ay between the liiios room 
and porch? WTiat width is the hall 
beside the stairway? 

99. Is there room enough against 
the waU. between living roonx and 
kitchen for a piano, the length of a 
pwno being 4i it.? 

100. I( a single width of carpet 
is to be laid the full length of the 
hall, how many yards will be to* 
guired? 

101. In cutting cloth with a 
pattern which was too small, John's 
mother eut the cloth 2 in. out from, 
the pattern all around, l^rove that, 
if the length and width of the pat- 
tern were not equal, the resulting 
piece of cloth did not have the same 
shape as the pattern. 

102. If the length of the pattern ia twi« the 
much should she increase the length if she increases 
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Space Geometry (Optional) 

1. lu the pyramid VABCDE, the plane A'D', parallel to the base 
AD, cuts the altitude UK at IV- Prove that: 

VA 


IE 

VA VB' 

(6) AVA'B’'^AVAD. 
VB’A'B' 

VB “ AB ' 




(e) 


(d) 

^ ' VB BC 



W 


A'B' B'C 
AB^ BC' 


. VH’ VA' 


(g) Polygon ^'B'C'D'K'-poIygon ABODE. 

2, The figure below is a circular cone. Its base is » circle, 
its lateral surface could be traced by VA if A mov ar 
circle while U stayed fixed. 0 is the center of the circle and FO u 

the axis of the cone. . 

If the plane O'A'B' is parallel to plane OAB, prove that. 


(a) 

^ ' VA 


(b) • 


VO' 

‘vo‘ 

A'O' 

AO' 


VO’ B’0‘ 



(e) Is the intersection a circle? 

A' and B' are any two pomte 
on the intersection, show that ^ 

^ rpiwesent the way you think the lateral 

3. Draw a look if it were cut along an 

surface of a In the same way represent thf^ 

edge and spread out on t p 
rone. 
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A Selp.Measokiho Test 

•Acri.* is the mctliod of proving the product of two line 
segments equal to the product of two other line segments? 

2. State two methods of proving lines proportional 

3. Give three methods of proving triangles simnar. 

4. Gn-e four methods of proring triangles congruent. 

triangles ncccssaritjr congruent? Are congruent 

triangles necessarily similar? 

6. For what purposes do we prove triangles simnar? 

. r or what purposes do wo prove triangles congruent? 
n, .k " “ hai-e the three sides of one equal respectively 

^thc to sides of the other, aro they similar? Are they con- 

liveK' tn **** ***"* “Slw of one equal respcc- 

it directly n'othod of finding & distance without measuring 
11. Define similar triangles. 

triamvle Dot pros-e that a lino parallel to one side of a 

triangles"' proportionally, bj' using simibr 

wtfm mltaSTS™ 

For provin" ri-*hi t ■ proving right triangles similar? 

15 -^tat t coDgruenl? 

^y arcs propositions about the measurement of angles 

j circles, are central angles proportional to their arcs? 

eq circles, are insenbed angles proportional to their 

-rttponding triangles aimilar, how can you select the cof- 
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19. State a proposition in proportion in which two quantities 
are proved equal. 

20. What test can you apply to determine whether two numeri- 
cal ratios are equal? 

21. If a central angle and an angle formed by a tangent and 
a chord intercept the same arc, what is the ratio of the angles? 

22. Define a chord. State two propositions about chords. 

23. Define tangent. State two propositions about tangenta 

24. To prove that aimilar triangles are congruent, what extra 
fact must be knonm? 

26. Define mean proportional; fottrik proportional; extremes; 
meant. 

26. State a fact about the altitudes of similar triangles which 
jou have learned. 

Geometric reasoning applied to life situations (Optional) 

Assume that whenever wages arc raised, prices arc raised too. 
Does it necessarily follow that: (a) If wages are not raised, prices 
are not raised? (6) If prices are not raised, wages arc not raised? 
(c) If wages are raised, prices are raised? (d) If prices are raised, 
Wages are raised? 


CoMPiETioiT Test (10 min.) 

After the number of the question, write the omitted word. 

1. If any angle of one isosceles triangle equals the corresponding 
angle of another isosceles triangle, then the two triangles arc . . . • 

2. A line parallel to one side of a triangle cuts a second side into 
segments 4 and 5. The third side is 12. The shorter segment of 
the third side is ... . 

3. The line segment joining the middle points of two sides of a 
triangle equals . . . the tiiird adc. 

4. Corresponding sides of two anuTar triangles arc in the ratio 
1 :4. The perimeters of these triangles are in the ratio .... 

5. If a building casts a shadow 15 ft. long at the same time that 

* yardstick held vertically casts a shadow 1 ft. long, the building a 

• • • ft. high. 
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WcMERicAi Test (10 min.) 

1. On a map, Wj-oming ia repre^mtod by s rrctangle 7 in. Jong 
wWth 'Vyoming ia 350 mL, find it* 


» '• a triangle an? C, 8 and 0, A line segment wtose 

in the other ta^o sides. 

t ind the shorter segment of side 8. 

Tf «i and altitude of a triangle are 6 and 4 nspecliTcIy. 

e ■•eo a similar trian^e is 9, find the corresponding altitude. 
• Rionumcnt on Jewl ground casts a shadow ISO ft. long 
ulc a pole U ft. high costs a shadow 10 ft. long. How hi^ is 
the monument? 

^ •*- ‘i'C aides of a 

sunilar trungle whose perimeter is «. 


Maremso Test (W min.) 
.Match numhon ati<] Ictiois 
mcDt. 


60 fts to make a correct etat^ 


!• A ratio 


2. A proportion 

3. Locus 


^ Producta 

5. Similar polygons 

6. Mean proportional 

7. Commensurable 


8. 

9. 

10 . 


prove lines pro- 
portional 

Pourth proportional 
Extremes 


o- A statement of the equality of two 
ratios. 

Polygons having corresponding an- 
gles equal and corresponding sides 
proportional. 

e. The last term of a proportion. 

<f. Two quantities having a common 
unrt of measure. 

e. The result of diriding one quantity 
l»y another of the same Hnd. 

/• The second and third terms of a 
proportion when equal. 

ff- 'fhe first and last terms of a propor- 
tion. 

h. By corresponding sides of F 
trian^es. 

*- Ey proving a proportion. 

y- The path of a moving point. 
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JlTDOIHG THE CORRECTNESS OF A CONVERSE {10 min.) 

Read the theorem given below and think the statement 
of its converse. If the converse is true, write T, if false, 
write F. 


1. A line bisecting two sides of a triai^le is parallel to the third 
side and equal to half the third ade. 

2. Two triangles similar to a third triangle are similar. 

3. Right triangles are similar if an acute angle of one equals an 
acute angle of the other. 

4. The diagonals of a trapezoid divide each other into propor* 
tioiial segments. 

5. Parallel lines cut oS proportional segments on two trans- 
versab. 


Investigation Problem. In the figure ZAC5 is a right angle, 
and CD is perpendicular to AB. How’ many 
triangles are there in the figure? How 
many of them appear to be similar? If 
you wished to prove AC a mean pro- 
portional between two other lines, what ■ ,n 

triangles must you prove rimilar? Of what two 

aside? Are they similar? Ifso, complete the proportion-^* y* 
Can you prove another proportion in which BC is the mean pro- 
portional? One in which DC is the mean proportional^ 

Investigation Problem. In your work in arithmetic ^ 

you have used the well-known relation of the si ra 
triangle, “ The square of the hypotenuse oquJs the sum ot 

r.’s 

reSca ! . • • • '‘0+^®-- • • 

'7L Do vo„ UJnk it b true! 
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Propositiok 6 

225 . In a right triangle, the altitude on the hypotenuse U 
the mean pToporiional between the segments of the hypot- 
enuse, and each leg is a mean proportional between the 
hypotenuse and the segment adjacent to that leg. 



Gntai a right aogleaod Ci)±4S. 

ToproTe: AC ^ DB CB 
^ /'n and—f — 


CD DB’ AC~AB 

Proof; STAlUlEyrg 

1. In A.4BCandACD, 


ZA. 

2 . AACD is a rt. A 

3. AACD^AABC. 

In like manner ABCD~A4BC 

4. AACi?-^ABCD~A4BC 

6 ad AC 

' CD DD’ AC‘°A^ *“*’ 

d^l' ^ v^r^^iclar to a 

/roV any paint an tha drda ,, a 


CB AB 
Re.iso.\s 


2. CD1.AB. 

3. § 217. 

4. § 21S. 

S- Corr. sides of 
proportional. 
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Exescises 


In the right l^ABC, CD is the altitude on the hypotenuse. 

1. Find CD if: 

(a) ^Z)«2andZ)R=8; (6) AD =S and AB =26-, 

(c) AR=6andi)R=7; (d) ilD = 6 and RR=C. 

2. Find ^Dif: 

(a) CR^Q and 2)B=9; (5) CI) = 7 and 1)5 = 11; 

(c) /lB = 10and.4C=C; (d) CR = a and R5=6. 

3. Find DB if: 

(a) UR = \/60and.dD=10; (6) 5(7=8 and ^45 = 12. 

4. Find BC if: 

(a) AD^Z and R5«9; (6) AD^ti and 45-14; 

(c) 4C-9 and 4D=3; (d) AD~a and DB^b. 

8. Find 4C if: 

(a) 4R-4 and 45=9; (6) 4R-c and 45-d. 

6. Find 45 if: 

(o) 44-CO’ and 45-5; (« 44 =60® and 45-6. 

7. Find DB if: 

(a) 44-60® and 45-C; (6) 44=30® and 45=10. 


4C 

5C^ 


"db’ 


(c) (75X45=4(7X5(7. 


9. In A45C,C5X45and^=^. Then 44(75 isart. 4. 


10. In A45(7, 45 remains fixed in length and position, but rt. 
4(7 moves toward A. ^Vhat change takes place in the length of 
ADI 4C? CD't 557 CBI 


11. In right A45(7, CD is the altitude on the hypotenuse. If 
(75 grows longer while 45 remains unchanged, what change ta es 
place in 55? If CD remains unchai^. but 45 grows shorter, 
what change takes place in DBl 
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Proposition 9 

227. In a right triangle, the square of the hypotenuse 
equals the sum of the squares of the legs. 



Glvea: AADC with right angle at C. 
To prove: o*+62«c*. 


STATEiOMS RtASWIS 

1. Draw C'Ol.lS, LeUD-tandDS-n. 1. SM. 

2. --j.andj--, 2, j225. 

3. a-.ma.ad 3 5300. 

o’=»tc. 

4. ^ ^ 3 

B "ii'"' 5. A.. 7. 

6. a'+J.-c., 3 , 

«9Mnre a leg of a right triangle 
olher leg ^ ^ hypotenuse minus the square of the 

Class Exercises 

(a^ ft o a right triangle whose legs arc; 

W Bands; (fc)5andl2; (c) 10 and 10; (d)pand?. 

one W 'L ® trienzh, if the hypotenuse and 

~ are respectively: (a) 20 and 12; (fc) 10 and 7; (c)randi. 




moroRTiox; snnLAii figures 


3. Find the diagonal of a square whose side is 10 ft. 

4. The b.'ise and altitude of a rectangle are respectively 6 and 8. 
Had its diagonal. 

6. If the base of a rectangle is 12 ard its diagonal is 13, find its 
altitude. 

6. Find the altitude of an equilateral triangle whose side 
is 16. 

7. Find the altitude of an equilateral triangle whose side is $. 

8. Are the following triangles tight triangles, and why, if the 
sides are: (a) 4, 12, and 13? (6) 3, 4, and 67 (c) 17, 12, and 25? 
(d) 7, 8, and 9? 

9. Fnd the altitude of an isosceles triangle whose base is 10 
and whose legs are each 13. 

10. Find the legs of an isosceles right triangle whose hj-potenuse 
is 10. . . „ 

U. A tangent from a point to a circle « 24, and the radius is 10. 
Find the distance of the point from the center. 

12. A point is 10 in. from the center of a circle whose radius 

b 6 in. Find the length of the tangent from the point to 
the circle. . 

13. In a circle whose radius is 20 in., what is the length of a chord 
12 in. from the center? 

14. If a chord 10 in. long is 15 in. from the center, what is the 


radius of the circle? j in • 

IE. The distance from the center of a circle to a chord in. 
long is 12 in. Find the distance from the center to a chord 24 . 

long. — 

16. The bottom ot o Wder 17 fL long i» S tt. from « ™11. Ho.7 
high is the top of the ladder above the ground? 

17. A ladder 25 ft. long leaches a iriadow 20 ft. l>‘Sb ““ ° 

of a street. lYhen turned over upon its tot “ 

window 24 ft. high on the opposite side of the stree . 
distance between the two windows. 

18 A tee 64 ft. lugh is col tough until it fall, e™-- 
bmaU^g e"toy L U the rtmnp. H «.= *'■“ 
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tr^ striics the ground 48 ft. from the base of the stump, find the 
height at -which it was cut. 

19. The perimeter of a rectan^ is 14 ft. and its diagonal is 5 ft. 
imd the sides of the rectangle. 

legs of a right triangle are 5 and 12 respectively. Find 
the altitude on the hypotenuse and the segments of the hypotenuse 

made by the altitude. 

21. If the legs of a right triangle are 12 and 9, find the altitude on 
the hypotenuse. 


22. If the diagonals of a rhombus are 10 and 24, find its side. 
M. If a side of a rhombus is 10 and the longer diagonal is 16, 
iind the other diagonal. 


24. If two adjacent sides of a parallelogram are 5 and 12, and a 
diagonal is 13, is the parallelogram a rectangle? lyhy? 

I ! o ®L^8ht triangle whose hypotenuse is 30 and one of who« 
legs IS 18, find the altitude on the hypotenuse. 

26. Find the side of a square whose diagonal is 10. 

27. If the diameters of two circles, which 

20 «d 16. find tl.e 4 ^ 

IS tangent to the smaller. 



Optiokai. Exercises 

chOTd S taUthe uc.“ •"'* '■> 23- 

hi!Lt Sir'" “■ “i* » p»‘ S ft- 

nided t ^ W a rope will be 

from * circle, and the length of the tangent 

2 ^ w . diameter of the circle, 

from a nnint * tangent to a circle, whose radius is 8 in., 

«rom a pomt 9 in. from the cirele. 
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33. Two circles witb radii 11 ft. and 2 ft. respectively, have their 
centers 15 ft. apart. Find the length of the common external 
tangent. 



34. A side of an isosceles right triangle is 4 in. Find the length 
of the altitude on the hj'potenusc. 

35. Find the radius of a circle inscribed in an equilateral triangle 
whose side is 16. 

26. Two parallel chords of a circle, on the Bame side of the center, 
&TO 0 in. and 8 in. long, and 1 in. apart. Find the radius of the 
circle. 

37. If an altitude is drawn to the hypotenuse of a right triangle, 
the segments of the hypotenuse are proportional to the squares of 
the legs. 

38. How far away can the water be seen from an airplane one 
mile above the surface of the ocean, if the radius of the earth is 
4,000 miles? 

39. Two equal circles, whose radii are 10 in., have their centers 
16 in. apart. Find the length of their common chord. 

40. The hypotenuse of a right triangle is 12 and one angle is 30®. 
Find the legs. 

41. A leg of a right triangle fe 10. Find the other two sides, U 
the angle opposite 10 is (a) 30“; (5) 60®; (e) 45®. 

42. The hypotenuse o[ a right triangle is 16 and one angle is 45®. 
Find the legs. 

43. WI:ea the sun's rays slrilp the ground at an angle of 60® 
with the horizontal, how high is a building which casts a shadow 
60 ft. long? 

44. The bases of a trapezoid are 10 and 22, and the longer base 
forms 60" angles wifi l»th F3od tie altitude. 



I’L.\NE GEOMI-rrUV 

HOROK Wowc 

46. If, m AABC, ADxBC, prove that a 0‘ -Ali' -vO' . 

«rJ!n C-D are iwrallel tangcntj, and EF is tangent at 0 , 

that radius 00 is a raean proportioniU between EG and 





C*.47. 


Eza. 4S, 49, SO, SI. 


to chord CE. H 

va- 13, mid 00-5, Cod CE, AC, ood CB 
In th. rijhl AdflO wilh CD Ibc d.Uud. on .he hipolcoo*: 

poS CT To™ X" ^1'*®'"’” 

,7. rl 'hioec u D moves (nrm A to Bt 

AD doublefood' ‘'® “ W W «.■ W S. 'Then 
double, ood topic. ,u icoju. d„, jp 

(O) 3; ftf G- "(T™ m •j” >'”Elh of AC when AD eqoulJ 
«l.nl doe. jr d„ “d- - 

dD double. »„d WpteV "“rfidS o» 

(•rao" 1S«Vw«i®,uT '''' 

fidd AD for cLb ofGlf Aleo 

33. I. AADC, ^Ci. a riobtooG.o. Cooetoret efd, if 
.,BC 2 AB S 
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Applied Problems 

64. To find the distance AR, I measure AC 112 ft. and CB 136 ft. 
at right angles with each oUier. ^Vhat is 
the length of AB? 

65. A baseball diamond is a square 90 ft. 
on a side. How far is it from home plate 
to second base? If the pitcher’s box is 
60.5 ft. from home plate, how far is it from 
second base? 



66. What is the distance from the 

pitcher’s Iwx to first base? 3 ^ 

67. A surveyor constructs a perpen- ^ / 

diculac AC to AB at A, in the field, ae 

follows. He first measures AB 40 ft. y'_\ 

Then one man holds the rero end of the jg 

tane at A. another holds the 100 ft. 

muk at B, and a third holding tho 30- and 50-lt. laarka together, 

walka oat until the tape la pulled light na 

C. Prove that AO la the required petieu- X 

dicular. (He leaves the loop at C because 

a steel tape would break if bent at the acute ^ ^ 

AACB.) 


68. Frank Carlton wants to put up 

an antenna for his radio set. He 

decides to run it from a pole 55 ft. m B 

height which is 72 ft. from his houre ^ 

to the gable of the bouse which is J 1 

25 ft. from the Pound. ^ n. 

feet of copper wire must 1^^““ , 

top of the polo to the «rtev of the ^ 

gable? The house is 20 ft. wide. 

69. AboattraveIs40ft ac^ a m^r ^ 

end the distance It has moved. 



PI.ANE GEOilETRY 

60 A w=lla at the „te of 5 m., ao hour across the deci of. 

boat which tm-eluig 12 mi an hour. IVbal is his actual spccdl 

of the mnIJ I * tes^tant force is represented by the disgoosl 
forces, lid its "* 

at the ttaSioithii^ “oticea that while the train is standiof 
when the f • • a “‘irops nm wrticall/ down the windows, but 
iso- ™ "■ «» wdn nnUii » 

Howmauyfeetpersecoudmeth. 

thi^akdi' '**'f ““»*«. •» Ei. 62, the angle that 

htm want news that mates 

^ want to reach home in the ahorteit 

SSilSniS^ 

Mr. Pearce choom? ^ 20 an. an hour. TVhieh route should 
poet 5 ft. ^ “ Perpenter's square to i 

S"6U,.edg.og;SXT 

Then without morfag 
1 am Jong DP ■ 

faS L “““««•• »l»t 

U the distance Aff? 

«J0 lind the distance from a 
B to the house 
•Wly across the street at 

^ meiomwt Dd perpmdicSit: 

another window O. 

^measu^ fson.5tothe p^t 

ouad to be 2 ft. and AD 10 ft, what is the dkUnee BCI 




PROPORTION; SIMILAR FIGURES 


274 


67. To find the distance from B on the shore of a pond to an 
island D, Jack Williams walks along BA perpendicular to BD until 
he reaches a point A, where, lodc- 
ing along the hypotenuse of a card- 
board right triangle, he can see B, 
and looking along a leg of the triangle, 
he can see Z>. Jack next walks along 
BC and repeats the operation with A ^ 
the other acute angle of his triangle. 

He then finds that AB is 10 ft. and BC 40 ft. What is the distance 
BD? 



68. A rope, fastened to the top of a 
flag pole and hanpng close to the pole, 
is of such length that 10 ft- of it lies on 
the ground. Dorothy takes the end of 
the rope and pulls it out to point C, 30 
ft. from the foot of the pole, where it is 
just long enough to reach the ground. 
How high is the pole? 

69. The work necessary to overturn an 



obiect is the product of 


its weight by the height BC 
which its center of gravity A 
must be raised. A block of 
stone b 10 in. by 24 in. and 
weighs 600 lbs. What work in 
foot-pounds is done in over- 
turning it, if it stands with the 
24-in. edges vertical? If with 



the 24-in. edges horizontal? 


Space Geometry (Opltonal) 


In the rectangular box shown on the next page: 

1. How many right angles can you find f ® 

2. How many degrees are there in A AEG? In AEF 

I M ItTu rf EF and Fff, how oould ^ 

find the length of EG? 

{b) Find EG wh«i EF^Q and FO-S. 




276 


PLANE GEOJIETRY 


4. If you knew EG Jind AE, how could you find AGl 
(6) Find AG if AE=b and £Gf=12. 

6. Find /iGifX£=3, rP=4aiid 


e\ 

\ 




FG = 5 

6. Find the diagonal of the rect- 
angular box whose dimensions are; 

(a) Length 4, width 3 and height 12. 

Q>) Length 8. width 6 and hei^t 5 
(c) Length 10, width 5 and height 4. 

7. If the length, width, height and diagonal of a rectangular box 
are f, w, A and d, prove that 

8. Find the diagonal of a cube whose edge is 10. 

9. Show that the diagonal of a cube, whose edge is t, is eVi 
Tlie base of this pjTamid is a square 

uid the altitude VH cuts the middle 
point of the base. 

10. It each aide ot the base is 6 and 
the alutiida ia a, find the alaot height 

A ole." Both rjl and UK unKBC 

11. Prove that the edge. I’d ,„d 
' L are equal. 

12. It each side ot lie base ia 6 .ad the altitude is 4: 

(o) Find the length of I’C by first finding HC. 

W Find the length of I’C by first finding FF and KC. 

I^oblem. TVTist propositions ha\-e j-ou learned in 

w"tC'”2rj\rgi,,rs:id' 

»“asTfcd*.J " 

roasluetim h preportioad betweea tbcuit Slat. His 

"uatruehoa shewrug all „„ betor. I„ld„g at PrepoaUou 10. 
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Proposixioh 10 

229. A mean proportional between two given line seg- 
ments can be constructed. 



Glrea: Line segments a and b. 

a X 

To prove: x can be constructed so that 


Construction: Statements 

1. On AE, take and 

2. Bisect AC at F. 

3. With F as center and FA as radius, construct a 
semicircle on AC. 

4. At B, construct BDAAC, meeting the semi- 
circle at D. 

Then BD=r. 

Proof: 


Reasons 

1. Post. 3. 

2. § 63. 

3. Post. 3. 

4. §64. 


1. ~Ji 1. § 226. 

» h' I 


1. Construct the mean proportional between two line segments 

1 in. and 4 in. long. Check the construction algebrait^ly. 

2. Given two line segments oandft, construct 

3. Given a line segment <i construct i=a\/3 
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4. If you knew EG and AE, how could you find AC? 

(6) Find AGif AE=6andEff*=I2. 

^ EF=4 and 

6. Find the diagonal of the recfr. 
angular box whose dimensioDs are: 

(а) Length 4, width 3 and height 12. 

(б) Length S, width G and height 5. * 

(c) Length 10, n-idth 5 and height 4. 

L If the length, width, height and diagonal of a rectangular box 
are /, w, h and d, prove that 



8. Find the diagonal of a cube whose edge is 10. 

^ Show that the diagonal of a cube, whose edge is e, is eVl 

TLe base of thu pj-ramid is a square 

tod the altitude 17/ cuts the middle r 

pomt of the base, /k 

10. If each side of the base is 6 and //\^ 
the altitude is 4. find the slant height // \\ 

/ p/— 13-— 

Aole; Both F/l and //A* arcARC. 

IL Prove that the edges f’A and b 

• C are equal. 


12. If each side of the base is 0 and the altitude is 4 : 

S ^ V first finding HC. 

(£>) Find tlie length of VC by first finding YK and A'C. 


Problem. What propodtions ha\-e you learned in 

p™- c 

a mpa ^ WEmenfsT CD U 

I, to »b.l sPOTtnUT //' '-A 

II two segments were rii-en ro.iH I-' ' 

io“,a"to Sd'il " ‘ 

construction Proportional between them? Make this 

•‘"’""E betore „ rropo.ition 10. 



PROPORTION; SIMILAR FIGURES 


s73 


, Proposition 10 

229. A mean propoTiionol between two given line seg- 
ments can be constructed. 



Given: Line segments a and b. 

To prove: x can be constructed so that -=7. 

X b 


Coastroctioa: Stateuests 

1. On AE, take AI?*o and BC-’b. 

2. Bisect AC at F. 

3. Wth F as center and FA aa radius, construct a 
Eemicircle on AC. 

4. At B, construct BD±AC, meeting the semi- 
circle at D. 

Then BD=x. 

Pioof: 

1 . 2-J. I 

X b I 


I Reasoxs 
I 1. Post. 3. 

2. §63. 

3. Post. 3. 

4. §Gt. 


1. §226. 


1. Construct the mean proportional between two lino segments 
1 in. and 4 in. long. Check the construction algebraically. 

2. Given two line segments Band 6 , construct X“\/o6.“*V^6oA. 

3. Given a line segment n coiwtnict x-o\/n 
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Propositioit 11 

* 230. If two chords inferseci, the product of the Jfy- 
ments of one equals the product of the segments of (he 
other. 



Gitcq: 00, chords AD and DC intersecting at E. 
To prove: AExED^CBxBD. 


ReaSoss 

1. Post. I- 

2. 1 167. 

3. §216. 

4. §223. 

5. §200. 


Statements 

1. Draw AC and BD. 

2. In AAC£ and DSC, ZC=»ABand Z.A’=> 

3. AACS~ADSC 
4 

■ ED EB' 

5. AExEB=^CExED. 

1. Construct a line whose ratio to a given line shall be \/2 to 1. 
, two lines in the raUo ^/2 to V3. 

3. Dmde\a given line into segments in the ratio 1 to VZ. 

4. Uven two lines n and b, construct 

B. Given t^o lines a and b. with «>6, construct *= V^'- 
the’hj^tonu^ ^ triangle, given a leg and the altitude on 

^^^roeter, construct a triangle similar to a give# 
Construct a triangle, given two angles and the perimeter. 
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Proposition 12 

231. If a tangent and a secant are drawn from a point 
outside a circle, ike tangent is the mean proportional between 
the secant and its external segmetU.. 



Given: OADC, tangent AB and secant BD. 
BD BA 

To prove: 


Proof; Statements 

1. Draw AC and AD. 

2. Jn AABC snd ABD, 

3. AD is measured by iAC- 

4. Ax is measured by iAC. 

5. AD=Ax. 

6. AABCr^ii^ABD. 

7 

BA BC 


Reasons 

1. Post. 1. 

2. Iden. 

3. § 165. 

4. § 170. 

5. Ax. 2. 

6. §216. 

7. §223. 


232. Corollary. // <«« 

cote* o circle, the preduel cf one eeeael and <te 
eegment eqwd, the vadud of the alher secant and M external 


segment. 

Cau you construct a mean proportional to 
by a method based on Proposition 12. 


two line segments 
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Class Exercises 

1. If AE^IO, EB=^8, and CE=6, find ED. 

2. lf^lE=*rB, Cr=8»andEI)=l8, find^R. 

3. If AE=^CE, prove that DE^BB. 



Exa. 1. 2. 3. 4 


Ex. la 



Cfi-A^co" P«n»ndirahr to AB, AB-a,ai 

is o^ii Of ^ arc is 24 in. and the middle point ot the are 

is 0 m. trnm the chord. Find the diameter of the Scle. 

circf.’ th™ "" 4' “"“Sll » point 5 in. from the renter of i 
ft, ehorf. " ^ “■ “■* 

eentorIt'it'*‘’*““S/7’° ft. long to the 

center of Its arc IS 2! ft. rmd the radios of the efale. 

Ffit-m'aLTcttti J 

aretchT Th» "eto'-f «»« 

of its eegaleato. 

CD 'a' *”'* arc. If 

1 . T, r 7 ■ *‘“"0 ”i il>o oirclef 

AFfiC i'Sl ” “'i P"™ 

'n, Optiohal Exercises 
'We. Fmd the len^ of 

tangent dlB tUals 8 in. and BC equals 4 in., find RC. 



rnopoRTio:^; sduilae ncmiES m 

^ in. and CD=0 in., find the length of tangent 

16. If tangent AD equals 15 in., and CD equals 16 in., find DC 
and BD. 

16. If tangent AB equals 12 in., and the distance from B to the 
lenter oT the cikIc is 13 in., find the radius. 



13 , 14 , 15 . 22 24 . 


17. A tangent and a secant are dia^ to a circle from an external 
I»mt, The tangent is 14 in. long, and the whole secant is four 
its external segment. Find the length of the secant. 

_ 18.^ From a point 21 in. from the center of a circle, whose radius 
u 15 in., a secant is drawn. Find the product of the whole secant 
and its external segment. 

19. A point A is 4 ft. from a circle, and the length of the tangent 
A to the circle is 10 ft. Find the diameter of the circle. 

If two circles intersect, their tangents from any point on 
e common chord produced, are equal. 

If two circlea intersect, the connnon chord produced bisects 


e common tangents. 


OABCD is cut by a second circle at A and B, and by a 
circle at C and D. The lines AB and DC, produced, meet at 
• Prove that the tangents OE and OF are equal. 

23- If you are standing on o cliff 500 ft. high overlooking the 
®^n, how far out on the water can you see, if the earth’s diameter 
w taken as 8,000 mi.7 


24. If two circles are tangent at A, and AB is their common 
prove that BCxBF^BDxBE 
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Hot?or ‘Wore 

26. If B and C are two points on the line BD, and X is a point 
not on the line, construct a point .V 
onCD, sothatBYxCA’=JS‘. 

(Suggestion; Circumscribe a ' 

circle about AXBC.) / 

26. If the chord CD turns around ^ C x D 

point C until E 
coincides with B, 

(а) describe the 
motion of D. 

(б) What is the 
T'alue of the prod- 
uct CBxBB when 
E arrires at B7 
(e) What is then 
the^•al^eof AEx 
EB7 (d) Docs XExEB still equal CBxrZ)? 

27. If CD turns still farther until AB and CD intersect outside 
the Circle, u it still true that AExEB=CExEDl Giiu a reason 
for your answer. 

Applied Problsms 

28. A circular arch of masonij' having a radius of 25 ft rests on 
two stone piers, that are 40 ft. opart. Find the height of the center 
Of the arch abcrve the lewl of the top of the piers. 

29. The piers of a bridge in the form of a circular arch are 200 ft 
opart, and the highest point of the arch is 25 ft. higher than the 
piers, rind the radius of the arch. 

30. A and B ire two points on a railway cun-e which is an arc of 

a circle. If theWbord XB is 200 
ft, and the shortest distance from 
the middle poini of the curve to 

the chord is 15 ft. find the radius 

c* the curve. t- ^ 

“"‘"''‘“S • UTins . radiiu ol «0 It 

ecu X and B, which are two points 300 ft. apart, a surveyor 
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Erst locates the middle point D, Find the number of feet from 
the middle point C of chord AB which he must measure. 

32. A bridge, lOSO ft. long, is buDt on 12 equal arches, each arch 
rising 25 ft. above its supporting pier. Find the radius of the 
arches. 

33. An enpneer, wishing to 
locate other points such as 
P on a railway curve, of which 
the part AC is already laid 
out, measures AB, DB and 
PC. If AB=200 ft., DB=m 
ft., and BC«=120 ft., how far from B is the point El 
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A ScLF-MEASinUBG Test 

L State two proportions which are true in. the right trian^ 
when the altitude is drawn on the hypotenuse. 

2. How can you find the hjTwtenuse of a right t/iingle when the 
legs are known? 

3. How can you find & leg of a right triangle when the hypot- 
enuse and the other leg are known? 

4. State two propositions in which a mean proportional is 
mentioned. 

5. State a proposition on which the construction of the mean 
proportional depends. 

6. On what proposition in Book Two does the construction d 
the mean proportional depend? 

7. Give a proposition which states that the product of two fise* 
equals the product of two other lines. 

8. Give two methods of proving triangles similar. 

9. How many similar triangles are formed when an altitude » 
drawn to the hypotenuse of a right triangle? 

10. State two propositions in Book Three in which the ni»» 
““■lent of the inscribed angle is used. 


CouFLETiocr Test (10 min.) 

<?? the hypotenuse of an isosceles right triangle is 10i 

2 A ^ • . j-'WbV 

jt- .v- 'iameter of a circle perpendicular to a chord is ^ 

L * • into^ogmeotsotzk^dlSin. Tie length U-"'-””* 

3. 'me . flpd the 

angles at tfises of an isosceles trapezoid are 

is ... . ends of the longer base are each 45 . t 

4. If a tan. . , 

^le, are 6 atnt and a secant, drawn from the .jot 

“ X. ISrwDcctivdy, the external segment ott 


_ IS respectivdy, t 

3- If two'paf. ^ 

""'n i»'d dMris of a dirie are 24 and tbn 
>, the ladhis of the circle is ... • 
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Numerical Test (10 min.) 

1. If the diagonals of a rhombus are 6 and S, find a side. 

2. Find the altitude of an equilateral triangle whose side is 8. 

3. The altitude on the Jjypotenuae of a right triangle divides the 
hypotenuse into segments 5 and 4. Find the shorter leg. 

4. In a circle whose radius is 10, find tlie distance from the center 
to a chord whose length is 16. 

5. In a right triangle, one leg is 8 and the hypotenuse is lO 
Find the shorter segment of the hypotenuse made by the altitude 
on it. 

True-False Test (tO min.) 

In the right triangle ABC, CD is the altitude on the hypotenuse, 
Tell which of the following proportions are true: 


1 4 il£ ^ 7 

■ AC~AD' CD~DB' ' CB AC 

, AC AD ^ DB CB » 6S..SR, 

' CB~DB' Cb“jC' ' CD DB 

, AD AC ^ DB CB . 

CD^CB' Cb'aB' ' CD CB 


MuiTiPtH-CROicE Test (10 min.) 

From the a^s^vers given, select that one which makes the 
statement true. 


1. The altitude on the hypotenuse 
figure into two triangles which are, 


of a right triangle cuts the 
(a) isosceles; (6) simfiar; 


(c) equilateral; (d) congruent. 

2. A chord ABC turns Bound a gieen po""* ^ 

the segment AB is increasing, the segment BC is (a) 

(i) equal to AB; (c) decrearing; (d) constant in Imgth. 

3. A diameter cuts another chord into tm - “j,", 

6lu. Oncscgmentofthediametcrislin. The length of the d.Bn 

iter U, (a) 12; (6) 7; W 8: (d) 13- 
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4. Two ciorda AB and CD intoscct at E inside a circle. AB 
13 6, rC is 4 and CE is 3. If a length £A'-7 is bid off on ED, 

extended if necessary, the pwat A* is, (a) inside; (6) on; (<r)outside; 

(d) at the center of, the circle. 

5. A tangent and a secant arc drawn to a circle from the same 
point. If the tangent is 0 and the external segment of the secant 
IS 2, the secant is, (a) IS; (b) 20; (c) 12; (d) 14. 


233. Approximate measuremenL* It is possible to think 
of a line ns exactly equal to another line, or exactly 8 in. 

‘ The material included under the l^idings. Approximate Slensure- 
menu and FuncUons of Aneies. poRts 266-303, may l,e omitted from ibe 
8«>m«ry witliout interfering with the logical continuity 
teachers wishing to confine tbcmaclvcfl to the trsditioail 

^blional Committee on Matbematirol Ilequiro- 
vnrir /.r other important topic*, in the rKjuii^ 

*^“"6 that "it is the opinion of the 
S T iaetuded m this chapter should be required 

ia I raathetnatkal knowledge and training which 

« i‘* ‘•Itb^m" It U also given the mme 

w Entrance Examination Board. 

eive this work during the ninth 
r.1^ ‘ advised that it 'jo included in the course in 

plane geometry where it logically belongs. 
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long, and to think of triangles as exactly congruent, just as 
it is possible to tblnk of a point as having no size or of a line 
ts having no width. Therefore a geometry based on such 
concepts is an exact science. The conclusions dravm are 
absolutely exact if the assumptions made are exact. For 
example, if we knew that two sides of a triangle were exactly 
equal, then it would follow that the angles opposite those 


sides would be exactly equal. 

But because wo are unable to make instruments that are 
absolutely accurate, and to read them beyond a certain 
degree of exactness, lines ore never known to be exactly equal. 
All physical measurements are only approximately true. 
With an ordinary ruler, we cannot measure the length o 
this page more accurately than to the hundredth of an inch. 
We read the length as 7.25 inches, if, in our jud^ent, it is 
more than 7.245 and less than 7.255, that is, if it is nearer to 
7.25 than to 7.24 or 7.26. But we cannot read accurately 
enough to tell if it is 7.249 or 7.252. Therefore we ^y that 
the length is 7.25 inches to the nearest hundredth of an 

inch. 

If we used a more accurate instrument than the ^ 
nnght determine that the length was 7.252 and not 7.251 or 
7.253, but we would stiU be unable to teU if it Offered from 
7.252 by 1 or 2 ten-thousandths of an mch. AU that our 
more accurate instrument can do is to move the uncertamty 
to a different decimal place. 

Sisnijicanl figure,. When wo meaouiod 
accurate mstrument, if we had found jj a. ve written 
nearer to 7.25 than to 7,251 or to 7.249, wo tavojmlto 

the reeult 7.250 in. Thia rom d^ not f 
but it ahowe that we have n.ca^ the 
rately than to the "ro^S 

which indicate the measurement, 

Thott :ndT£°aiSnihcant figures, for Ore result is. 
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»c<mrftto to tlic himtlre<lih of an inch, but if icroi were 
written after tlic 5, they would not Ixs WRuificant. 

\ cry often rertw are not ?iKiiific.ml liciirw, but are U-Vil 
only to detennino the decimal When ft man Btat«. 

for example, tkat bo rxpecta (o nave $1,000 next jTar, be 
docH not moan tliat l)o « i!| not tnve $1 ,143..'>7, but only Hint 
he does not expect to differ from Sl.OOO by many huDdf^^ 
dollars In llu, case, the ,..ros nierrly determine ibc 
decimal i«int; they show that does not cxi>ect bw fav- 
fo 1* around 510.000 or $100, so tlm number 1,000 baa 
only one Mcmfleant fiRutr. Similarly, the .liVtancc from the 
«rth to the moon. 2.18,000 miles, kna only thrw siRnifie^t 
tigurw, for It may differ from llte exaet iHstanee by (brt'O or 
four Imndml miles. A numU-r, which ban teros to deter- 
mine the decimal point, is called n round numUr. 

AU fiKurxy c-xcept rcros arc usually sipnlfieant. We are 
ftccu.stoninl (« say that n di-innee la ahout 200 miles when 
loo 

iJb miles when wo know that it is 200 miles. 


234. Computation with approrimale numbers. If we find, 

by tnea.mrcmcnt, that the ride of a wjuan- is 5.-I in., correct 
to the ne.artHt tenth of an inch, then the diaRonal will be 
Ji-',*' is I..I1I2I correct to five decimal places, 

lie i Ri\cs us 7.G3G73-1 a.s the lengtli of the diagonal. 

of an inch only tells 
s that tlie fide of tho square is l»?lwcen 6.35 and 5.45 in., 
Md may differ from the cxnd length as much as .01 m. 
rho Icngh of tho diagonal, tlwn. computed from (his number, 
^y differ from the true length by more tlian .01 in. 

i bo not only useless but misleading to 

SIL «>« tho hundred’. 

^ ■nonrrcct. Since 5.4 is nccumtc to only trro 
dcDcnticU surca, the length of the dhigonal cannot be 
on to more than |vx> significant figures. As » 
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rule, in working with approximate measurements, we carry 
the result to only as many agnificaiit figures as the least 
accurate of the measurements used in obtaining it. 

Exercises 

Assuming tliat these numbers are approximate measurements, 
find the aiisi\-ers to such a degree of accuracy as the data justify. 

1. The dimensions of a rectangle arc 18 in. and 1.402 in. Find 
the diagonal. 

2. On a map, the distance from yl to fi is 2.4 in., and from R to C 
4 S3 in. If the distance from 4 to R is 267.6 mi., find the distance 
from B to C. 

3. Achord of a circle 13113.42 ft. and the distance from its middle 
point to the middle point of its arc is 2 ft. Find the radius of the 
circle, 

4 . Find a mean proportional between 1.8 and 2.374. 

fi« Using ruler and protractor, draw a triangle whoso baso is 
about 3,5 in., and wlioso base angles arc 27* and 00*. Measure 
the other two sides and find their ratio. 

Numerical trigonometry 

236. Functions of angles. Thus far in our courso wo 
have learned many methods by which the length of iv lino 
can be found without actually measuring it. In Rook Onn 
we found the length of a line to' measuring another lino wlilcli 
Was its equal in length. This was useful becau.'to Jt fiiivcd 
measuring through a swamp or across a river, but tlio actual 
length measured was the same. Then in Book 7'Iirco, wo 
computed the length of a longer line by measuring three 
shorter lines and by using proportion. This js obviously o 
better method for many purpose, for not only can wo find 
results more accurately by mdtiplication and divwion than 
we can by actually measuring a long distance, but the 
amount of work is greatly reduced. Can the work be 
reduced still further? Consider the following problem: 

■ Paul wished to find the distance across the Otter 
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from C to li, BO ho measured a distance of 100 ft. in the direc* 
tion CA at riglit angles to CJt, and tlicn he found with a 
protractor that A A was 78*. IIo nc.^t,drcw carefully on 
paixir a right A/l'fl'C', having A A' equal to 7S*, and 
measured CB' and A*C*. lie found that, if he made A'C 

2 in. long, C'B' was about 9.4 
in. long. Paul concludes that, 

«ince C’li’ is 4.7 times as long as 
A’C, CB must Ixs 4.7 times 

03 long as AC or -170 ft., for 
AABC and A'B'C are similar. 

Now Paul measured only ono line on the ground and two 
«hort line.s on paper. And he measured the lines C’B' and 
A'C on paper only to determine the ratio of CB to AC. 
Evidently, if ho liad knonm this ratio bcfore)>and, he would 
have ncoiicd to measure only ono line, Since nil right 
triangles, having an A A equal to 78*, arc similar, this ratio 
could bo computotl once for all for a 78* angle. Therefore 
it would not bo necessarj* to draw a triangle on paper c\‘ery 
time we wished to fin<! the ratio. Then, however large or 
small AABC is, this ratio will remain unchanged so long M 
the size of A A remains \inchangc<l. But if A A grows larger 
or smaller, the ratio will change with it. This ratio is, 
therefore, called a function of A A. 

236. In A ABC, in which AC is a right angle, the ratio of 
the side opposite an acute angle to the side adjacent to that 
angle is the. tangent of the angle, written tan .4 or ton B. 

T,.. A _g_ opposito leg 
6 adj.iccnt leg 

T«n p_^_ opPorite leg 
a adiaecnt leg 
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Exercises 

2. Using a protractor, draw a right triangle having equal to 
10*. Measure a and b carefully and compute the value of tan 10* 
to the nearest hundredth. 

2. From the same triangle compute tan SO*. 

3. By drawing a triangle having ZA equal to 20®, compute tan 
20* and tan 70*. 

Using the same method, fill the blanks in the following table' 

Angle 

10 * 

20 * 

30* 

40* 

6. Find tan 45* without measuring lines. 

6. Henry finds that a wire from thetopof 
® telegraph pole touches the ground 20 ft. 
from the foot of the pole and makes an 
angle of 60® with the ground. Using your 
table, find the height of the pole. 

237. If we know any side of a right triangle and an acute 
®Dgle, we can find the other two sides by using the tangent 
ratio, but sometimes this method would be veiy inconvenient, 
as m the following example: 

Robert is flying his kite. After 
letting out 100 ft. of string, be notices 
that the string makes an angle of 40® 
rrfth the ground. Assuming that 
the string is straight, how high is 
the kite? Robert says that he could 
determine the height very easily if he knew the ratio o 
o to c. 
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Evidently to solve problems such as this, we need another 
ratio, that of the opposite side to the hypotenuse. 

238. In a right triangle, the ratio of the side opposite an 
acute angle to the hypotenuse is the sine of tte anglfi 
written sin A or oin B. 

sin^-g_ °PP»»tcl^ 
c hj-pttenuse 

c hj-potei^se 

The sme of B b calleo the cosine of A, written cos A. 



..j' '““S'® l>“rins ^-1 ®<iual to 10" a«d mnuui® « 

2. From the stmo Inaesle, had aln SO'. 

trba^ca and measuring their sides as h 
group of exercises, fjj the blanks in the following table: 


•^gle j Sin 

jj A.;!. 

Sin 

10* 













kite. End the height of r.obert’s 
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6. John has a ladder 12 ft loi^ on which be wishes to climb to 
the eaves of his house. If, for safety, 
the ladder must make an angle of 70® 
with the ground, how lugh will it / 

reach? Use your table. 

239. Use of the tables. You 
have already made a two-place 
table of the sines and tangents of 
angles at intervals of 10**. In the 
same way you could have filled 
in these functions for angles differ- 
ing by one degree. On page 295 such a table w given. 
In the first column is the number of deuces m e an . 
In the second column, opposite the number o eg , 
the sine of the angle, and in the fourth column the tangent 
of the angle is given. , . . 

To find sin 37‘, look down the column bended *»reM, 
until you come to 37. The number .6018 found opposite 37 
In the column headed sin Is the answer. 

Find tan 18®. The required answer ts the number .324y, 
found in the tangent column opposite 18. 

EZBRCISES 

Use tie Inble on pnge 243 tor the fonowioB eJercises. 

1. Verify the following: 

/ •, • ,qo o'JtO fiO sin 86 *.0970 

(o) sin 13 *r«oO w woofl 

I Fmd the Tslue of the following tuocUons; 
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3. Verify the foUawing angles: 

(«) rini-..76CO i-50» (c) tiin*-28.C363 x-8S* 

(6) wn*-..9‘)C2 *-S5« (rf) tan *-.5543 *-29* 

4. Iind the value of * for the folbning functions: 

W sin *-.4.540 (rf) ein*-} 

(b) Ian *-,7002 (e) sin *-.6090 

(c) tan*-2.!445 

5. For wliat values of * is sin * nearly «iual to tan *? 

6. For wliat v.alue of * do ain * and tan * differ most? 

7. f or wliat value of * fa tan * atwut twice bIo *? 

8- rsthcBineofaCO'angletwIcctliCBmcofaSO'angle? Istbe 
tangent of SO* twice tlie tangent of 40*7 

9. I''^riRhttri4nsIe,the8id«oppositcnnftngleofM*u ...... 

tunes the sido adjacent to the angle. 

10. In a right triangle, the Bide opposite an angle of 22* is 

lunes the hypotenuse. 

11. In the right A^liJC, o fa 3 and 6 is 4. 

TaniJfa 

^ w Sin fa 

c « Cos fa 

12. Without using uLlcs. find tan A, tan B, ein A, and Bin B, if: 

(<i) o is 6 and 5 is 8 
(6) o fa 5 and c fa 13 
(c) 6 fa 12 and c fa 15 

13. If .i: A fa 45- and a fa 1,6 fa and c fa 

14. Without using tables, find: 

(o) Sin 45* and tan 45* 

(5) Sin GO* and tan 60’ 

(c) Sin 30* and tan 30* 

^0. Finding distances by means of the right triangle. 

1 13 evident th.nt if one side and the ratios of the sides of a 
tmngfa are known, the othersidcs can bo found. Therefore, 
choose that function of the known angle 
IS e ratio of the ^ven side and the side to be found. 




Trigonometric Table 



'4226 2.1446 
‘4067 2.2460 
.3007 2.8569 

.3746 2.4751 

.3684 2.6031 
3420 2.7476 
3266 2 9048 
.3090 3.07^ 
.2924 3.2709 
2766 3.4874 

.2688 S.732I 

2419 4 0108 

'2250 4.3315 

.2079 4.7046 

.1903 5.1446 

.1736 6.6713 
1564 6.3138 

.1392 7.1154 

.1219 8.1443 

.1045 9.6144 

.0872 11-4^1 
0698 14.3007 
.0523 19.0811 
.0349 28.6363 
.0175 57.2900 
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Solve this for the side to be found, and substitute the TjJues 
which may be given or found from the table. 

Illcstration 1. Mr. WTiitc wishes to brace an anteima 
pole in his back yard by fastening a wire from its top to s 
post 23 ft. from the foot of the pole. He finds that the 
angle at .d is 41". What length of wire will he need? 


✓ The ratio - is the sine of 

40. iherefore wc must first find ZR. ^ 

ZR-90*-Zd 
-00“-41* 

-40" 
unRa- 

MulUplyinc by c ceinR-h 

Dividing by sin B c«-i- 

fi. sin R 

^ is 23 and sin 4t>**.76 to two significant figure#, 



liusT^Tios 2. Chester, who is at point C, observes 
“rplane is directly overhead at the same time that 
» ons -d finds the angle of elevation («dd) 

to be 62". How high is the airplane? 

Here 5 is 873 and Zd is B2". 

can find o by using the ratio -=tand 

^en multiplying by 6: a=Maud 

^ three significant figures. 

«8haa use three figures for tend. 

0“S73xm 
“1&41.24 

"1640 yds., to three significant 
figures. 
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la AtlRC, Z.C is a riglit angle. 

1. Given c«* 30 and find i. 

2. Givctic“10 and 53®, find 6. ! 

3. Gh-en t-"2.5 andZA“75*,Cnda. \ 

4. Givcna“20 and Z /I “35®, find fc. 

B. Ghxn t“,42 and^B“20®, find c .,1 D ^ 

B. Givena“350and^R“84®,findc. 

7. In AACC, ^lC“34and Z.4-30®, find the altitude CD. 

B. In A.4BC, altitude CD-IOand Z^“47®, find side AC. 

9. The hypotenuse AB of right AADC is 18 and AA is 18 . 
Find side AC and the altitude on the hj'potenuse CD. 

10. Find the altitude AE of DADCD, A ^ p 

dfl-60ft.,DC-S0ft.,and AD-52®. A V 

11. At a distance of 100 ft. from its base, / | / 

the angle of elevation, A A, of the topof a tree B £ ^ 

is found to be 38*. How high is the tree? 

12. Ittien the angle of cleA'ation of the S 

sun la 08®, find the height of a building which 

casts a shadow 24 ft. long. 

13. When the angle of elevation of the sun y 

becomes 33®, find the length of the shadow ^ ^ 

cast by the building in Ex. 12. 

14. How far from the house must I place the foot of a 

14 ft. long so that it will make an angle of 65 with the 
ground? . , .u t, • 

16. A steep mountain road makes an angle of 36 with the hon- 
rontal How many feet have I risen when I have ^ 

trai-eled 385 ft. up the road? 

16. Two artillery ofiicers want ^ locate the / 

position of the enemy’s battery by t e > / 

the guns. Lieut. Homer observes ^ / 

the battery, B, from C7 
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24. Find the altitude of an equilateral triangle whose side is 828. 

25. Find the side of an equilateral triangle whose altitude is 62. 

26. Wlien a ball rolls down an inclined plane BA, its speed at the 

end of i seconds is 521-BinA. If what is its speed at the 

end of three seconds? 

27. Tlie angle of elevation of the top of a mountain known to ^ 

6000 ft. high is 19®. IIow far is the top of the mountain from the 
observer? ^ 

28. TliB captain ot a ship, S. observed that a 
lighthouse, 1, was directly east. Alter Bailing 5 
mi. north, he noticed tliat the lighthouse was 
33" east ot south (ZA-33"). How tar was ho 
from the lighthouse at first? 

29. On a railway cur^’e. an arc of M 
has a chord 340 ft. long. Rod the radius 
of the curve. 

80. In a circle whose radius is 20, a 
chord has an arc of 100*. How long is 
cbe chord? 

31. Find the number of degrees in an 
arc whose chord U S3.4, if the radius of the circle ...^ 

32. If the angle of elevation of the top 
of a tower 800 ft. away is 9% what is the 
height of the tower? 

33. To find the distance from each 
shore to an island B, an engin^r 
measures AD, a distance of 100 ft-, 

^SSCd/ADC-71-.'^teLue^^ 

34. The index of refraction of a piece of glass is 

sin ZABC is perpendicular to the 

surffee^of the glass, CB 

ray of light Find 'the index ^ 

its direction and Z2)5£«48“. 

of refracUon H AABC-66 ana 
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241. The sides of any triangU are proportional to the sines 
of the opposite angles. 



Given: A ABC. 

T« ^ sin i? sin C 

lo prove: ■ ■ g -- ** . 

a b c 


**^®®^* Stateuenw 

1. Construct CZ)±AS. 

2. ^810 A, and --sinP. 

3. A-btinA and A-^asinB. 

4 ftsin A»»aEinB. 

g tin A ging 
■ o “ i, ' 

Simflarly, eta C 

« 6 c ’ 

242, Method of attack. Given 
triangle, to find the other parts. 


lUiiaoNS 

1. 

2. ?238. 

a. Ax. 5 

4. Ax. 2. 

5. §203 


two angles and a side of o 
sin A 

Of the three ratios, 


M B sia C 

6 ’ ^ » choose two: (1) the ratio that contains the 

^own side, and (2) the ratio that contains the side to be 
e ermined. Solve the equation for the unknown side, and 
substitute the known values. 
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Illostration. Given ^4=62'’, 5=84°, and o— 142 
Find b, c, and C. 

C=1S0«-(A4-B) 

=*180‘’-146‘’ 


Bin A sin B 
a 6 
^ Bin A a sin R 
^ a sin R 
sin A 
H2X.095 


C sin A“0 sin C 
a sin C 
sin A 
142X.559 


In the following triangles, find the parts not given: 

1. A = S0‘’,R=43% C" 12.6 6. A“84% C»52'', 

2. R=.35®, C<=63®, 6=312 7. A=66% R=77% o= 801 

3. A=45'’, R = 74®, 6= 66 8. A = 10% R=83*, c=100 

4. A=31“, R^SG®, a= 13.7 9. B=81“, C=13*, c=6 

5. B=59’’, C=72®,a=200 W. A=63“, (7«3S’, 6=3.84 

U. In an isosceles triangle, the base is 20 and a base angle is 50“. 
Find the legs. ’ 4^1 RIfl 

_ 12. In an isosceles triangle, the j]|| 

is 12 and the vertex angle in 70®. Find j, 

the lep. _ IS — — — ^ ” |i 

13. To find the distance from A to C'^j m 

B across a river, an engineer measure^ a.uiH7=67" 

line AC and the A A and C. If AC=100 ft.. A =86 , and C=67 , 
what is the distance JB? 
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'■<»» I”-” A and B, ivhicl 

m 1.0 mdea apart, and on diMlyoppcUe r 

“ ai*°' j' elevalion at A /Q 

W At .I fa the balloon 

Itom A? Also, ho. hieh fa the balloon above ./ 

toe earth? 

fromB? * ’ ^B=CO , how far js the ship 

*" ®°' 'liotd AB equab 6 in., ,nd In 
oq^fa 83*, Find ,h. radlS ol the eW^ 

18. In AABC, Z/t-70* j 

Fmd.4D,thebiee;toro?z!3.’ 



A S8Ur.]4g450,j,^Q 
1. Maelh. „-„,/nnn,,j,. the 

Anown, .hi^ function ofth^i** triangle are 

leg! To find the hypoten “ 7 “'^'“ '* 

'“rp* *" 

lla line appioaSgT’wtat^^'* ”P‘™*''*“ *’■ »“ valne fa 
6 r.iveh, .e to it! tangent? 

;■ S r “ °' '“Ho' 

“»*fa the i>roS5”teo° “h«’^Sufe’"'‘“'‘ °' 





rnopoimoN: sum-ui figuties 


0. Give the principal methods of proving: 
o) Triangles congruent. (e) Angles equal. 

6) Lines parallel. (/) Arcs ecjual. 

e) Lines equal. (g) Chords equal, 

d) Lines perpendicular. (h) A quadrilateral a parallelogram. 
0. State, in terms of intercepted arcs, what these angles are 
wured by: 

(а) Central angle. 

(б) Inscribed angle. 

(c) An angle whose vertex is inside the circle 

(d) An angle whose vertex is on the circle. 

(«) An angle whose vertex is outside the circle. 


MMARY OF THE PRINCIPAL METHODS OF BOOK THREE 

213. A. TrUsgles are simUar> if: 

i- Two angles of ^ne tnanglo equal respectively two 
jles of the other (§ 210). 

1. An angle of one triangle equals an angle of another, 

1 the including sides are proportional (§ 220). 

5. night triangles, having an acute angle of one . . etc. 
217). 

t. They are similar to the same triangle (§ 218). 

3. Lines are proportional, if they are: 

1. Corresponding sides of similar triangles (§§ 223, 215). 

2 Segments of two sides of a triangle made by a line 
rallel to the third side (§ 208). 


. To prove two products equal, use the fact that: 

In a proportion, the product of the extremes equals the 

'"i?tt‘"nS; the produet of the sepneo^ 
ne . . . (§ 230). 


204 
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D. Usrful properties of the right triangle. In AABC, 
ZC 18 the right angle and CD perpendicular to AB. 

1- ^=‘AC‘+W* (§ 227) 

„ OA DC 
■ DC~DB^^^^- 

3 

AC AB' 

4 

BC BA' 


Mlh b') *'’** *^ *'"' ^ 3 wth ^ , luid oM 


RiviEw Exercises; Honor Wors 


6 in iMm*^*^* product of the segmenu of a chord through a point 
problem by two difiereut methods. 

.U^ iM'ribrf m » rhombus wh«e 

eiaes and one of whose diagonab are JO. 

angle at the ends of a chord 12 in. long meet at an 

the line ‘be circle. Also find the length of 

the center^?the cilde^*"^ intersection of the tangents to 

<• If a chord S in long has an ore of 120’, find the radios, 
on the hvnote” ^ right triangle is 30* show that the altitude 
r.Uo of «» bn»te»»; mlo .rgm.ut, m th. 


ratio of 3 to 1 . 


xijr|xiwnuse oj i 


• “rfywuose. 

to ED. ^P^iTOly. Prove that Oil Ls equal and paraUd 


\ 
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8. If VE |] BC and DF 11 BE, prove 

Ah Ai> 

9. It DE 11 BO and — then DF || BE. 



Exs. 8, 0. 



Ex. 10. 


10. It, in AABC and A'B’C, 

iE equal rcapectiTely A'B’ and A'C', prove that DE-B'C. 
title 5 202.) 

11. Construct a circle through two given points tangent to a 
given line, (t/ee 1 231.) 



12. It and 55-^. wtero r ia the radina of OO, 

r OA' r OB' 
prove that AOAB'^^OA'B'. 


13. If BE 11 EC and j|-^. ® *' 


iiAC. 


14. If 

iLM, aadLW'=iIe'il/',provethat 

ZKNL= AK'N'L'. 

16. Similar triangles inscribed in 
equal circles are congruent. 
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16. SimUar triangles are congruent, U a pair of corresponding 
altitudes are equal. 

17. Similar quadrilaterals are cut into similar triangles by cor- 
r«ponding diagonals. 

AC*' ARCf is proiluccd to C, so that 
and a rectangle ^ ^ „ 

ACDF is constnicted. 

Show that rectangle DCDC 
is similar to rcctanclo 
ACDF. 

19. In too eame figure, 
prove that AACX)is simi- 
lar to £iCDE. 

20. In the same figure, 
prove thatCL’l.li) 

. «"J, if Hffis lira.™ petpenJiDukr 

to CD, that seen ij a square. 

22. Then prove that 1G~GD, and if IJ±DE, that IGDJ is . 
square. ' 

U aoown as the reetangle of whhiing square. 

SotoS™. t^’ »' »>«oh of the,?.r;. ft 

rooponrea, are .oundered b, atliat. the „,o.t plrereiug to th. eja 

He d.„™„ at a line dC re that ^ i. eaPed .h. .eeha. 

or golden inentt. 



to 0™t Z’ ■“ 

24 p ,, , proper proportions? 

Of tie „"h.t' a^^“e""Sj- * “ '2“'* 

Bides are proportional. a 

25. If AABC~AA'JS'C' and 




PROPORTION; SIMILAR HGURES 


SOT 


26. Three lines, passing through a common point, cut off pro* 
portional segments on two parallel lines. 

27. R two intersecting chords are perpendicular to each other, 
the sum of the squares of the four segments equals the square of 
the diameter. 

28. In an inscribed quadrilateral, the sum of the products of tho 

opposite sides equals the product of the 
diagonals. (Construct Then 

prove LABE'^AACD and 

28. Coiollary to Ex. 28. If AABC is 
equilateral and 1) any point on AC, then 
PD=4D+DC. 

30. It Ihrw circl<» inlereea each other, tho common chords meet 
in a point. 

31. Tonsonlo at the enila ot a log of on inscritad isosceles tn- 
sngle form with the leg a triangle similar to the onginsl nang e. 

82. Construct a common tangent to two unequal circles by first 
finding the point where it cuts theline joining their centers, produced 
if necessary. 



33. Construct where o, 6, c, d, and e are given segments. 

34. On a given line eegment as base, construct a triangle similar 

to a given triangle. . 

36. The middle polnU of the sides of a square are the vertices of 
a square. . , . 

36. If circles are circumscribed about similar triangles, their 
radii are proportional to tbe corres- 
ponding sides. 

37. BC and BD are tangents to GO 
at the end^f chord CD. Prove that 
OAXOB=^*. 

38. OB c<i»^ 12- M j. (j) 4; (,) 8; (f, IJ. 

of OB wheo OA .Me to.cri Ihc 

f ■ 'T'^t.'oE W describe tho motion of point B. TOcn 

°;S,'c^°Br^h- ^ Whcco now .rc the point, 0 .nd Of 
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(6) What change is taking place in the sue of Z.CBD1 When A 
^ches E what sire has ZCRDT What has become of the two 
tangents CD and DDl 

40. Tuo lTiaT>gle4 vhiek hare their tides respeetiiely varallet or 
perpendicu/or ore similar. 

ft '®f**P?“ding angles, the angles are either equal or 
sum of *11 pairs cannot be iuppleraentary for the 

fore, two X 

41. If the square of one side of a triangle equals the sum of the 

^uarcs 0 e other two sides, the angle opposite the longest side 
IS a right angle. 

Constmct a right triangle having its legs equal to the shorter two 
sides, and prove the triangles congruent by §57. 



BOOK FOUR 


AREAS OF POLYGONS 

244. The unit of surface is a square whose side is a unit o( 

Examples of this arc the square inch, the square yard, t e 
square meter aud the square mile. 

246. The area of a surface is the number of units of sur- 
face it contains. It is the ratio of the surface to the unit of 
surface. 

For convenience, it is customary to use the simple word trianglj 
rectangle, or circle, when the area contained within a tnangij 

rectangle, or circle, respectively, is meant. Thus we say, l«e- 

tanglea are to each other as, etc.” 


1. Dmw a rectangle 4 in. long and 3 in. * 
and altitude into segments each 1 in. long an 
to the sides through the points of diviaion, 
cutting the rectangle into square in. on 
a aide. How many squarea aro th^ m one 

row the length of ‘1* fjZ 

_ _ tVicro? Then bow many 

UBuy rows are » its area in sq 

squares are there in tne rectaus* 

i ™ , on a Bide could you cut a 
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ilO 


tangle 5 in. long by 2 in. wide? Sin. long by 3 in. wide? a in. long 
uy i> in. wide, if a and 6 arc whole numbers? State a rule for finding 
the area of a rectangle which is true for these cases. 

3. Draw a rectangle 2| in. long and IJ in. wide and cut it into 
squares } in. on a side. How many squares arc there in a row? 
How many rows are there? What is the total number of squares, 
an^d how many of them does it take to mnkc a square 1 in. on a 
SI e. Then how many square inches arc there In the area of 
the rectangle? Docs the product of 21 and IJ giTC the correct 
area? 



4. The rmddle points E, F, G, and II of the sides of square ABCD 
are joined in succession. Prove that EFGII 
u a square. If All is C oniu long, prove 
that £r»3\/2. 

li>-I»lbesi!, pnn-s 
that EFGII IS one half of ADCD. 

6. If AB-6, find the area of ADCD, 
and from this the area of EFGII. If you 
multiply the dimensions EF by Eli, that is, 3^/2XZV2, do 
you obtain the same mlue? 

wMpK ^ * /^tangle has the following length and width, find a length 

S.? in both dimensionsa whole number of times. 

^ divided, as in esercisc 1, find the number of 
number of rows, and from this the total 
(b\ 9 17 K “* square inches, (a) 22 by 13; 

doesthpi-^ if ’ ^ 1-323. In each of these cases, how 

of the recU^e™”*^^^ 

\/2 ^ is V3 in, long and the altitude is 

leaefh« « \ which is contained in both of these 

St .t “0 £"« J i--. 

it is contain^ ^ ^ nsarest whole number of times 

t 'riU 8i'« » 'PP"”- 

unit chosen’ TTit” remmder will be smaller than the 

the tabli> n',1 shown in the following table. Complete 

^ "f ‘tp •>». of Ih. squ.™ with no 

of Vi. Ho product of tb. bao. ruid ullltudc. 



AnK.\S OF rOI.YGONS 


sit 



Kumlicr 

Numlirf 

Ap)<rotiw 

j Sumlxr lApproii- 



of Timm 



! of Unit j niatc 

\alua 

L'nit' 

ContainM : 

Contained 

Nnmlirr i 

Squarr* ' .trm 

of 


in 

in 

of ! 

1 til Iho 1 m 

V5 


V^-I.4t4 

\73-I.T32 

Squarrs < 

I Sq. In. j In. 


.1 

14 

17 

210 I 

100 ! 2 4 


.01 

141 

173 

24.t«» ; 

lo.ono ‘ 2 41 


.001 

1414 

1732 

1 

2.449.000 1 

i,()tx).0(io 1 



l^ocs the rrstill otitainrci fmm tli<* •m.il! «iiinrt~t jii«(ify in 
*»uminK tliat the Jirni of ^ rrclanKic cquaU the pnxluct of itj base 
t&dftltituilc? 

240, Assumption. Tht orw of a rectan/ile equals the prod’ 
of il9 late and aUiiude. 

247. Corollaiy 1. I{(ctnru;U.i harinQ equal aliiludea are to 
wcA other as their bases. 

248. Corollary 2. Itectangles having egual bases are to 
oach other as their altitudes. 

249. Corollary 3. TlcclangUs are to each other as the 
products of their bases atul altitudes. 


Class Exefcisis 

1. Find ll.c nitm of " rerfnncic who,! lonsth ii 270 nnd whoso 

width is 02 . . .... , 

2. It two roct.™slo, hove the some b,iso h I'n'i ft™ 

•re respectively e «nd d, what i» ihc iwtio ol the.r ore.rf 

3. lahe hose of a ree.ooelo » while the olt.tu.Ie remains 

unchanged, wliat change takes place m the area. 

d if,\ vn-rical measure of a rectangle IS 14 1 when a square 

4. If the ‘ ^ .„hat number would cepresa its 

1 ft. on a stde « the a side? 

w, if the onil of .re» ‘ ™ ‘ 
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6. What is the altitude of a rectaDgle, if its area is A and its 
base is 6? 

6. How many bricks 4 in. by 6 in, will it take to pave a side- 
walk 4.0 ft. long and S ft. wide? 

7. If one Teetansle U i ft. long ,nd 6 ft. Bride, and another 
^ ng e IS x+5 ft. long and 6 ft. wide, by how many square feet 
Goes the second rectangle exceed the first rectangle? 

8. ^d the side of a square equal in area to a rectangle, whoso 
base 13 24 and whose altitude is 6. 

are^’ ^ “ rectangle is 12 and a diagonal is 13, find its 

inscribed rectangle whose base is 10, if 
the radius of the circle is 13. 

M. Find the area of a square insc-ribed in a circle whose radius 


12, If the area of 
Giunscribed circle? 


a square is 196, what is the radius of the ci^ 


W.Find the area of the figure, i 

«ul right angles. 

“ ■“‘“S'' '”<» Ihree rqnn 

puts by lines prallel to one rido 
tat.?™,* “ I»rt> i» 



OpnowaL Exercises 

M+sf™ E»™trioall.r lh.1 („+i)..n.+ 
li+j?” Potsldally Ihs, 
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19. A rectangle whose base is 12 is inscribed in a circle whoso 
radius is 10. IIow does its area compare with that of another reo» 
tangle, whose base is 16, inscribed in the same circle? 

20. Construct a 6qu.arc equal to the sum of two squares, whoso 
areas are 81 aud 144 rcspeeliwly. 

21. A rectangle whose base is twice its altitude is inscribed in a 
circle wlioso radius is 10. Find the area of the rectangle. 

22. A rectangle whose width is 6 equals a square whose side is 12. 
Hnd their perimeters. 



Honoft Work 

23. Find the of a «iuare Inscribed in B Bemicirele whoso 
radius is 10. 

24. In the square ABCD, 

OD'-IAB. Prove that A'B'C'B' is a square, 

imd find Us area if AB^s. 

26. If the altitude of a rectangle incre^s, 
how must the base change if the area is to 
remain unchanged? ^V'hen the altitude has 
become three times its original length, how docs the base com- 
pare with its original length? 

26. State what change is taking place in the area of a rectangle, 
if: (a) its base is increasing whUe its altitude remains constant. 
(6) both base and altitude are increasing; (c) the base is increasing 
and the altitude decreaang. Discuss (c). 

27. The base of a square increases 4 ft. while its altitude 

4 ft. Is the area increased or decreased, and by how many q 
feet? 

n?n PrOSLEUS 


28. How many bricks wiU be 


needed to pave a sidewalk SO ft. 


^incl” ai laid so «»' they average about 18 sq. in. 
.^^. H^boadteis 18ft. long, :6ft. wide and the ridge is 6 ft. 
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above the eaves, hoiv many ehingles will be needed? If they an 
sold in bunches of 250 each, how many bunches must be bought? 

31. A woman wishes to buy linoleum to cover the kitchen floor. 
She measures the kitchen and finds that it is 15 ft. long and 11 ft. 
wide. How many square yards will ehe need? 

^ 32. I^at will it cost to plaster the walls and ceiling of the kitchen 
in Ex. 31 at SI per sq. yd., if its height is SJ ft., and an allowance of 
9 sq. yds. is made for doors and windows? 

33. A woman finds that she can buy a rug for the living room for 
J6o, or carpt at $3 a square yard. The living room is 12 ft. square. 

e uj-s therug. Howrauchcouldshehavesavedif she had taken 
the carpet? 

_ A 3 yds. of cloth 1 yd. wide, but the 

materul which Mrs. Brown wishes to buy is 42 in. wide. Assuming 
she can use it to the same adrantage, what length should she 


35. Dorefty b making papm- dot],. She cuts eath doll from a 
aug e 6 in. by 3 in. Ifow many dolls can she cut from a rec- 
tangle of paper 20 in. by 15 in.7 

.i'; / 'T" ^ •>1’ “ "Xl> *25 an acre. What 

pneedoeahepay? (An acre equab 160 square tods.) 

“Si' “f'*’ ™ “1- “■ o' •>« ‘o tto too* »' >>b 

***' * length must his plumber cut from a roll 3 ft. 


many board feet (square feet) of lumber are needed foi 
“d 3 ft- ■'ride? If the boards are 
3 m. wide, what is their total length? 

to tablecloth 7 ft. by 4 ft. She wishes 

4^ft?SLrP a part of it, and stUl have a tablecloth 

an a • niuch cloth can she use for each napkin? 
HoVman^rolkof ’distance around it is 45 ft 

«)11 is 18 in 1 P^per wiU be needed for the walls, if each 

or windows' ^ 48 ft. long? Make no allowance for doors 

re order' obtlm ^ ->“1 length must be tjiea 
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Algebraic Exercises 


42. The length of a rcctan^c is 10 ft. more than the width. If 
each dimension is increased 5 ft., the area will be increased 475 sq. ft. 
find its dimensions. 

43. The length of a rectangle is three times the width. If the 
length is decreased 4 and the width is increased 3, the area will be 
increased 8. Find its dimensions. 

44. Find the side of a square whose area is increased 32 when the 
dimensions are each increased 2. 

46. If the base of a square is increased 3 and the altitude decreased 
2, the area remains unchanged. Find its side. 

46. If the length of a rectangle is increased 4 and the width 
diminished 2, or, if the length is decreased 4 and the width in- 
GKased 4, the area remains unchanged. Find the dimensions. 

47. A square rug is 2 ft. from each wall in a room and covers one- 
Iielf the floor. Find the length of the mg correct to the tenth of a 
foot. 

48. A woman has the choice of two rup, both having the same 
Mea, for her square dining room. One of them is the length of the 
room but 4 ft. narrower, whereas the other is 2 ft. shorter than the 
room and 2J ft. narrower. Find the dimensions of the room. 

49. If I cut a strip an inch wide from all sides of a rectangular 
sheet of paper, I reduce its area by one-balf, whereas, if instead I 
cut a strip the same width from the two ends only, the sheet 
becomes square. Find its dimensions. 

60, Illustrate geometrically that: 

(o) (ari-6)(<;+(f)«ac+^+«^+^ 

fb) ia+b)ic~d)--ae+bc-ad~^ 

(c) (a-b)(.e-d)’=ac~bc~ad+bd. 


tiTesUgation ProM.m. How 1^.*''“ 
Mea of aABCD compare with that of 

Ih. tectuiel. FJ!®! JlSr 

a proposition about the area o a parall 
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PROPOSmoiT 1 

260. The area of a paTatletugram equals the fjoduci of 
its base and altitude. 



GiTea: OABCD, with base and 
altitude CE^h. 

To prove: ABCD^hb. 


StinuOT REAsoh-s 

■> 1. Itet.2»i.d!6t 

FBCE ta a rectangle. o t loi 

CeI AB^DC and BF^ 3.‘ } lOs! 

1 f ^CrOarext. 4. jH 

5. AABf^ADCE. ego, 

C. ADCE^iBCE. I' tT; 

^ IscdIk *■ s™' 

^ ■ 9. Ax. 2. 

are ^°^°^^^ogTams having equal alliludet 

other Qi their hase^ 


prod^ ^^^^ogramt are to each other as t 

P^uds oV tA«r bases and aUUudes. 
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263.J Corollary 3. Trigonometry. 

U tico adjacent sides and the included 
angle of a parallelogram are a, b, 
and C, respectively, and the area is K, 
WoiA'aaismC. 

A’«W(§250), A=aBinC'(§23S), A'=flAsinC 

loTcstigation Problem. How docs the 
^ ^BC compare with that of 
ABCEt State and prove a proposi- 
oa about the area of a triangle. 





* Optional 
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pROposiTioir 2 

264. The area of a trirmsle equals half the trodaclafils 
base and altitude. 



Given: AABC, with altitude Al/. 
Toprore: AABC=jADXSC. 
Statcuents 


OTATEUENT3 REASON 

2 ! ABCEifa*o " ** 


2. ADCE isVa " ' ” J- L 

3. OABCE^.ADXBC. 3 2 S 

4. AABC-IOARCe. 4’ 5 104 

5 . AABC^iADXBC. 1 ' i' 6 . 

earh Aovi?:^ cgzwiZ altitudes are to 

each other as Iheir lanes. 

"^^ougUs having equal bases and equal 
altitudes have equal areas. 

„f fhs,;,. 3. Triangles eire to each other as the products 

'^} their bases and aUUudes. j 

Sffua’Si '^"6*®0“>etry. The area of a triangle 

incl^d ^ ®/ «dfis and the sine of thci' 

- \ -^“iofranC. 
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269.* Corollary 6. In an eguilaleral triangle, whose side 

is s, the altitude is - -v/s and the area is —\/3. 

*2 4 

A 

Show that: M = ^ (§ 96). AD - il 228). 

2 

AABC = tVs (§ 254). 

4 

Class Exercises 

1. Find the area of a triangle whose base is 12 and whose alti- 
tude is 9. 

2. Find the area of a right triangle whose legs are 8 and 9. 

3. Find the area of a right triangle whose hypotenuse is 13 and 
one of whoso legs is 12. 

4. Find the area of a paraUelogram, whose base is 10 and whose 

altitude is 12 . , . 

6. If ono parallelogram has half the base and half the alUtude of 
another, it equals one-fourth of the other. 

6. A triangle haring half the base and half the altitude of a 
parallelogram, is one-eighth of the parallelogram. , . , 

7. The area of a rhombus equals one-half the product of its 

diagonals. . , . i -yr 

8. Find the area of a rhombus, Ibe diagonals of which are 3G 

and 40. , 

9. Find the eree of . rhomho,, if aside is 10 and a d'-e”'' 

10. Find the stea of a paralleioErnm, it teo sides are 16 and d. 

“ilS' th“ aL of a rhombus, if the perimeter is 52 and one 

."t^^nple and a ,»ralle,.^»d e. the same base are e,nal 

14. A median of a trianrfe bn«cts th eju^ 


' OptionaL 



ru\,sT. nroMTrmv 



Omojijt KittcixM 

u. II n .M r. i!„ jff, ,,j 

tr^^llrrlr rj IK,, 

la* Ujfl »Aay» *fp» u i^tKC. 

1C. r.iie tU larw 
l}.»t AlW/> t> wjuU tts trra I., CJXIV.. 

IT. If lU ft K l/itfjV ftav* 

Jn » j. int, xi^ f,,«a ^jj . 

«TiU»i ir» a?»a. ’ 

r^vw'! ^ ^ »/ A.i/ir, ir-!Pf- 

! .ir-t 11^ wfT, .10-2 0/; « or U 

.iS. IhTllTii iln’l?'*''” *' •S'l"*''’ 'f '•' •“ 

i, {I * ‘ U s »f«J **1-^ »l!iloJe 

MIO.' **** ^ *" IrivieV) wW 

i« '* ** ^ *" '•rjl’jfml fiiiRtla »bfw •!t;iad? 

"Sy'j, alliioJc cf in «-iijiI.tlmI tmnKtf *1*^ nf** ^ 

S; iMniB^'u!,“„ 7 ‘h 'm '' ”' 

h I(j_ *°^ ^ *”***^*** ^^’•^^WrisliHrifcnfte if (h» liypn'^**'**^ 


Kix 
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j. f on the bypofcouse of on isosceles right triangle 

« four times the triangle. 

eq^re"^*^ on the diagonal of a square is double the original 

• fs a parallelognim, prove that ABBO is equal is 

area to ABFC. 


Ex. 32. Ex. 3<. 

33. Find the Rie.a of a triangle whoso base is ]0 and whcee base 
regies are and 30’ respectively. 

•A^' triangles are equal in area, if two sides of one equal two 
“Jaes of the other, and the included angles are supplementary, 

Hojtor Wore 

35. If E is any point inside OABCD, the sum of AEAD and BBC 
equals one-half the paralleJcgram. 

3B. The sum of the perpendicular from any point in the base of 
an Isosceles triangle on the legs equals the altitude on a leg. 

37. The sum of the perpendiculara from any point inside an 
equilateral triangle on the three sides equals the altitude. 

38. The area of a triangle equals one-balf the product of the 
perimeter and the radius of the inscribed circle. 

39. The area of a chcumscribed poly^n equals one-half the 
product of the perimeter and the radius of the inscribed circle. 

40. Find the area of an equilateral triangle inscribed in a circle 
whose radius is 10, 

41. Prove, without using the algebraic method of Book Three, 
that the square on tha hypdeonae of a x\Erht triangle equa^ tbo 
sum of the squares on the legs. 





PLAKE GEOStETRY 


ScoOEsnox. Construct Cl>Fi.AB, and draw BO and CB. 
The plan is to prow ACGA con- 
gruent to AC/l//, and then to prora 
these triangles half the square 
PGAC and the rectangle DAIIF 
respectively. Try to prow it 
without further help. Is PCB a 
straight line? If AG is taken as 
the base of AC(7A, what is its 
altitude? How docs Us area com- 
pare with that of square 2V.IC? 

How does ACAU compare in 
area with rectangle AlIFW Now 
compare POAC with AllFD. Com- 
pare MCDL with DFKB. 

42. If the diagonal AC cf quadrilateral ABCD diWd« tie figure 
into two equal areas, it W.<ect3 BD. 

43. The diagonal BD of quadrilateral ABCD is trisected at 
and r. Prove that the quadrilaterals 
ABCE, AECF, and AFCD ore equal in 
sita. 

44. If side DC of rectangle ABCD is 
extended to E, prove that AABE equab 
one-hall rectangle ABCI>. 

45. Two isosedes triangles have the 

same area, if thrir legs at® eqnal and the 
base of one is twice the alUtude of the 
other. _ . 

45. Any line through the point of intersection of the diago 
of a parallelogram bisects the panillclo^m. . 

47. If the sides of a patnllelo^am remain constant, but 

jncreascsfrom0®to90® htjwdoesthenreachan^? .^e 

rides are 10 and 12, find the area of the parallelogram. ^ 
included angle is 30“; 45®; 60®; and 90®. 

48. Trigemometry, If the aides of a parallelogram 
stant, but the included angle changes, prove that the 
as the eine of that an^e. 
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Applied Problems 

49. A house whose width is 30 ft., has two gabled ends, and the 
ridge is 20 ft. above the plate at the caves. How many square feet 
of boards are needed to cover both gables? 

60. Two streets AB and BC meet at an angle of .^0°, and a third 
street AC crosses RC at ri^t angles. If 
BC is 80 yds., find the area of the plot 
bounded by the three streets. 

61. A man builds a comer seat in 
the form of a right triangle whose legs 

3 ft. and 5 ft. If he wishes to 
cover it with leather, how many square 
feet will he need? 

62. South America is roughly a triangle whose base, running 
north and south, is 5,000 miles, and whose altitude, rimning east 
wd west, is 3,000 miles. What is its approximate area in square 
miles? 

63. In the year 1009, Kepler discovered that the spwd at which 
the earth travels around the sun changes when its distance from 
the sun changes, and that, if he took the distance from the sun te 
the earth as the altitude of a triangle and the distance the earth 
traveled in a second as its base, the triangles always had the same 
®rea. If the earth goes 19 ml. per second when it is 02,000,000 
miles from the sim, how fast is it traveling when it is 05,000,000 
miles from the sun? What is the distance from the earth to the 
sun when the speed is 18J mi. per second? 

64. As the earth moves farther from the sun, does its speed 
increase or decrease? 

Geometric reasoning applied to life rilwtions (Optional) 

!• Assuming that it rains whenever the wind is in the east, which 
of the following statements are necessarily true? 

0 . Since it is raining, the wind is in the east. 

6. Since the wind is in the east, it is raining. 

c. Since it is not raining, the wind is not in the cm . 

d. Since the wind is not in the east, it is not raimng. 

^ If it is tme that it rains only when the wind is in the east, 
’rhich of the above statements are necessarily true? 




BUILDING A SKVSCRAPER 


Large buildings are complelely planned before llieir 
construction Is started. Some one must compute tbe amount . 
of surface to be enclosed, the areas of floors, ceilings, and 
walls, and all this must be done accurately from the plans 
before the contractor can bid for the contract. If the bid is 
too high, he will not get the woric; if loo low, he will lose 
money on it. 

After the building is up. it is still necessary to plaster, 
paint, put on roofing, pot in windows and rugs or carpeting, 
end perform numerous other operations that require firrding 
areas. This work it usually let to other contractors whose - 
ottiee f«rees figure the entire cost before a contract is taken. 

And after all this work is completed, there are still many 
places til the home in which the thrifty housewife can save 
knows how to find areas of the materials 
nee ed for curtains, decorations, dresses, end other articles 
she must make. 

As in the building shown here, the contractor docs not 
necessari y begiti walling in the rooms from the bottom up, 
u may for special reasons enclose rooms on certain floors, 
eaving those above and below open until later. He can do 
^.s because the walls are laid on the steel frame and not 
built up from the ground. 

Photograph by G«org« A. DougTa* fraoi Philip D. N- Y- . , 
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Space Geohetey [ OptionaX ) 

“ "®’’‘ P"™ “s '“•'rai "• 

peip<.iia,cuUr to its bosca. Find the InlDtal 
™ and abo the total area of a rieht pmm 
whose Litoral odeo fa 10 in. and tthoso base fa; 

(a) A square G in, on a side. 

W !a equilateral triansleS in, on a side, 

S ? 'P'tanclc 7 in. long and 4 in. iride. 

W A right triangle whose logs are C and S in. 

ntuch cardboard fa required to mate a rectangular boi 

s T I “ ”• «»■' < to. d«p7 

lonati * 7 for the total area of a rectangular hot whose 

length 13 1, width and height A. 

a '■ to"ei 10 ft- wide, and 0 ft. high. If we allow 
iw. « I ’ I w’mlons, how jjiaoy square feet of plaster 

»feB«deJ for the walU and ceiling? 

In the pjTamid shown here, 17/ 

to the altitude,// the ntiddlc point 

of the square base, and IIK nnd VK 
^Xnc. I'A-.thenUitndeVta 
tnmglc, is called the slant height 
Of the pyramid. .. 

base b^O total surface of a square pjTamid if each side of the 
6 r ^ *«»ebt is 12. 

bas^ i3'ctnd‘'tS!tS ^ 

has n sicl/w ^ tor the lateral area Lol & pyramid if the base 

slant height * <>nd all lateral triangles have the same 

product area of this pjTamid equals half the 

eter of if e'k, «JU«b pyramid is 260 and the perim- 

its altitude ** *** height, the edge of its base, ard 




Volmne of the rectangular box. 

Just as we found by approximating tliat the area of the 
rectangle equalled the product of its two dimensions, so we 
could show that the volume of 
the rectangular box cquab the 
product of its three dimensions, 
or its base multiplied by its alti- 
tude. In the illustration each 
laj-cr contains 5X4 cubes and 
there arc 3 layers, therefore 
5X4X3 cubes. 

If we regard the rectangular box a.« a pile of eanl-*, ne 
*cc tliat we could push it eidewbe into the fonn of an 
oblique parallelepiped 
without changingthc base, 

^Utude, or volume. Con- 
requenliy the volume of 
any parallelepiped oqu.al3 
it* bi«o time* its altitude. 




Ezraases 

1. Ilow many pupils fItouW oemp>’ ® c!a.*»nwn CO ft. Jja?. 11 fl. 
•vie, and 10 ft. high if there ehouW I** nlloTird fO cu. ft tf lo* 

pipil? 

2. How iu.iny huslieJs will a bin 5 ft. hy 3 fl. hf ■! ft- * 
to--21i0cn. in.7 

3. lloir many toes of coal will a Ina 12 ft- h'f'r. 5 f** ’ 

3 ft. high hold if & ton of coat occup:^ S'' ft-* ^ ^ 

^ A cord of wood U 8 ft. krs, 4 ft. ■* 

f-«y iTTils are there in a wV CO ft. I'T-r. * f** ‘ 

high? ^ 

nmra otJrml 23 ll«. rf in- •»> 'i-' '"T' 


thJ>, *»i 


IM 
ft'd f, fi. 
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Proposition 3 


* 260. The area of o trapezoid equals half its altitude 
fiwes the sum of its bases. 



Heasonb 

1. Post.l. 

2. 5 106. 

3. 5 2M. 

4. Ax. 3. 


Given: Trapezoid ABCD, with altitude 
h, and bases b and b . 

To prove: ABCD^^hib+b'). 

Proof: Stateuents 

1. Draw AC. 

2. A is the altitude of both A. 

3. AABC^iW and AACD^JA*. 

4. AflCD«=§A(6+6'). 

CiAss Exercises 

1. Find the area of a trapezoid whose bases are 0 and H a 

whose altitude is 11. . _ « ct .■? 17 

2. Find the area of a trapezoid whose bases are 0.S3 and 3.17 

«»d who.0 oiutude i. 17. . , , if il. la«» 

3. Find the „e. o tn.p»;d ^ 

tte 8 and 10 rMpect.rely, and .f .tB o w. • 

^Bi3 45“. 5. 144 and whose 

4. Find the iJliln'i" »' » 
bases are 10 and 14. 
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bi.eSlinljhl'IV' ^ oI a tTspozm, and 

shorter ba^e t i^-^' **** P^IcJogram formed by extending the 

sbo^r ba^e 13 equal m area to the tmpcroid. 

cut an cardboird 12 in.XH in., John 

aSd a 8ou«^ •It.?'* ^ « •■"• ‘‘“d 8 in. and legs 5 in., 

ing S in. Kml the area of the part mmain- 

6. Fin^th^l^ *- «'='■ 

and oaria^is Ifi in *T?T altitude i? 17 in. 

g Find the other base. 

-^8 aid «:nShtK2^,^ ^ ^ 


OpnOHAt ExZRCtSSS 


e bases are 13 and 20 and 


rtl 5ri “'V'^ '!«>» I 

wnoso base angles are each CO*. 

i^nd the ha^tt'^ contains 210 eq. ft. and Its altitude is 16 ft, 
12 ‘l-e otter. 

the area of a is 10 in. and its altitude 4 in., find 

13. U J n *’>■ “ *'■“ 3 iu. from the vortex, 

of trapezoid non-parallel sides 

area ofthe treSd. ‘ ''*" 

bisects «ho arM^of^iK^ nuddle points of the bases of a trapezoid 

ASCDEFa ’ ^ 
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16. The area of a trapeioid equals the product of one eg nn 

i perpendicular drawn to it from the ^ 

middle point of the other leg. 1 

17. If the longer base of a trapezoid ^ 

grows shorter until it is the same length Lj^ - ^ 

as the other base, what has the trapezoid 

become? Does the formula for the area of a trapczoi s 
true for this figure? 

18. If the shorter base of a irapezoid grows ^ ‘ 

length becomes zero, what has the trapczoi c<^ 

the tomuk for the orco of a Iraporoid Bt.ll Wd tnio for th.. 
figure^ 

19. Find the area of trapezoid ABCD, if i?C'“20, CD 

^A^OO’, ^B-00’,and ZC-4y. /i.iw 

20. Find the area of a trapezoid if A/?** *0, - > 

and zJC-OO*. another 

Investigation Problem. Draw a ^ ^ corresponding 

M'B'C whose sides are each J that of ZiDCT 

sides of AABC. Is the area of AA PC twice rnav 
More than twice? Cut AA'P'C' Into ^ 

triangles having sides equal to ^ j 

those of AABC. How iwiny such / \. 

triangles arc there? If the sidra / 1 ^ ^ 

of AA'P'C' were three ti-mes the j? z? a ^ ^ 
eorrcspoTiding sides of by cullins 

would their areas compare^ T - to Uickc of A.1PC. 

AA'BV into trtoElc '“rS,'' C«n J-od 

Horr then do the orena of Bimdor •?; In the Cenie, 

prove this? Ofa-l”c'f IVtat i. Ibe "tio 

rrh.t is the nrea -f - JX, 

-^,1 llorv does ^ 

' BC g^„ ^„r resnll «s . proproi- 

EndthcralioinlermBof^,,! » 



8S0 
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pRoposmoiT 4 

■=/ simitar frian 

the squares of corresponding sides. 


ore to e^,hoth„t 



To prore: 

^A’B’C 5^* “3?^ 

StATTitESTS 

'lOandX'i)'. 

^'^'C' B’C'^A'iy’ 

3. Ji£_ .50 

.A'D'“fi'c/- 

4. BC* 

^'£’C'S5^- 

in the same way, 

K' :{c' 7 b- 

_ ) Class CxERasss 


AB* 

^AlP*‘ 


Rusavi 
I. {M. 


3. §21 

4. Ax. 


I 

Find the sides o 
5 and 15. IIow 
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SSI 

3. The sides of a triangle are 5, 7, and 8. The perimeter of a 
gimilar triangle is 40. Compare their areas. 

4. If the areas of two ^milar triangles are to each other as 2 is to 
3, what is the ratio of their aides? 

6. The sides of a trian^e are 4, 5, and 7. Find the sides of a 
Bunilar triangle whose area is three times as great. 

6. Similar triangles are to each other as the squares of cor- 
responding altitudes. 

7- A park is represented on a map by a triangle whose area is 
3 sq. in. If the scale of the map is 1 : 12,000, find the area of the 
park in square rods. 

8. The base of a triangle is 8. Find the base of a similar tri- 
angle whose area is 2i times that of the former. 

9- The base of a triangle is 15 and its area is CO. Find the 
of a siniilar triangle whose altitude is C. 

10. The area of a right triangle is 25 and one leg is 10. Find the 
hypotenuse of a similar triangle whose area is 100. 


Opnonai. Exsacisss 


11. The corresponding sides of two similar triangles are to each 
other as 3 is to 8, and the sum of their areas is 365. Find their areas. 

12. TVTiat part of a triangle is cut off by a line parallel to the base 


and bisecting one side? 

13. Two lines porallcl to ono eide ot n triangle trtot a fcond 
side. Compare the aieae ot the parts into whioii the tnanglo B cat. 

14. Thobaaeof»tri.nElei.l0.ndiUaltitnde4. 

0l the triangle out oil by a Ime parallel to the base and at . d.atance 
®f 3 from the vertex. .. ni*., 

cuts the other two sides. , 

16. Constrnct a square twice wilar^ao a PV^ -TtBrin 
17. Constmet an equilateral l.»ngle three tune, m, large „ a 
given equilateral triangle. 
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28. To find the height of a cliff, Paul dropped a stone and noted 
it required 4 seconds to reach tiie bottom. How high was the cliff? 

29. If the stone were dropped from the top of a tower 400 ft. 
high, how many seconds would it take to reach the ground? 

30. Using information from the graph, write a formula for find* 
“g the distance a stone will faU in any number of seconds. 





PiANE nnosririRY 


on which there i 
P*ge. 


a mortgage; (c) Tlie man who holds the mori- 


COUPLETION TesT {to min.) 

•UiMolaTb I'”™ S “ ““"I 

altto* Li'^ “ '"'**“'* “<* 8 •"‘1 ‘l» «"» is 2S. Ill 

.Ml Jl," *.I«»i»''loimii ii a .nd ill l,i» i, i. Th. 

^uire ii 1 . Tlift projMftioQ expressing Iho reiation 
a, 0 and # n . . 

elianff(yi*^*il.**^'iu L'* doul.Jcd while the area remains un- 

t u ’ J» multiplied hy 

includ«r'«n^^*^"* * parallelogram remain eonstant as the 

mduded angle increases to W, tl« area of Urn parallelogram 

NoMBBicatTfST (W min.) 

•ItlinS on » 8 •"J IlKi •lUluilo on it ii 0. It Ihe 

“ In Ih, >8' 0l tbo .Ido, 

3. Th'e » H. end the .„i „I aorS. 

equilateral trianpt.*^'^'^ Iriangic are 3 and 4. Find the area of an 
triangle, ^ B^uals the hypotenuse of the right 

PirinSr 'o °f SLSI m' "" 5. 5 “»8 6. Tis 

of the second tria i /"*"***' ** ''^‘at is tho ratio of the area 

5 ^ the 6rst? 

1 : 4. Find^hfratb 0 ^, 5 . ‘'® triangles are in the raUo 

me ratio of their perimeters. 
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' Matching Test (10 min.) 

After each number, write the letter of the phrase that 
forms a correct statement with that following the number. 


1. Inscribed angle 

2. Area of trapezoid 

3. Triangles having 
equal altitudes 

4. Areas of dmilar 
triangles 

5. An angle formed 
by two tangents 

6. Area of a triangle 

7. Perimeters of sim- 
ilar triangles 

8. Angle formed by 
intersecting chorda 

9. Unit of area 

10. Area of a parallelo 
gram 


0. i Uie altitude times the sum of the 
bases. 

6. J the product of base and altitude. 

c. Product oi base and altitude. 

d. Are to each other as their bases. 

e. Are to each other as the squares of 
corresponding sides. 

/. A square whose side is a unit of 
length. 

g. Are to «ieh other as corresponding 
sides. 

h. Measured by } iU arc. 

1. Measured by half the sum of its arcs, 
y. Measured by half the differenco of 

its arcs. 


Reasoning Test (10 mtn.) 

Give the reason for each Btalcmcnt in the following proof : 
Given: D any point on BC, AM the median to BC and 
MBllAD. 

To prove: aEBD^^AABC. 


1 . R^f=iBC. 

2. AAB^f and ABC have the same 
tude. 

3. AABM^iAABC. 

i. 



6. AD II Jl/B. 

6. The distance from A to 

7. AA-VF-AW/F- 

8 . 


jl/r-the distance from D to .'/r. 

0. AAB.V-ABBD. 

10 . ABBD-iAABC. 



830 
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262. Triangles on tbo same base are equal in area, if 
taeir vertices are on a line parallel to the base (§256). 

Illustration-. TransformagiTCntrianglointoanososceles 
triangle on the same base. 

Given AAflC. 

To construct an isosceles triangle on BC 
equal m area to AHBC. 

^astnict DE through A parallel to BC. 

^^C^tructFC, the perpendicular bisector 

Draw GB and GO, Tlien AffBC i* the required triangle. 



Exskcises 


1* Transform a 
«qiial to BC. 

2. Transform a 
and haring a given 
8* Transform a 
the hypotenuse. 


given AitBC into a right triangle having a leg 

given AdBC into another triangle on BC, 
angle adjacent to BC. 

given AABC Into a right triangle, having BC 


4. Transform a 
samo base. 


given parallelogram into 


rectangle on the 


^ given parallelogram into a parallelogram on the 

wme base, and having a Wangle. 

base ® given parallelogram into a rhombus on the same 


and ^ triangle into a triangle on the same base 

and hamg a side paraUel to a given line. 

BC as a * given AABC into an isosceles triangle having 

base triangle into another triangle on the same 

ba«. a^havmg another side equal to a given line. 

given side^* another triangle having two 

11. Transf * Iransfonnatioas, one side at a time.) 

“^e. and a ci^ anoUier triangle having one given 

pven angle adjacent to it. .. 
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A SELP-MsisiTKiifG Test 

1* Write a formula for the area of a rectangle; a triangle; a 
parallelogram; a trajwzoid. 

2. What are the principal propositions used in proving the 
one about the area of a trapeaoid? a triangle? a parallelogram? 

3. Complete this statement. Similar triangles are to each other 

as 


4. Give the theorem in which parallelograms are to each other 


5. Are similar triangles to each other as the products of their 
bases and altitudes? Is this true if the triangles are not 
rimilar? 

6. State the conditions under which triangles are to each other: 
(®) as their bases; (6) as the squares of their bases; (c) as their 
<dtitudes. 

How would you find the area of an irregular polygon? 

8. Define; 

(t) HypoOiesit. 

(0 Hypotenuse. 

(m) Indirect proof. 

(n) Tangent. 

(a) Chord. 

(p) Inscribed angle, 

(?) 

m SuppUmenlary attfU.. (r) Similar Irraagla. 

(fl Sight arrgk!. W Prrpmd.cuhr. 

ifl Isosceles triangle. (0 Erircmes. 

8. What conatniclion li»aa 

of a triaarfa propof 

(0 Aa'S& 


(o) Quadrilateral. 
(h) ParalUlogram. 
(c) Rhombus, 

(tf) Rectangle. 

(e) Trapezoid, 
if) Vertical angles. 
(?) Adjacent angles. 



33S 
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(/) The area of a trapezoid equals . , .? 

(?) The sum of the squares of the legs of a right triaa^ 
equals . . .? 

(A) Tlie product of the segments of a chord . . .? 

(0 The angle formed by a tangent and chord is measurwl 
by . . .? 

W Opposite sides of a parallelogram are equal? 

( ) Janes arc parallel If their alternate interior angles are 
equal? 

(0 In a circle equal chorda ba%Y equal ares? 

10. State the principal proposition on which each of these coo* 
■tniclions depends- 


a) A line through a point parallel to a line. 

(6) Dmding a line into three equal parts. 

(0 instructing a tangent at a point on a circle. 

W instnicting a fourth proportional, 

V\ proportional. 

I/) Circumscribing a circle about a triangle. 

263. Coastruction by algebraic analysis. When con- 

rue 100 exercise involve area or other numerical relations, 
raic analyas is the method of (liscovcring the solution. 
This method will be illustrated by the following c.'tamples. 

^ustrarion 1 . Construct a square equal to one-half a 
given rectangle. 

SttpI. Draw a 
square to represent 
the one to he con- 
structed. 

Step 2. We could 
ronstniet the square 
if vre knew a side. 

Therefore let x equal 
a side. 

Step 3. The useful 
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Step 4. The area of the square is one-half that of the rectangle 
Therefore a;*=4a6. 

Step 5. This equation can be transformed into the propo 
o_ X 

‘ top 6. Cmstnict i. Bisect b end constnirt the mean pro- 
portional bet-weeri a and 
Step 7. Construct a square on * as a side. 


Illustration 2. On a given line segment as base, 
an isosceles triangle equal in area to a given parallelogram. 

Step 1. Draw an isosceles triangle to represent the on 
constructed. 




SXPP =. WC could conolntct the » wc huc» the .Uitude 

Therefore let I equal the alutod^ u.e 

Spp-p 3. The ueetul k,»« Oil theo. "• 

given parallelogroiu and the P*'" 

and e, reapectively. pvea ui the equalior 

Step 4. Tiro equality ol me 

.. te lra..fonued iuto the ptoporttoti 

SnpS. Thia equatioo can be tr«. 


jc b 



PLANE CEOSIETRY 

6. ^nstruct x, the fourth proportional to Je, a, and 6. 
fartp With c as base and x as altitude, construct the required 
tnangie. ^ 


Illustration 3. Construct a triangle similar to two given 
similar tnangles and equal to their sum. 


1. Drawa tmngle to represent the one to be constructed, 
p . e could construct this triangle if we knew its base. 
Therefore let * equal its base. 

Step 3.-^6 useful known lines are the bases of the given tri- 
angles. Callthemaand6rcspcctKTly. 





4. the condition gjwn and {2CI, x>=a'+6>. 


Step 6. Construct x by { 227. 

triangle^ * triangle rimilar to one of the given 


dif ill^trations, we observe that the method of 

sia 13 as “ «>“t™ctioa by algebraic analy- 

2 Let to represent the one to be constructed, 

to co^tmeSe if known, would enable us 

3- Let a, b. c. etc., stand for useful given lines. 
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4. From tho conditions giTCn in the problem, write an 
equation in i, a, b, etc- 

6. Transform this equation into a proportion or the sum o 
squares. 

6. Construct x by § 213, § 229, or § 227. 

7. Using this value of x, construct the required figure. 


Class Exercises 

1. Construct a square equal in area to: 

(o) A gi^Tin parallelogram. 

(6) A given triangle. 

(c) The sum of two gh'cn squares. 

(d) Three times a given square. 

(e) One-half a given square. 

(/) The dUTerence of two given squares. 

(j) Twice a given triangle. j i. • . 

2. Conslrucl o triangle eimilar to a giw» 

(a) Twice the area. 

(f>) One-third the area. 

(c) Its altitude equal to a given line segment. 

3. Bisect a triangle by drawing a line paraUel to one 

“ides. .. .. 

4. Construct an isosceles triangle on a gieen line segme 
taiae and equal in area to a given triang e. 

5. Construct a right triangle eqnrd in area to a g.ven .r.sogle, 
and having one leg equal to a given l.n. segment. 

6. Co^tnret a toctangte. having its base equal to a grven 
segment: 

(o) Equal in are. to a give" rMtoele. 

[,) Equal In ."»*»» 

Se) Equal In reelangle. 

(d) Having 

tirn given equilateral tn»gl<»- 
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wiCT! 01 two gi\fn equilateral trianglea. 

0 . Contract a Kiuare ojual to He stia, of lhn» giren iquatea. 


lIOROft WOBK 

P ”• S“L™r ■ .nd enaaua an. H a 

U. &Mtruel a «iaa™ equal i„ area to a gieea tn-retoal. 

P- aad w/aX!ltra:ra“™:;3e'” * 

&M„el a Hrtl iaeecte, Inaa-le equal la area to a glee. 

” “^“’W ll» 

^Conaleuct «. equiUtenJ Waagl, equal la a™ H a giTea 


264. Fonaulas. 


Figure 

Formula 

~ ' ■ ” 

Fanilleloitrafn 

K~hb 

{250 

Triansle.. 

K-obao C 

{253 

Tratwjoid 

^•iKb+V) 





^ \ Review Exesoses: Horob Wo« 

^ ‘Watoauae J'aal, ^ “ 
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3. The bases of a trapezoid are 20 and 12. If the legs are 
extended until they meet, the triangle formed on the shorter base 
as a side has an area of 54. Find the orca of the trapezoid. 

4. Two adjacent sides of a parallelogram are 10 and 12. If the 
wea is 60, prove that their included angle is 30*. 

6. Find the area of a rhombus whose diagonals arc 10 and 20. 

6. Cut off one-fifth of a parallelogram by drawing a line through 
one of the vertices. 

7. If rectangle ABCD is equal in arcs 
to square EDOF, prove that AEDC is similar 

to AADG. 

8. If the ends of one side of a p.'irallelo- 
gram are joined to any point on the opposite 
tide, prove that a triangle is formed whose 
area is one-half that of the parallelogram. 

9. If a ^-ertex of a parallelogram and the . , 

niddlc polnis o( the opposite sides oie joined, the Imnglo fontied 
is three-eighths of the parallclc^ram. 

10. The bases of a trapezoid are 10 and 24. and the lower ba.* 
sngles are each 45 degrees. Find the area. 

11. Find Iho .103 ol o Iraposoid wlioso bases are S and . I. and 
whose lower base angles arc each CO*. 

12. Bisect a parallelogram by a line perpendicular to the 

13. If two triangles arc simihr. con-tract a triangle eimiUr to 

them and equal to their difference. 

H. n,o a™ of a rhombus is 72. and ono dLsoon.J Is 1C. Fod 

the Other diagonal and a side- 

15. Findthosido of an onuHato^ — - 

thosuiuot the arasof t-» ssjuilstotal tnantir. .ho- 

°Tc'!Two.idosof..Ha,a.o.-.0-d.2.nd.h.rModod..ri. 

ttnX- - - 
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aS “/ •“ “'Xln.cted o„ the side, of 

u. Then OAKLB i *'*!* «xtended until they meet at 



square of the^t^t^nf. *.’** following proof that the 

squares of the lees P' ° triangle equals the sum of the 

then took DE Juol 1 « right ongle .t D. He 

ASM a tight .roglelS^fl"^ 
the area of the traLzoid to *”*T'^* 
simplified the nsult^ Wnfe *“"! triangles, and 

•suit. Write his complete proof. 

Appued Pbobibms 

C.'i '“»> Eof 

.t?on cn'tt' "™'^®.=PP«nlo 
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perpendicular to AB, prove t h at “ the angle of incidence, A CHO, 
equab the “ angle of reflection,” ZGHF . 

2S. To continue a strai^t Une AB on the other side of a ouse, 
a surveyor constructs right angles at ' ' 

B, C, D, and E, and makes the lengths 
BC, CD and DE each 60 ft Prove t^t 
EF will lie in the same straight line 
withAB. , . 

27. If two forces acting on point A are represented, in ire 
and amount, by AB and AC, the “ 

diagonal AD of OACDB will repre- 
sent "the resultant” in direction and 
amoimt, the resultant being a single 
force which would have the same effect 

», .h. 

TiTtwo to,ec, cl .0 lb,. e„b .el -b 

other, pro« thot their reeolUnt bireci, the oosl. lonoed py 
directions, and find its amount. 
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POLYGONS 

266. In I as, a polj^n was dciined as a figure formed by 
straight lines which enclose a portion of the plane. This 
includes all of the shapes shown below: 



Fjo.2. Fio.3. Ho. 4. 

In this ^ok, we do not in general deal with polygons such as 
^ the sides cross between the veitices, 
Mr with polygons such as that in Fig. 3, in wliich sides can 
__ * ® space inside the polygon. Most of our 

proiwsitions, however, are equally true for these cases, 
inro ^ proposition from Book One which is not 

true for quadrilaterals such as that in Fig. 2? 

ioin«i ^ polygon is a straight line, not a side, which 

joins two of the vertices. 

The following ia a table of the important polygons: 


Name of Polygon 

Number 
of Sides 

Triangle .. 

3 

4 

5 

6 

8 

10 

Quadrilateral 

Pentagon 

Hexagon 

Uctacon 

Uecaeon 
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Proposition 1 

266. The sum of (he crngUs of a ■polygon of n sides is (n— 2) 
straight angles. 



Given: Polygon ABODE . . . having n sides. 

To prove: The sum ot the angles of ABODE ... is (n-2) 
straight angles. 


Proof: STATEUE-vre 

1. Draw all the diagonals from A, fonning (n*--) 


triangles. 

2. The sura of the ^ of a A*“l »t- 

3. TheBumofthc.tiof(n-2)A“('»-2) »t. A. 

4. The sura of the A of («-2)A equals the sum of 

the A of ABODE • • • vuit A 

5. The ,um of the .i of ABODE . , . - (a-2) rt. rt. 


I Reasons 
1 1. rost.i. 

2. 5 SC. 

3. Ax. 5. 
•1. Ax. 7. 

5. Ax. 1. 


lex, 18 ftro straight angus. 

-he sum of the ext. 1i SW 

-ho sum of the mt- A . . o 2 st. A. (Ar. t.) 

lae sum of the ext. 
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2B8. Corollary 2. Each angle ef an fjuian{ru2ar polygon 
of n sides equals straight angles. 

269. In c scrits of equal fractions, if the sum of any number 
of the numerators is din'ded by the sum of the corresponding 
denominators, the quotient equals any one of the fractions. 


GiTen: 


' i 

b d'‘f“k° 


To prove: 


b+d f/+ . , . 




Tlicn a»6r, C"»rfr, e»/r, .... (A*. 6;. 


nen o-er, e»/r, .... 
o+e+e+. . .m0+d+f+. . .)r (A.T. 3). 
fl+e+e-1-. . a e 

i+d+7+::.‘'Ti~ " 


ExEKasEs 

1. ^fine B polygon; rimitor polygons. 

2. ^Tiat is Ihe perimfter of a polygon? 

' ° prot^itions about an exterior nngle of a triangle, 

polygon? etjanlly true for quadrilaterals? Other 

4. Can jou draw a polygon in which cverj’ exterior angle equals 
in enor angle? One in which every exterior angle is smaller 
than every inferior angle? 

triangles ABC and A'B'C are 
ar, an ^ ^ “ twice BC. Compare their perimeters. If 
would the perimeters compare? 
P ^ conclusion hold equally for similar quadrilaterals? 
"5 polygons? If c, 6, c. . . . are the sides of one 

ygon an a , 6 , c', , . , the sides of a similar polygon, write a 
proportion in these letters. Does the fraction 
vqual one of theie ratios? Why? a +6 +c + 
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Proposition 2 

270. The peTimeiers of two 5/mi7or polygons < 
other Qs any pair of corresponding sides. 


e to each 



Given; ABODE .. .~A'B'Cp'E' 

pcrimclore P end P • 
PABBC 

To prove; 


. with 


Proof: 


AB 


Reasons 
1. §215. 


2. §2C9. 

3. § 3S. 

4. Ax. 1. 


Statejients 

BC CD _ 

A'B'^ S'C'^ C'D'~ 

- AB+BC+CD +. . - _ _-gL^ ■ ■ 

■ A'B'+B'C'+C'iy-i-. ■ • A'B' B'C 
3. P= AB+BC+OT+- • • 5 C + 

4 £.=:d^=-^= 

Investigation Problem. t“Xl 

above Eimilar poIygoM, woul , pojygons? Are these 

What parts of these triangles and A'D\ 

sufficient to prove _ prove AACD equal to 

Are AACO and A't7'i>' Canj-o^P 

AA'C’D'I Ca»yoniio<ion,tiolo.hichbolhj;j;.» 

.teequ.1T Isthecouverectrue? 
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PSOPOSITIOH 3 

* 271. SimiJaT polygons can be cut into triangles so that 
the corresponding triangles are similar. 



Giyeas AliCDi: . . .-^A'D'C'D'E ' . . . 

^Ofteve: ADCDE . . .and A'B'C'D’E' . . . can be cut 
into triangles so that the corresponding tri- 
angles arc similar. 

Reasons 

1. Post. 1. 

2. §215. 

3. §215. 

4. §220. 

5. §215. 

6. Ax. 4. 

7. §215. 

8. Ax. 2. 

9. §220. 

same way the other pairs of triangles can be p^o^■e<^ 


Stateuests 

1. Draw ^l^he diagonals from A and A', 

3. AB :A'B'=BC :B'C'. 

4. AABC'^AA'B'C' 

5. ^BCD^^B’C'D'and 

6. ^y=’Zy'. 

R in ■ ' fi'C' and CD IC'D’- BC : B'C'. 

8. AC:A'C’=CD .CD'. 

9. AACD'-..'AA'C'D', 


o,f ?■» ^°^y9ons are similar, if they can be 

° nanples so that the corresponding triangles are 

"mlar.andUmllcrliitlatial. 
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Proof: 

Statements 


Reasons 

1. 


, Zx^Zx", Zy= 

■Zy',... 

1. § 215. 

2. 

dC=ZC', 

zD ^ ziy ,... 

2. Ax. 3. 

3. 


=BC-.B'C’={AC-. 

: d'G'» 

3. §215. 



= CZ):C'D'= 



4. 

ABODE . . 

. r^jA'B’CD’E'. . 


4. §215. 


Exercises 


1. If two polygons are similar, and lines are drawn Joining in 
order the middle points of the sides of each, the corresponding 
triangles cut off are similar. 

2- Using the same hypothesis, prove that the new polygons 
fonned inside are similar. 

3. If tr\*o similar polygons are cut into triangles by diagonals 
so thav one triangle of one of them is congruent to the cor^ 
eponding triangle of the other, then all corresponding triangles 


We congruent and the pol^^ons are congruent. 

4- Polygon, ABODE and A'BVD’E' are •imlo''. ^ J".'* 
P* are points inside them respectively so located that « 

similar to AP'A'B'. Prove that APBC is similar to APo(^. 
Also that lines from these points to all the vertices of their respec- 
tive polygons cut the polygons into similar triangles. 

6. If two pentagons have their eorrcsponding angln equal. 
t»hat U the smallest numher of sides of one ah.eh must 
to be proportional to corresponding sides of the “toat “ orfer 
that the imlygons can be proved rimilarf Prove your eoncins.on. 


Investigation Ptoblem. te' mlto of 

pare the ratio of the areas of AABL areas 

the diagonals dG and Ti... sSc CLt S 

of AdCD and A'C'P of the triangles of 

sum of the tnangles of one conclusion would you 

the other polygons as ... ' ^ complete and prove 

?hT»« ^ ^ 
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Paoposmon 4 

* 273. The areas of siimlar polygons are to each other as 
the squares of corresponding sides. 



Given: .\BCDE '-^A'B'C'D’E' . 

Topmve: £ 

A’B’C'D'E' . . . o'»’ 

STAreuENts 

1. ^nstruct all the diagunals from A and A'. 

2. Al~Ar, A2~A2',/i3^A3' 

3. 

o'* Al' m'> A2' n'»''A3'“' ' * 

4 Al 4-A2+A3 4-. . 

’ ^i'+A2'+A3'+. . 

5 ^BCDE ■ ■ . a> 

■ A^C'D'B' . . 

^iu areas of Eimilar figures arc to each 

cr aa e squares of any pair of corrcspondins lines. 

^T^^prop^tion has many important applications in physic*- 
etwT« Jk E™«taUoB, Ij^t, sound, electric waves, and 


RtisoJfS 

1. Post. 1. 

2. 5271. 

3. §261. 

4. §266. 

5. Ax. 1- 


‘n'^etism, the intensity at 


ic square of 5u distance from the source. 


any particular point varies inversely 
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Pkoposition 6 

276. A polygon similar to a given polygon can be con- 
slnicted. 



Given: Polygon ABODE and line A'B’. 
To prove : A polygon can be constructed 
ABODE. 


Construction: Stateiie-vis 

1. Draw AC and AD. 

2. At A' construct A x', j/ and z'-^Ax, y, and r. 

3. Construct Zi?'= AB, thenZta'-w.thcnZP - Av. 


PpiBOVg 

1. Post. 1 

2. 560. 

3. 5 60. 


A'B'C'D'E' is the required polygon. 
Proof: 


1. AA'C’'i>''^A.4CZ), j 

AA’n'F.'r-^AADE. j A *1*72. 

2. A'B’C'D'E'^ABCDE. 

In,e.Bgation Problen.. Can J™ co^tmel . triangle l,av.a, 

the same area OS quadrilateral ^ 

to replace A/ICD with another trwRlo 

h.anngtho same area. If wc .”’1’ _ / \ / \ 

Iha basa. al.al U tt.a loaaa /- ¥-* 

wh.at point must D mo« m (rianelc 

a straight line with BC^ ^ quadrilateral ADCD 

docs AACD then become. ' 
then become? 
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PROPOSITIOIT 6 

276. A triangle equal in area to a given polygon can he 
constructed. 



Given: Polygon 4 BCO^. 

To prove: A triangle equal to ABODE can be 
constructed. 


Coastrucfioa: Statemekts RfiABOSa 

1. Extend CO. 1 . Post. 2. 

2. Draw AD. 2 , Post. 1. 

3. Construct EG 11 ^ D. 3 §77. 

4. Draw AC. 4 Post. 1 

Proof: 

1. L. ilDE aDG, ad is the W of both. 1. U™- 

T, and C are on a line EG B AD 2. Const. 

I' 3. 5 262. 

“ABCC, and the number of sides is 4. Ax. 1. 

reduced by one. 

tinfn ““>nber of sides can be reduced one at a time, 

unta AAFC 19 obtained. Therefore AAFG^^ABCDE (Ax. 1). 


Exercises 

of ^ angles in the sum of the an^es 

q didateral; of a hexagon; of an octagon; of a decagon. 
Polyron'of j «fegrera in the sum of the angles of « 

("•ygon of 7 sides; of 12 sides. 
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3. Find one angle of an equiangular polygon of 4 sides; of 
6 sides; of 10 sides; of 60 adea. 

4. Find the number of degrees in an exterior angle of an equi- 
angular polygon of 5 sides; of 7 ^es; of n sides. 

6. Find the number of adcs of a polygon, the sum of whose 
angles is 2 straight angles; 6 atnught angles; 20 right angles, 
100 right angles; 640“; 10S0“. 

6. Find the number of sides of » polygon, each of whose angles 
is 150"; 175"; 162"; 135"; 179". 

7. Find the number of sides of a polygon, each of whose ertenor 


angles is 40“; 15“; 90“. 

8. Find the number of sides of n polygon, each of whose inlcnor 
angles is 11 times the adjacent exterior angle. 

8. If two angles of a quadrilateral are supplementary, the otner 
two are supplementaty. , ,,^.9 . 

10. If the sum of four of the angles of a pentagon ir . 

the fifth angle. . 

11. If, from any point T> inside the f sup- 
drawn to the sides AB and BC, their mrludcd A B u ill he •“!> 
plement of A ABC. 





nr- otten made of rogular (equibtcral and 
12. Tiled floor* n« triangles, squares, or hcxagoai 

equiangular) polygo*^ but that pentagons or octagons 

wni fit together to form eocn imng. 

will not fit. 
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13. Show that two such octagons and a square can be used to £D 
e angular space around a point. (In order that the figures fit 

around a point, the sum ol the angles at that point must equal 3G0*.) 

14. Prove that similar polygons are to each other as the squares 
of their corresponding diagonals. 

16. The sides of a polygon are 8, II, 7, 4, and 13, its area is 120, 
an one lagonal is 10. If the side of a similar polygon correspond- 
13 12, find the other sides, the corresponding diagonal, and 

polygons are 64 and 25. Compare 

the lengths of their sides. 


OpnORlL EzZfiCISES 

riiu * polygon is 20 and one side is 8. The area of a 

polygon IS 12 . Hnd the corresponding side. 



PaSlel^to a polygon and its shadow on a wall 

the squares of A’B'G'D’ are proportional to 

and A'B'CTi' ^*stance8 from the light. (Assume that ABCD 
19. If in r OB'aAB and A'R'J 

to the » one-third of the way from the candle 

shadow? ^ ® ***•> what is the area of it* 

polvffon'^u “ 10. Had the corresponding side of a 

ose area is twice aa great; n times as great- • 
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21. Three polygons are similar, and corresponding sides of two 
of them are 6 and 8. If the third polygon equals their sum, fmd 
its corresponding side. 

22. Construct a polygon rnmilar to two given similar polygons 
and equal in area to their sum; to their difference. 




Applied Problems 

24. Sines light troni a point t'*"'* 

amount of light that would st^e 
a polygon 1 ft. away will stnt© 
at a distance of 2 ft. a sln^ar 
polygon whose corresponding aid^ 
are twice as long. How will their 
areas compare? , * „,roF fwlee rs ETcat 

25. If the Kime amount of light is sl»«‘<i“ Howwonldlho 

an area, rve say that the intensily o hail e«at. Hnn- 
intensities compare in Ex. ZJ? . if 5-ou hold your 

26. When you ..ndyjnurle»n„„to^«»^‘'j ^e 

book only 3 ft. from the light, , . . -j .^ju Jjgld the book 
intensity of the illumination as .t Fonld bo h , 

12 ft. from the light? «» vds of cloth in making a 

27. A tods that ‘he „n,t she use to 

dTM, for her little ^ daughter who is nno-and-a-half 

make a similar dress f 

times as tall? . -atimate the number of j-nrds of 

28. Mrs. Hartney wants W 
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the * dress. She has a Email picture show- 

Sv the.eT TT She caa 

that a f containing 6 sq. in. She also finds 

lenrth Tf i ^ pattern would be 2 ft. long, has a 

Sm Id/. '^i “ tbe ouSber of 

square yards she wiU need for the dress. 

If tt*e ^ represents 1,000 miles. 

Stategj P 13 3 oq, ft., what is the area of the United 

M ° wm It ^p,'“ ^'°°° '’• 

figures the publisher vishes to illustrate by areas of similar 

S ies ““p™ --o «»ounta of rrheat ptodiced ir. diJeieal 

.beSofSs'tr^idt S"““ ^ »' 

The first \e°renra«^^^i!** **““ “much rrheat as a second. 

length should he" '^.h »«*« » 1 in. mat 

'epresenla the second! polygon which 

with that of 1 “eiespaper compares its circulation 

the figure fi L "“P'V'"" '■P eiurilor diagrams. The height of 
«fi- Wr?;l.;7h ‘'•ut/orarivd’s. Dmre 

of its rival? Explain. if its circulation b twice that 


Regular Poltgors 

lateral “ ‘*^T!!Ou rrhioh is both cqui- 

cuinseribed ^ think a circle could be cir- 

figures? Let us irvt regular 

‘'f the regular polyL 

««>«gh the fhree^' ^ ©<> 

must you iJow IcTtst^ V d.fi.andC? What 
prove that U ™rle“S‘ .LS" “> 
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Proposition 7 

*278. A circle cor he circumscribed aboul any regular 
polygon. 



GtTea: Regular polygon 

To prove: That a circle can be circumscribed about 
ABODE 


Proof: Statements 

1. Constnicl a O through A, B, and C, ond let 0 
be its center. 

2. Draw OA, OB, OC, and OD. 

3. In AOriB and ODC, AB^^DC. 

4. OB=OC. 


5. 

6. Z.ABC=ZDCB. 

7. Z.z= Aw. 

8. AOAB^AODC. 

9. OA=OD, or radius. 




Reasons 

1. § 175. 

2. Post.l. 

3. § 277. 

4. § 13S. 

5. §55. 

6. §277. 

7. Ax. 4. 

8. §50. 

9. §22. 

10. § 140. 


11. § 136. 
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P^Jgon ^ ofcfc can be inscribed tn any refftitar 

tanUro^h”^ *♦ ^ /* are equally d»- 

unt from the center (1 149). Then use *153. 

cl^rnSn 1 , U Th= O' <1>« oi'- 

of the inscriheH radius of the poli'gon. The radius 

msenbed euele « ealied the .pothem of the polygon. 

281. Coroliary 2. ne oeo/rof onpfe /onorof hy to eon- 

rodii of 0 eeyufor p„,ypo„ « 
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PROPOsmoir 8 


282. Regular polygons of the same number of sides are sim- 



Given: Regular polygons ABODE . • • 

A'B'C'D'E' . . . having the same 
number of sides. 

To prove: ABODE A'B’C'D’E’ ■ 

STATEilEKTS 

h ^A=ZB=ZC=...=^^^^- 


Reasons 
1. § 268. 


2. AA'= ZB'= 

n 

3 . AA=^AA',^B^^B’ 

4. AB = BC=CD= 

6. i4'B'=B'C' = C'2?'=“ 

.45 BC CD 
' A'B’~WC'^ CD' 


2. §268. 

3. Ax. 2. 

4. § 277. 

5. § 277. 

6. Ax. 6. 

7. § 215. 


ABODE A'B'C’D'E -jcs do 

Sx. If two regular them into elmilar 

lines from their centers to their vertices cut 
iglea? Prove your conclusioii. 
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‘■ilBcuIt proofs for Ibo circmnfer- 
folloning-^^^ ^ circle, we shall assume as an mdom the 


^^^corrm, tne /or regular poli/ijom, and independent 
0/ the uundur of eideo, i, aUo true for eireU,. 


of 6 sSm'! S ^*,”^2 


a' aogica of oach of the nbove pol^-gonfl. 

rind ^ pob^on is 8 and its perimeter » 112. 

its perimeter is 330 "^®“ ^*^ P^b'gon of the same number of sides, if 

inter^ctin ff ?"** "’Sular heMgon ABCDEF 

uiKtBectinf?. find the numbor of degrees in AAGF. 
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286. The perirnders of regular pdygotis of (he same number 
of sides are to each other as their radii, and as their apothems. 



GiTcnt Regular polygons 0 and O', having the 
her of sides, with radii R and 72' , perimeters p 
apothems r and r'. 
p R r 

rnjro,.: 

Statements 

1. Draw OD and O'D'. 

2. InAC0DandC'0'D',^C0/>=— 

3. CO=OD and C'0'=0'i>'‘ 

4 ^0 ,,0(^ 

■ CO'^O'D’" 

6. AC0D'-^AC'0'i>'- 
G R _r CD 

■ R' r' CD'' 

7. Polygon 0'--polySon n • 

O P CO 


same num* 
and p', and 
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roJiV^' /SR*oo^ j' are la each other at their 

radii. (§§ 285 and 2S-1.) 

to ““ 

^ T Hr t) nr’' 

H- 

circle is Jit ^rcum/erence to the diameter of a 

circle i, represented by the Greek letter r. So. 

and 

C— 2w 

Totour''Sra' '» ’00 dccimol pto ' 


OF approximately 


-3.1416 


ference to *** tnow that the ratio of the circum- 

o' OOP polygon .„ ono of STg^nllT?"'*” 

md theit SrepM ®®"'o '0'““' by two odd 

Investigation Problem. ^ 

the area of Anpn? t\_ of Proposition £>, what is 

Coupon, area of AOCBf 

ments true for the AfJRj tnnngles- Are the same state- 

Pwve-4 proDocI ^ P'*^' '*’=•? Can you now state sod 

'vould^Ahe corre^pJndi'n * Fcgular polygon? What 

\ Propoatiott about the area of a circle? 

27, for the method of caloilating 
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Proposition 10 

*290. The area af a regular polygon equals half Ihe 
product of U$ perimeter and apothem. 



Given: Regular polygon • • * perimeter p an 

apothem r. 

To proves ABODE 


Proof: Statesjents 

1. Draw the radii OA, OB, OC, . ■ • 

2. All the triangles formed have the same 

3. AOAB=\r-AB. 

AOBC’=irrBC. 

AOCD = ^r-CD. 


altitude, r. 


4. A0iB+A0BC+*0'^»+-;," BC.+CZ)4-. . .)• 


Reasons 

1. Post. 1. 

2. § 149. 

3. § 2W. 


4. Ax. 3. 

5. A-X. 1. 


5. ABODE ..■’=1^- 


291. Corollary 1- 
product of Us radius 


The area of a circle equoU half Ihe 

and circumference. 


K~\rC (5284) 
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292 . Corollaiy 2 . The 
square of the radius. 


area of a circle equals r times the 


A'-jr.2iT (j2S8) 




as the squares of 


Cuss Exercises 

"I ' “ "->• -n I* 

t. rtodfc ° I'O’. "h^n, D i, the dtacto, 

3 Find e circle whose radius is 12; S.42; 15.023. 

a ‘"''‘'c™»'=-»c. c a circle whose dJetc; ” 21, 


6.2S33. 


12.5C&1. circumference is 22; S.«: 


7 . Find thi 

8- rind the rnrf- «munfereace is 50; 25.133. 

9. F^d h r area is 1«. 

rea 0 a semicircle whose diameter is 8. 


Bubstitutc a ** necessary to extract nx)t3 or 


ratio of their^^’ ® another, find the 

11 FindtJ, • 

circumference of « 


j «*«imicrence 3 . 

circle whose ciremnfe^nw^^^ * circle hanng twice the area of a 


Bide is 8. ® Pqoal in area to a sciuare whose 


'liameter of the ring is ^ 628.32 eq. in., and the internal 

AsquareisiL::^^" the width of the ring. 

«f the segment cut^fay a ^ 

• -r " “tre of the square. 


\ 
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IG. If the area of a square is 25, find the area of the circum 
scribed circle. 

15. If the base of a rectangle is 12 and its area 60, find the area 
of its circumscribed circle. 

n. The sides of a triangle are 6, 8, and 10. Find the ra ms o 
circle equal in area to the trian^e. 

18. A circle aod a square each have a perliaetcr of 100. Coiapaio 
their areas. 

19. II the radius of a citdc is 10, Cad the length of an arc o 

W; 45'; 30"; 20”; 1°. , , ,, 

20. If the radius of a circle is 10, find the number of egtee 

an arc whose length is lOr; 5*-; 10. „ft, n* 

21. Find the mdius of a circle, it «« «- «< ^ 

22. A square is inscribed in a circle nhoso radius is 10. Fmd 
the part of the circle that is outside the square. 

23. Find the area and perimeter of a semicmcle whose are 
bl2r. 

OPTIOffiil' ElSRCISSS 

24. Find the area of a semicircle whose 

28. find the area of the jW” 5 

hcragon, the radius ef „t square units in 

26. Find the radius of a circle, if tlm 0 ,,;„„„jsrence, 

its area is 5 times the number of areas 

27. If the altitude of au equM'^f”''" “ ‘'' 

of its cireumscribeJ and n, .hangc in the 

23, If the radius of a circle is 

circumference; in the ar“' trianele inscribcil in a circia 

29. Find Hie side of on cpiiatcm' tna 

whoso area is 64.- of an equilateral trianslo whose 

30. How much d<«s Sc, el , 

Side is 8 exceed the area of .to ^ ^ ^ 

31. Tlie sides ofatn»ngtow«0-* . 

circle equal in area. 
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Honos Wort 

radt, IVttTill'To Sr 

r- j ^ ^ “““ **>e rad«U3 of the smaller, 

which is^ainTPnf *^*^°°^*”**^ between three equal circles, each of 
each 10 * •» "■« »«■" t.vo, aad vhoae ,adii m 

diameter i. tt^ a circular ring eqiiab the area of a circle whose 
dmmeler „ , he chord ot the outer cirele tangent to the inner circle. 
35. If eenucireles are drawn on the 

etere „ shown in the 6g„„, 

tto trianVe™ 

tnthocircum”rence7°^rntir'*'"r*^* change talcs place 
d ta., how much has the cire,Sn.llSS‘"“ 


Applied Probleus 
ia 28 in., i^o in ^tag “oS?”’ “ 

30«:i^Ser“SnVtL'S.J^^e''d^S^^ 

*he «Rd of the hour hand? 

;£;;rKssssri'=s“ 

43. If an aqueduct 10 in. in diameter supplim a dtj of 12 MO 



POLYGONS 


S69 


people with water, what population will one 15 in. in diameter 
supply? 

44. Two branches of a sewer pipe are respectively and 4j in. 
in diameter. What must be the diameter, to the nearest me , o 
the pipe into which they empty, in order that the sewage may 

carried off? 

46. It, from a sheet ot tin 3 tt., 4 in. by 1 K., 4 in., the greatiat 
number of circular disks 8 in. in diameter are cut, how muc o 
tin is wasted? 


46. The diameter of a driving pulley is 

375 revolutions per minute. What is the speed of the dm enpu y 
whose diameter is S in.? , e nn 

47, A driving pulley 6 in. in diameter has a 
tions per minute. If the driven pulley is to turn 7 

tninute, what diameter must it have? . 

43. Ihe pUton of a oteon. enb^ne " Ih. 

steam gauge registers a pressure of 90 lbs- pc '1 
total pressure on the piston? iha 

49. The pedal .proekcl rrheel ,fe' wheel ia 

rear sprocket wheel has 8 cogs. W . ^„mnlcte turn of 
28 in., how tar witt the bicycle tm'-el <I»™S 

60. The gear ot a hiej-de is the ‘|^„SIho each' urn 

wheel by the number of times the whcc ur travel while 

of the lidals. How far wifi a bicj-cle with a gear of 90 tra. 

the pedals turn around onccT ..j «im in a circle of 

61. Assuming that tlie earth traw per hour docs 

93,000,000 miles radius in 3G.> daj-s, how . 

it average? How many miles per second; 

62. Find the length of the bdt 

passing around two pulleys - *"• 

apart, and baling radii of 14 m. an 
4 in. 

63. I^atlierinc Long wishes j, 1 ft. In dbmcter. 

som- binding for the edge of her hat 

What length will she need? 



PMNE GEOilETRY 
01 the puUeys are 4 ft. and 2 ft 



E6. The elMlriceJ resiatanre of 
« ™, vanes invesaely a, fte 

* T »' ^ 

‘ *<1. in. It a ° was 

^metcr has a resistance i!f 2 oh '""S and 1 millimeter in 

length of copper wirt* «-i ^ resistance of the same 

■naterei ! Sew,"' ^ niillimetere; 5 milli. 

a band eontaiain^”o"^'»*'r *" around the edge of a plate 
■aareal hundr^Jh ^ *” "■' 

if the diameter of the pTarebot ““““ 

•round the 'incer°thSiSi“'*'a‘''- “ Painted 

t>6 required? ** » many figures will 

which she se^ Mch A* "rcular doilies 1 ft. in diameter 
she would charge to m.ake « ^ P"” 

proportional to the arpi «.t , •"^fiameter. If the cost is 

S3. A friend 

center piece for her dining ♦ m * circular renaissance lace 

decided to copy Xhe lae ^ which Mrs. I^nard admired and 
linen 30 in. in diameteri^ cons^ct^ around a circular center of 
braid. How much braid will iir»' i'”**®’ required 24 j.ds. of 
lace 12 in. wide around h r' t ’ ^^“®rd need, if she makes the 
»■ A nr,repap:“l“J'f-''™‘"«'“n»3ei„,i,di,me.„f 
education in the various sf ™r®P®re the cost of public school 
which spends SIS om ^ IfTennes- 

diameter is 1 in w-haf ’ a.’ ^ represented by a circle whose 
"Hrreenling Nebrii, J.,?'” *?“■“ l» rarad for the circle 
■Paada »90,OM,000 *»>.«»,000? If California 

s^,, .uuu, Wat icoju, ^ 
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Sectors and SEOUEirrs 

Gl. Vt hat part of a circle is a sector whose angle Is 90®? 60®? 40*7 
60*7C3®?n®? 

62. In ft circle whose radius is 10, find the area of the sector 

whose angle is CO®; 45®; 100®; 62®; n®. 

63. Make a formula for finding the area of a sector whose angle 
n , if the radius of the circle is r. 

64. Find the angle of a sector if its area is Gr and its radius is 4. 
66. The area of a sector, whose angle is 40®, is 4r. IVTiat is tho 

«diu3of the circle? 

^6. In a circle whose radius is 12, find the length et an arc of 

of 120®; of 80®; of 40®; of*®. 

6L Make a formula for finding the length of an arc of »®, if the 
radius of the circle is r. 

An are of 20® is 3 in. long. What is the radius of the circle? 

69. In a circle whose radius is 10, find the number of degrees in 
«n arc whose length is Sr; 4r; »; 10; 3. 

70. In 00, .dO-90® and OA-6. Rndtbearea 
(a) sector OAB-, (b) £^OAS; (c) segment AB. / 

7L If OA = 10 and ZO-00®, find the area of [ 

*®emcnt AB. 

72. If the radius of the circle is S, find the area of 
^segment whose arc is 120®; 60®; 45®. 

73. Is the segment whose arc is 90® equal to twice the segme 

whose arc is 45®7 

74. A cow is tied to a fence at tlie roadside by a . y 
‘orig. The road is 10 ft. wide, and them « ^ “Vl^uare 
bnl none on the side on ..hirfill'e Oyeiliawtn. y q 

of grassland can she graze? 

CoMPtETioi^ TYSrUOmin.) 

. • i^ialO The radhis of 8 circle, whose area 

1. The radius of a circle is 
‘s 4 times that of the given circle is 
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2. If the radius of a cirde is 6, the length of an arc of 30* is . . . 

d. If the area of a circle is 25 t, its radius is 

“^e diameter of the front wheels of a go-cart is half the diam* 
^ ® wheels. In going a certain distance, the back 
wneeu will turn ... as many times as tiie front wheels. 

ft radius of a drcle multiplies the area by ... . 

_ e radius of the circle inscribed in an equilateral triangle 

a ... of the altitude of the triangle. 

if ^’‘J^Jcle wheel is 28 in. in diameter. In traveling 8M in., 
It will make . . . revolutions. (Use » = ^.) 

rircumference of a circle to the ... is denoted 

by the sjmbol r. 

NtTMERicAt Test (JO min.) 

al'Jtt •'"> «f > “'top is 9r, Cni 

Ihs n^bsr ot dpgw. in th. .„8lo Ite 

. ne emumferenre ot . imfe is 18 t. Hoti its ajea. 

«te is 18 » “'top whose 

inst'riUjeSSn! 

find the ^ is 30=, has an ana of 3r, 


Teui-Falsk Test (JO min.) 

Wnte T if the statement is true, F if it is false. 

Each angle of a polygon of n rides equals ~ straight angles, 
circumferen^* * ^wcle equals half the product of its radius and 

4. The ar^ similar polygons are to each other as their radii. 
5 The * tragic equals half its base times its altitude. 

of oorrt^ponding ^ 

7. lEe Po’yB°“ « 

(n -2) St. “Jgl« of a regular polygon having n rides is 

'■ PolTO.. is pegukp. 
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9* The perimeters of similar polygons are to each other as the 
*<juares of corresponding sides. 

10. The area of a regular polygon e<iuals half its perimeter times 
its apothem. 

Matcring Test (10 min.) 

Copy the numbers. After each write the letter of the 
phrase which corresponds to the fonoulo following the num- 
ber. 

1. c=*Va®-fP n. Area of a circle. 

2. ^=}e*\/3 b. Area of a triangle. 

3. c. Area of a trapezoid. 

4. d. Area of a sector. 

5. ^ €, Circumference of circle. 

360 

6. K^^mb+b') /. Altitude of equilateral triangle. 

7. A-tT® g. Area of equilateral triangle. 

8. h. Area of regular hexagon. 

9. C*a2rr t. Diagonal of a square. 

10. d-sV^ y. Hypotenuse of right triangle. 
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PBOPosmon 11 

294. If a circle is divided into any number of equal 
arcs, the chords of these arcs form a regular inscribed 
polygon. 



GiTen: gO, divided into equal arcs AB, BC, CD , , 
chords AB, BC, CD, .... 

Toprove: -dRCO . , .arcgularpolygoD. 


STATESfEVrg 

i- ifB=BC=cB« 

2. Chord chord RC^chotdC/) 

3. FAB-=ABC=Scb^... 

^ ZC^, . . , 

5. ABCD ia a regular polygon. 


Reasons 

1. Hyp. 

2. 5 145. 

3. Ax. 3. 

4. 5 107. 

5. 5 277. 


polygon inscribed in a circle is regular. 

D»wt»E»l3 toGOa^.C,... 
you t>mv« polygon appear to be regular? How can 

the sfdes equal? If you knew that the parts of 

triangles isosceles?^^!^!"^** ^ complete the proof? Are the 
gnient? Pm^.. your answer. Are the triangles con- 

‘*rtria reeular ^»er. If you knew how to inscribe any 

wlyepn havinc»*».^^'' “ * drcumscribe a regular 

“g tne same numbe of aides? 
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Proposition 12 

296. // a ciTcIe is divided into any number of equal ores, 
the tangents at the points of division form a regular «r* 
cumscribed polygon. 



Given: oO. dividedintoequalar«.AB, 

and taneenta OH. HI. U. ■ ■ ■ 

To prove; OHIJ ... a regub' po'y«““’ 

Proof; Statesients 
1. Draw AB, BC, CD,,.. ^ , 

% Aw measured by “ measured by 

iPA, Ay'ii measured by iAB , . • • • 

5. FA=AB=^‘‘ 

4. Zv>=Zx=>^y=A«=..-- 

6. Chord FA - chord rlB- ' 

6. AiFA^AGA5=A/fFC= 

7. AL^AO, GB=BH, 

8. lllia-iilm -- ; : . oc • • • 


Reasons 

1 . rost.l 

2. § 170. 

3. Hyp- 

4. Ax. 0- 

5. § 1^5- 

6. § 52. 

7. §22. 

8. § 157. 

9. Ax. 3. 
10 . § 22 . 
11. §277. 




n.ANE GEOMETRY 


Proposition 13 

29G. A sguare con be imatbed in a circle. 



Gwea: ©0. 

To prove; A square can be inscribed in GO, 

SrAresm.™ Knason. 

AUtD IS the required square 
Proof: 

andrarert.^. 

2. 

3. AB=^BC=cb^DA. 

4. ABCD is a square. 


1 . S12. 

2. §33.' 

3. § 141. 

4. 1291. 


re^ar^ ^ inscribe in a circle any other 

5S.n ‘h«.«iuare and octagon? If a regular 

each side cut ^ degrees of arc would 

intercept this arc'’ ^ a central angle T^bich wiH 

there anv atc i u off sis of these arcs on the circle. Is 

circle into six emiiT^^’ construction will cut the 

e inio 8u equal arcs with no remainder. 

inscribin6^equ5lt°e«r!‘-'* completed of use in 

6 equilateral triangle in the circle? 
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Proposition 14 

297. A regular hexagon can be inscribed in a circle. 



Given: OO. . , 

To prove: A regular hexagon can be insenbed 
in OO. 


Construction: STATEUE^^^9 

1. With any point A on OO as center and 
0.4 as radius, cut the circle at i?. 

2. Similarly, with the same radius, and 

C, D, and E in succession as centers, cut me 
circle at C, D, E, and F. 

3. Draw AB, BC, CD, DE. EF. and FA. 
ABCDEF is the required hexagon. 

Proof: 

1. Draw .rlO and BO. 

2. AB=AO=BO. 

3. AAOB=GQ^. 


5. ^hteSic divided 

6. is a regular hexago . 


298. CoroUaty- An 

eircle. 


Reasons 
. Post. 3. 


2. Post. 3. 


3. Post. 1. 


1. post. 1. 

2. Const. 

3. §SS- 

4. § 1C2. 

5. 3GO+GO=6. 

§2W. 


can be inscribed in a 
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Class Bxekcisbs 

1. A regular ocUgon can be in«rrib»l in or circumscribed about 
a green circle. 

2 . A srjuare can bo circumscribed about a circle. 

3. Regular polygons of 4. 8. IB. 32. . . . 2', aides can bo circum- 
scribed about any circle, or inscrilwd in any circle. 

1. RegiiUr r«l>-Ron, of 12, 21. . . . aides can bo inscribed in. or 
circumscribed about, any circle. 

. f' ^ triangle is regular, if ita inscribed and circumscribed 
irccs a\c the same ccnlcr. Is a quaifnlatml neccs-sarily regular, 
^us^mreribcd and circurascribcd circles h.avo the same centerf 

i» “I fquihltnil Imnglo 
triani ""'“-■t'ibcJ oboot ths 

tbe mo^os about inside a regular polygon, the sum of 

that of 1°^ "i!' Kjuilateral triangle inscrilied in a circle is half 

that of the regular heaagou inscribed in the same circle. 

inscribed sqSre!^ 'Tcumscribed about a circle equals twice the 

angle ^ the ^ ^ regular poljgon is the supplement of an 

of the i^entr^"ono intersect, the product 

other. ^ equals the product of the segments of the 

of the equihteral^tXp^ f“ inscribed equilateral triangle is half that 
s uareral trungle circumscribed about the same circle. ■ 
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OraoHAt Exercises 

16. The radius of an inscribed regular polygon is a mean proper* 
tional between the radius of its inscn1>ed circle end the radius of the 
circumscribed regular polygon having (he eamc number of sides. 

j ore constructed on the sides of a regular hexagon 

ou 1 e t e hexagon, the twelve exterior vtrtices of these squares 
ere the vertices of a regubr dodecagon (12 sides). 

18. The of a square insmbed in a semicircle is twofifths 
of the area of the square inscribed in the circle. 

19. The diagonals of a regular pentagon arc equal. 

^ M. Find the area of the square inscribed in a circle whose radios 

21. Find the area of a regular hexagon whose side is 10. 

Find the side of an equilateral triangle equal in ares to a 
regular hexagon whose side is 12. 

Find the area of a regular hexagon whose radius is r. 
eWe raiSb 10 *'®'3gon circumscribed about a 

«' ’f" 

. SlfwhoS U 'u. circuascriW .boul 


Eohor Woax 

radius is 10 'ppdar Dctagon inscribed in a circle whose 

to make whose rides ia 8, has its comers cut off so as 

M A Had the area of the octagon, 

ting » reduced to one of smaller sire by cut- 

the next tn. ♦ ' middle point of each side to that of 

30 T is removed? 

equilateralT^'^'^^^^ Polygon, circumscribed about a circle, is 

cireumferen(S”nn equal to the sum of two pvea 

equal to their difference. 



32. Construct a circle whose area equab the sum of the areas of 
two given circles; one equal to their difference. 

33. Bisect the area of a circle by another circle having the same 
center. 

34. On a given line as a side, construct a regular hexagon; a 
regular octagon. 

Drawing Exercises 

35. Copy the Mowing figures. Try to diseover other artistic 


A Self-Mbasorino Test 

1. li two polygons are similar, what is the relation ot their 

sides to their areas? to their perimeters? „,„.i,cle 

2. On what proposition doe, the formula tor the area of a 
depend? 

3. Can a circle be circumscribed about; 

(e) A rhombus. 

(а) Any triangle? ^ hexagon? 

(б) Any quadrilateral? ^ 

(c) Any polygon? , ^ triangle? 

(d) An equilater^ tnangl polygon equab 

4. Is the proposition the radius of its inscnb^ 

half the product of >‘3 Sygon regular (o)m 

circle" equally apphe*^*® , JP ug inscribed in the polygon? 
any case? (b) in ““ “ triangle be found by a similar 

Can the area of an eq . 

method? the area of any ^ tri- 

5. Stale the proposition .bn«t 
angle: ofapolygo”* 
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6. In P^ng that eimflar polygoua can be cut into simflap 
anglea, which of the propositions about siinilar triangles is used? 

7. Give the formula for; 

(fl) The circumference of ft circle. 

(b) The area of a circle. 

(c) The area of a trapezoid. 

(d) The area of a triangle. 

angles of a polygon. 

(J) An angle of a regular polygon. 
rn.,M the area and the sides of a regular polygon, hen 

could 5 -ou determme the radius of the inscribed circle? 

9. State five propositions whose converses are true. 

etatement that “an angle i 

11. is a mean proporlitmalf A fourth proporficTudt 
on the fa^ that^^ preposition the proof of which depend! 

Tu* angles of an isosceles triangle are equal. 

W ^temato interior angles of parallel lines are equal, 
tej An extenor angle of a triangle is greater than a remote 
interior angle. 

S or more parallels cut equal lengths .... 

U sum of the angles of a triangle equals 

y ! . ““trel angle is measured by its arc. 

WJ A tangent is perpendicular to the radius .... 
in “>el« is measured by ... . 

K ) iJianglM are Bimilar, if two angles of one equal .... 

an a titude is drawn on the hy 7 )otenuse of a right 
fit! TJi ® “ *iio mean proportional .... 

tnan^cs are congruent, if the bypofena'se and 

(1) Triangles are s imilnr , if two sidea are proportional 
(m'i Pimo'^ “‘Eluded angles are equal. 

ar triangles are to each other aa the squares of 
f s “”®sponding sides. 

(e) parallelogram equals .... 

glea are congruent, if two sides the included 
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onglo of one equal .... If two angles and the 
included side of one equal .... 

(р) Tlic area of a triangle eninals .... 

13. State five proposition.^ in who«c proof we move the figure. 

14. State a proposition witicli mc prove by the indirect method. 
16. Give two important propositions about Joci. 

16. Give three methods of proring an angle a right angle. 

17. Give two propositiona true for right triangles but not gcn« 
®f^y true for otlier triangles. 

18. Give the method of proving the product of two quantities 
equal to the product of two otI»cr quantities. 

19. To what arc the areas proportional in: 

(а) Triangles whose bases arc equal? 

(б) Similar triangles? 

(с) Rectangles? 

(<0 Rectangles whose altitudes are equal? 


Space Geometry (Optional) 

The circular cylinder has two circular bases in parallel 

planes, and a cur%’cd lateral sur- ^ 

lace. The lateral surface could /| ^ ^ 

Retraced by nstralghtlinealwnys f' I 11 

lotersocting one of the circles and 
remaining parallel to its fir^t J 

position. The only cylinders \y N. 

considered here are those in / j 

which the moving line is per- y 

pendicular to the plane of the i ^ | 

bases. I 

We can imagine a cylinder to I 

be a prism whose base has a very | — ^ ■ v. — 

Ereat number ot sides and torn ^ 'v 

this we can infer theorems about I I 

the cylinder just as we assomrf V — X 

5 286 and §292 for the ende 
Lm theLL about regular polygon.- 
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EzSRCIS£S 

“ ““ “P” »'”"5 • Ills "«1 

flsltened out, the lateral ,urf,cc bccorara a raclangk. What lias 

Cra Jt.Slaw’"'* 

““'Cu 

radiiifin/'K ® cylinder iU altitude is 0 and the 

of Its base IS 4. Also find iu toUUrca. 

its volur^ ^ thougl>t of as a special kind of prism, 

If the altiliid ^ *•*« product of its base and altitude. 

If the almude is 5 and the radius 6, find the volume. 

altitude ^^0 volume of a cylinder in terms of the 

altitude h and the radius of its Use r. 

of 3 in. ^ fo have a radius of 2 in, and a height 

fM TTn''' square inches of tin are needed to make it? 

7 Tf ! I, ^^‘0 “ohes of salmon will it hold? 

«t] 1 be ne^ed sq- ft., bow many gallons 

whose height is 30*n and “ cylindrical gas tank 

'eet=tgJ4a’lVi"^T"*”““'^^ iroii-nranyeubic 

how far fio^the mraaorine caa whose radius is 2 in., 

l<|t.ifa,„arteonW„,Mi““ 

30 turns of ribh^n^^'lrn” nworage radius of 2 in. and contains 

oinooon. How many j.,rta docs it contninf 

Ksmw Eimcsss. Honou WoRi 
2. Find the 1 ^ *” ”f * gi™n cirale- 

raL *3"- in an „e equal in length to the 

^ If the perimeter in Rn . 

equUateral trianele- fM '**' of (“) “ 

“•‘“'‘-"^rySdSllfrr.SrSSSta^^ 
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6. If the area is 100 in eacfi case, 6nd the perimeter of (a) an 
equilateral triangle; (6) a square; (e) a regular hexagon; (d) a 
circle. What conclusion would you draw from the results obtained? 

6. Divide a circle into arcs in the ratio 3:4:5. 

7. If the area of an equilateral triangle is 36y/3, find the radius 
of its inscribed circle; of its drcumscribed circle. 

8. If the area of a regular hexagon is OG-x/S, find the area of its 
inscribed circle. 


9- In a circle whose radius is 10, find the area of the segment cu 
off by a chord equal to the radius. 

10. Find the nren of the largest circle ichich can be cut from a 
equate of paper 10 in. on a side. 

_ 11. Construct a semicircle whose area will equal that of a gl^■en 
circle. 

12. The diameters of two wheels are 20 In. and 28 in. 
aakes 100 more revolutions in p>ing a certain distance 

larger does. Find the distance. ^ a n 

13. If the vertices of a square 10 in. on a 
«ide are taken as the centers of arcs whose 
radii are 6, as in the figure, find the length o 
the curve ABCJ). 

14. Using the same hypothesis, find the area 

inclosed by the arcs. .... 'a it r nod 

15. The wnve in the figure is wcslr^ ■>3' ■ ' 

^ as centers, and drawing semi- / A A \ — 

circles with a radius of 2. Find * 3 ^ V ^ 

the length of the curve. 



ApptmD Pbosleus 

square inch on the liQuid insi 


I'LANE GEOXIETRY 

^ pressure per square ineli is Iransautted 

force “ >■* 

lorce exerted oa this piston? 

an^ftthlrt ”'^5'^ eoMtruct a eircuUr running track 100 yds. long, 

smallest Held 

ehouW^i^-^^^ inning track is 20 ft, wide. How many f«t sUrt 

coiae nroii^Tr ? * ™nning on the outside edge so that in 

runninff on ih * distance as a boy 

*Tmnmg on the inner edge? 

of tit* of work done in turaiag a crank is the product 

How »n« ™ ^ '*'* through which the force acts, 

comnlefpl"^ ^ pou^s of work are done in turning a crank 
SX b mS? ^ “ n ft. and if the force 

tummg at (he rale of CO revolutions per minute, 
is conneptivf -.k^ ^ If the pulley on a maclune 

must it have of tl»«« puUej-s by a belt, what diameter 

23 Tr • «k L revolutions per minute? 

of 5 m m* '** ®** tii® machine had a diameter 

m^ow x^y revoluUons per minute would it make? 
of?; radius 

rod . 1 ft. whose 

gth 19 connected to the 
«t .4. As ^ fZ 

?onT the posi- 

tion .4,, whereon, 

distance B ma\.es (B»S,). - 

which hare ^*“*^’* connects two equal pulleys, 

2S r:„ j .V , ^ “■’ “ centers are IS in. apart. 

PuUej-s, radii 7 hi^Md 2 I connects two unequal 

27 A I ■. ^“*»*^*‘“*rcentef3aTOl0in.aparL 
Knd'the inner ra2 “ ^ »«« of 32 sq. m 

radio receiy^'if °f cepper vrire are required for the coils of i> 

' c primary has 8 turns and the secondary 6? 
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turns, both wound on a 3*in. cylinder, and the tickler has 40 turns 
on a 2-m. cylinder? (Assume each turn a circle.) 

29. If a foot of a certain wire has a resistance of one ohm, how 
many turns must be wound on a 2-in. cylinder to produce a resist- 
ance of 2,000 ohms? 

30. The resistance of a wire varies inversely as the area of a crosf 
section, that is, a wire having twice as great a cross section has 
half as great a resistance. It is also directly proportional to the 
length. tVhat length of wire ^ in. in diameter ^ be required to 
produce the same resistance as a wire ^ in. in diameter and 30 ft 
long? 

31. It the sun is 390 times as far from the earth as is the moon, 
but appears to be the same size as the moon, how n^°y _ 

peat surface has it? How many times as great is its diamcteri 
(Consider the disks of the sun and moon to be circles.) 



INEQUALITIES 

eaufll™*^f eo far studied, we proved things 

thincr^ n ^ often as important to know when 

itv thw^Tv * with the corresponding cqual- 

H the iLnge iTone 

a new form'^^r >n another. And they provide 

than twr. -, proof in which we deal with more 

than one r,r?r' ’ consequently must prove more 
we wi.ch ti cstablbh the one that 

deal with ** important, for in life we often 


IwioPAirriES 


'9. ArinTTig 


in tL ™ mdS* ‘° ‘I’'' "= “«1“' 

unea'u^^i^t*^ ^ subtracted from uncquals, the results are 
unequal in the eame order. 

an«uM multipUed by equals, the results are 

unequal m the same order. 

eoJ!l in the results are un- 

equal m the same order. 

nn’4'nal' 

and Quantities is greater than the second, 

'than the third ^ ®^ter than the third, the first is greater 
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pROPOsmoir 1 

300. If two sides of a triangle are unequal, the angle opposite 
the longer side is greater than the angle opposite the shorter side. 



Givea: AOAB. 


To proves ZB>AC. 


Proof; Statements 

1. Const. AD bisecting /A. 

2. On AC, take AD*=AF. 

3. Draw DE. 

4. In AABD and AVE, 
Aa:= Ay. 

6. AD=AD. 

6. AB^AE. 

7 . AAFDSAADF. 

8. AF=A*. 

5. At>AC. 

10. ab > ac . 


1. 5 65. 

2. Post. 3. 

3. Post. 1. 

4. Const. 

5. Iden. 

Q. Const 

7. 550. 

8. §22. 

0. 6 6S. 

la Ax. 1. 
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pROPosmos 2 



To prove: AOAD. 
Proofs Statsuents 

1. AC<, •», cr >AD. 

2. Suppose AC<AD. Then 
AB<AC. 

irapoasible because 


PSASO.VS 


1. Ai. 20. 

2. 5 300. 


3. Hyp. 

4. 5 55. 

5. Hyp. 


5. This is impossible 
AB>AC. 

o paint ^a°U^' T^mertdiaibr is Us sharUst line {ram 

Pew^LSr. “S'" “ U-P «■» 




INEQUALmES 


Propositiok 2 


303. If two triangles have two sides of one equal respectively 
to two sides of ike other, and the tTwluded angle of the first 
greater than the induded angle of the second, the third side of the 
first is longer than the third side <»f the second. 




Given; [AABC and A'lyC']; AC’^A'C , 

and ZA>AA'. 

To prove : BO B'C. 

Proofs Place AA'U'C' to that A'B' coioeidM ^th * 

^'C'faUs inside ZBAC {.LBAO ^A'hyhn-)- 
■ecting AC AO. Dn>«-£C'. ' 

Ax. A, (Const.). A^eCSSlyAECiiX) 

BEA-EOBC (Ax. 9). DE-\-EC>BC or BOBC (Ax. i; 

304. Converse. If C™ 

respectively to two sides of the other, and * j' , 
first longer than the third sidt nf the ncand, thee ? 
lie thM side of the firel ie srealer than the ar^te eppente 
third side of the second. 

Given: XA.ABC eM AB-A’If. AC-AC , 

and BO B'C 

To prove: ,^3,). II AA<AA'. BC<irC 

Preel: AA<. -. »' W (I M) .nd BC-ITC 
(§303); endd i.rpo«.il.!e, u BOBC (Itrp.). 

Therefore, Za> 



rLAXE geomethy 


l„*i' iL*'” constant in length, but their 

tS ride?"' ''“"S' ““ P'““ “ 

nnil AC-W, find the malleat and the 
m s'V!’" “* can tale as incudes (mm O' 
Iptkhi, nf l«lwccn what numbers must the 

fcnglh of W he? lies BC a di0em„t length for every different 

eoL^t f 1 *“ '®>° rlB and AC remain 

fVta r !^‘ ““ continuonsly? 

of A^BC? oearly ISO* what can you any about the area 

of aI'bC doS” "" 

BtetlS’ niZ *^Eed rods and the iHrd is a 

UrsBr whflt » *K included by the rods grows 

toger, what w the effect on the rubber bandr 

OB and 0 <^Kt in which aide AB is greater than side AC. 

acute riSf^nr^nhf^ foUowmg triangles, detetmine whether AC is 
the given value oflwith^n^t^’’ ^ comparing 

loving ae teg, ^ th^v* “rf’Cr^vel ‘ 

S"s M 0-12, h-0, 0-13. 

Bole I i W o- Oh-8 0.11. 

W n-6, h. 8, CIO, (0 0.7,6.3, 0.9. 

9 Th j^^°^**°^*^^o^***^9lei3greaterthanthethirdafde. 
fflde. crence of two sides of a triangle is less than the third 

10. I.it^bl.tocoust,uet.tri.og,,^8„„,id5,„o; ’ 

W 3 , 4 , 5 . Mari 

(d) 5, 6 , 7 . 
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IL in^ABC, AB’bAC, Point U is on a F extended through 

(а) AACD> AD. (c) AD>AC. 

(б) DOBC. (d) ZACB> ZD. 

12. In Z^ABC, ABs>AC. Point D is on BC extended through C. 
ia) AD>CD. (b) AD>AB. (e)ZB>ZD. 


13. A rectangle is not a square if a diagonal does not bisect the 
angles. 


IL State and prove the converse of Ex. 13. 

_ IP. The sum of the diagonals of a quadrilateral is greater than 
we sum of a pair of opposite sides. 

16. In k-ABCZ), AC is the longer diagonal. Pis a point on AC 
Mch that AP-AP. ThenPO PC. 

17. If BC is the longest side and AD the shortest side of quadri- 
lateral ABCD, then ZD> ZB. (Draw BD.) 

18. BC is the longest side of AABC and D is any point on AC. 
Then BC>BD. 

18. In an equilateral trian^e, any line drsTra from a vertex and 
ending m the opposite side is less than a side of the triangle. 

20. In isosceles D.ABC, vertex AA-40*. Then the angle 
bisector of a base angle is longer than either segment into which it 
divides the opposite side. 


306. In a circle, or in equal cirdes, if two central angles 
lire unequal, the greater central angle intercepts the greater arc. 
This follows immediately from § 162. 


306. In a circle, cr in epcnl circles, if l<co cres rrre em^. 
Oie greater arc is intercepled bg lie greater eeniral arg,le. liiis 
follows immediately fro™ § 
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PLANE GEOMETRY 


^oposmoK 4 

307. In a circle, or in egual circles, ths greater of two un- 
equal arcs has the greater chordA 



Given: GO- ©O', M<1 
To prove: Chord vlB>chord 


os’r’ffi OA -O'A' s i3s). 

<|13S)- ^dOB>Z4'0'B'(§3(Xi). dB>d'B'(f SOS). 

0 / ::ro ** or in efunl circles, the greater 

"^“‘onnegmlehorde ha, the greater are. 


Given: OO^ot^nd choni dB>cbord /I'i". 
To prove: AB>^. 


OA-O'A'andOB-O’B' 
(SSOo)! (HjpJ. AO>AO' (§304), aS>AV 


Exercises 

AB twice, :nore*thM7t^ Jong ^ are A'B', ia equal circles, is cliord 
your aas^e” **““ ^^ord A'B'? Prove 

arc of C0“, ® chord twice as long as has an 

* both ere, an, ™ic, „e,T if 
' ^ it rrin be true for thi, e«: ooly. 

” •" “"I- »«•». rnaaae^^^ ,a.,rwi„ 
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5. Could equal chords have unequal arcs if one of the arcs is a 
BJajor arc? 

6. If we start with a small arc, say 10®, and gradually increase 
its length until it becomes 350“, describe the changes which take 
place in its chord. 


pROPOSmOH 6 


309. In a circle, or in eqtutlcircles, if two chords are unequally 
iistant from the center , the chord nearer the center is the greater. 



Given: OO, 00>OF, OF 1 .AB, ond OOXCD. 

To prove: AB>CD, 

Proof:Con.lrnetB£-OT,.ndOff-^f^- I’™;™- 

^OFB and ^OHB are rt. ^ ovn and BE=2BH 

(Ax. 19). FB>BU (5301) AB-2FB and BB 
(6147), AB>BE {At-ID- AB>CD(Az.l). 

310. Converse. In a circle 
■Aer* ore nnrgurf, ihe greater v, nearer the center. 

Given: oO. AB>CD.OFAAB,eariOGXCD. 

To prove. ^01' (Ax. 20). It (XKOF, CD>AB 

Proof: 0G<,^f AB^CD (5 ISO)* ®®th of these art 

(5 309); «»d if Tteivfore, (W>Or. the only 

impossible, as A 

possibility left. ^ 
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pKOPosmoK 6 

311* U lines are draxon ftxnn a point on a perpendiadar 
to a line, cutting unequal lengths from the foot of tte perpen- 
dicxHar, that cutting the greater length is the greater^ 


A 



Ghea: AB\.CD,BB>BF. 

To prove; AE>AF. 

ftoof; OnBBukeOB-BF.anddrawAff, AG-AF (|59). 
Point Ciabetweea Bands. (BB>BP by hyp-)- Zx-Zy(|6S). 

A2>A«(§68). Ay>Z*(Ax. I). A£>AF(§301). 

312. Converse. If ftco uneguol lir^es are drawn from o 
P«ni on a perpendicular to a line, the greater cute off the greater 
length from the foot of the perpendicular. 

Given: AB1.CD, AE> AF. 

To prove: EB>BF. 

(Ax. 20). If EB<BF, AE<AF 
OJll); and if EB=BF, AE^AF (|59). Both of these are 
imp-^ible, 83 AE>AF (Hyp.). Therefore, EB>BF, the only 

tXWSlbllltv 1»f( ' ’ 


Exekcises 

1. In the AABC.if AA«60*aiid AB> ZC, whieh is the long- 
est side of the triangle? 

2. Li quadrilateral ABCi),AB=BC, and AA>ZC. Explain 

which u longer, AD or CD. 

3. ^ quadrilateral ABCD. AB>BC, and Z A = Z (7. Explain 

which u longer, AO or CD. 



DffiQHAUTIES 


4. In AABC, AB-ACtiniDh any point o” 

AB is longer than AD. 

6. In AKLM, KM>KL, and P U any point on LM. Frov« 
that KM is longer than KP. 

6. Prove section 303 by tho indirect method. 

7. For section 310 give a direct proof similar to that of 30J. 

8. If a rectangle, not a square, is inscribed in a circ , 
adjacent sides are unequally distant from the center. 



8. If ABaBO, prove that „f ,he first 

10. la a eitcle, U one are ia twice .aether, the 

is less than twice the chord of the secon . unequal. 

11. The dliBoaale of a rfrombus. not a “8“" ■ ,l„ 

12. It ia 00, OEXAB, ODXBC, and OB>OD, P 

ABOO AAOB. /ROOAAOB, pro^-e that 

13. If OEXAB, ODl-BC, and A 

OE> OD. , f a circular log, each 

14. Show that, when ?f tjl the center of the log w 

board is wider than the one before it. until 

V a Of aeotioa 303, u.iaE the fiP-re 8>™” 
IB. Pro\’C the proposition of 

16. If the sides of a tnangw ^ 

acute, right, or obtuse /,CBD, then 

17. It AB-BD aad AABA^ 

a6>CD. ![c>CD. thea AAKO 

U.ltAB~BD.nAAC>CO. 

„.rAdI«7ieo'>ta».it^B-8,I,C-.3...d-tC-18. 

19. Show that 
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^ la a triangle, the square of the side opposite an acute angle 
13 less than the sum of the squarw of the other two sides. 

21, If two triangles have a udo and an adjoining obtuse angle of 
one equal to a side and an adjoining obtuse angle of the other, but 
the other including side of the first obtuse angle longer than the 
other including side of the second obtuse angle, then the third side 
of the first is longer than the third side of the second, 
leg^' ^ a risbt triangle is longer than either 

ja. If two triangles haw an obtuse angle of one equal to an angle 
^ j. including rides of one longer than the cor- 

respon^g odes of the other, then tlie third side of the first is 
longer than the third side of the second. 

tiiswtors of and C meet at Z>. Prove 
that BC 13 longer than either BD or DC. 

M>DC ^ ® is any point on AC, then 

.k!!' “ >““• iosiiio n circio to thn tircln is 

too part ot thn radius through the point, 

w. The .ho^ thord through . point innid. n cirolo is per- 
pend, cula. to the radius through iho pSnt. c 

xSehorolS, ““ '‘Vly 

M rt n°"* then chord dB>ehord CO. 

sad f are the middle points raspectiycly of tha 
redo AO, BO, nnd CO of oo, „d DE>EF, then A'B>Bd. 
two nnpoiiTl* simian have the Kune center, nnd three radii cut off 

SS* "'’"S' — »■ Z 

« A B, C, and D. It inereases 
prove that ZD also increase 




INEQUALITIES 

180“. Similarly, if ZB reaches 0” before ZD does, prove that 
ZD cannot become 0*. 

34 . In Proposition 6, ii BF pows larger, irhat etaese 
place in rlF? If BF doubles its length, does AF double? If at 
decreases to 0, to what does AF decrease? 

35 . In Proposition 6 , if one chord is one half as far from the 
center as the other, is it twice as long? 

36 . The diarntter of o circle m trtaUr tAon any 

ofAercAord, ^ 

UB+BODC. 

37 . In UABCD, ZB is acute. Prove Jwhi^the 
longer than diagonal AC. If AC increases » 

tides remain constant, what change takes place 

Geometric Rzasootko Appijsd to Lifb Sitiiatiohs 

38. A solution contains only one “'‘i ’’’j' S ^cS 

to find out whether it is lead, c<yper oj • ^ ^ ao. 2, 

no. 1. it wiU turn white if it coowr- But if it 

it will turn black if it ff He puta in acid no. I and 
contains iron, neither acid will aniw turns black, 

no change takea place. He puta in ' conclusion. 

Decide which metal ia in the solution and prove^^ 

39. I found a geometiy book. i, „ew and neatly 

the only pupils who have loi* IheTO ^ covered .1, 

covered, hut has no name in it. ijco's ^ook, did not write 

and wrote his name in book but forgot to wn 

his mime in it or cover it « '‘“levered it but dW not 

hianameinit. Ha™ *■.?* S' I return the book? P"™ 

write his name in *t. ° 

your answer. .. «n«>i.kineamirrorbring9badluc . 

40. Co.»id.rth.proPOS®» ^ „„3 of them prove 

It the Mowing ’ . 

or disprove the proI»“““.' .(lerwarda lost his pockeltok. 

W «”'»SS”Sh.S?r^ hut he sprained h„ ankle. , 
(6) John oJ“ “ 
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(c) Dorothy did not hreat & mirror and had good lucL 

(d) Paul broke a mirror and continued having good luck. 
What is your own opinion about the troth of this proposition? 
4L Either (a) aU homes run fast, or (6) some horses run fast, or 

(c) no horses run fast. If Dobbin cannot run fast but Black Beauty 
can, which IS true (a), (6), or (c)? Prove j-our answer. 

*2. You are a detective. Mrs. Brown was killed by a hit-and- 
run nver. Which, if any, of the following facts would be sufficient 
for proving Smith guilty? 


(а) The radiator of his car was dented. 

(б) Eau like Mrs. Brown’s was found on the bumper, 

A ^ tragedy. 

• jt ^ neighbor saw Smith washing his car soon Afla he 
arrived home. 

(e) An eye witness of the accident said that the ear which hit 
light blue. Smith’scar was light blue. 

V jIs check-up by the police showed that no ether light blue 
car had been over that road at the ^e of the accident. 

uUding, but he has forgotten on which floor she lives. He recalls 
timp “P stairs to lunch, and at another 

floo^ '» 


James jfey in the school orchestra. One 
Henrv wi.iTi ’ piano, and one the trumpet. Robert and 

always nm ^ pisying their instruments. Robert 

^ along when be goes on a picnic. What 

instrument do« Heniy play? Prove your a^. 

are Psiii each have a son. The sons’ names 

inCIPVpW?^'?', J'»°e»«»n3«3400ayr. Mr.SmithUves 
fathpT •m, A • exactly cme-third as much a year as his 

wther. W^t IS John’s last name? 

BibffitiM jndirect proof, you must be careful that the poe- 

or the otli .1 exclusive, that is, that it must he either one 
Akoyoumustbecarefultonameallof 
to see if they really prove 
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(o) Either you are atufud or you are careless. I find that 
you are careless. Therefore you are not stupid. 

(6) Either Allan ia taller than John or John is taller than 
Allan. Allan is not taller than John. Therefore John 
is taller than Allan. 

(c) Either you must do your homework or you will fail 
You do your homework. TTierefore you wiU not fail. 

(d) After Lloyd and Roy left my house, I noticed that mj 
book was gone. Lloyd did not take it. Therefore Roy 
must have done so. 

47. Assume that teachers alwaya tell the truth but that la^^ers 

»lwayalie. Wilson and Blair are either teachers or lawyers. Wilson 

says that Blair said he was a lawyer. Is Wilson a teacher or a 
lawyer? 



SUPPLEMENT 


^ following propositions, with the exception of Propo- 
dtion 8, which is placed here because it lopcally belongs 
with the formula group, are not included in the list of funda- 
mental propositions recommended by the National Com- 
mittee on Mathematical Requirements. And none of them 
IS on the fundamental Ust of the College Entrance Exami- 
rmtion Board. They may be omitted by schools desiring a 
shorter course. 


Lwis MEETUtO DT A PontT 


PKOPosmort 1 


0/ the angles of a triangle meet in a print 
equdly distant from the rides of the triangle. 



GiTen:[AARC]; AD, Bf;, and C/' bisecting ^A,B,mdC. 
To prove, AD, BD and CF meet in a point O, equally distant 


'-.(Sa crSi “'‘f "* »-!'“<> «”>■ 

C7»illpas,ar™^0(j 
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Propositiow 2 

314. Tht pcrvendimlar bitecbirs of the dies ej a triangle 
in a point equally distant from the vertices. 



Given: [AABC]; DBXbisector ot AB, FOL bisectoro 
and HIX bisector of AC. 

To prove: DE, FG, and HI meet in a point 0, equally 
tant from A, B, and C. 

Proof: It fO were || BE, ABi-TO (581)- 
II BO (! 75). Bui XB and BO meet .h B. Theref 
BO in tome point 0. OX-OB(S59). OB.OC(i59). 

‘.4x. 2). HI passes through 0 (S 60). 

Proposition 3 

31B. The altitudes of a triangle meet in a point. 


e- . rAXBCl; allitad® AD, BE, and OF. 

° ■ ad BE and CF meet in a pmnt. 

To prove. AD, n rrOIIXB thionsh C, 

Proof: Construct H/ l BO « 105). 

and <JI II XC through B (5 Therefore AD is the X bis^ 

7X=XH(Ar.2). fB^i"‘|y.re X bisector, of 10 .md BO 

torot/B. Si^“'f’rfxB.BB.andCFmeelinapomt (S3141. 

respectively. There 
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pROPOstnoiT 4 


cf thf of a IriangU meet in a point two-lkirds 



Given: [AvlifC); mcilinns AD, BE, and CE. 

To prove: AD, BE, and CF meet in a point. 

^tcr than th.» t!k i " ** »Dipo«tbIe, for a ;ttrt would be 

eome point 0 DL««°t'rn^ ^ 

Eli. endVoXt , 

Md «iSC(|2^n -iBC-andC/ZlIBC 

i* « o i ! m 6 oIoe 7 i ^ '5;- “ ®" « ®>- 

at point 0. * ^ ^'wforc .dO, and C/* meet 


buectorsoAhtfidSofSB? 

2. The biseelo f ' '■“" ■»> altitudes of M>EF 

two remote exterior°an^gJ4"m^^** bisectors of the 

of the interior ^ extended both waj-s, and the bisectors 

bisector of the int.n- " ^ ^ drawn. If the 

*^gle at C in the o at B meets the bisector of the exterior 

meets the bisec *be_*Hsector of the interior angle at 

prove that K A r angle at B in the point L, 

"^‘AM.andLaremaatnughtline. 



SUPn-EMENT 

4. The point of intersection of tiro altitudes of a triangle cann 

bisect both altitudes. , . 

5. If the perpendicular bisectors of three sides ® ^ 
lateral meet in a point, the perpendicular bisector o 

ride passes through that point. . 

6. If the bisectors of three angles of a 

point, the bisector of the fourth angle passes through P® 

7. Construct a triangle, giron a side and the medmns to the 

other two sides. ,. 

8. Construct a triangle, given 1..0 nrediaa. and the cde » wbch 

one of them is drawn. , . .j. 

9. If the perpendicular bisectors of two Bides of a n 

on the third side, the triangle is a right triang e. r>«allelo- 

10. Find a point equally dbtant from ^ the fourth 

pm. Is this point necessarily the same distance from 

ride? Explain. , .. ..j., *„ ^ticb 

11. If two medians of a triangle are equal, t 

they are drawn are equal. .j. the medians to the 

12. Two triangles ate congruent, tfas.de and the mecm 

other two side, of one triangle equal a si 
the corresponding medians of the other. 

13. A circle, constructed on aide B o 
AABC as a diameter, cuts the other tw 
in D and E. If BE and CD mmnect m f, 
prove that AF is perpendicular to . „gmenl of a 

U. The bisectors of all angles .nscribod mag.™ 
circle pass through a common poin .. . j^jgegtorsof ABand 

15.I„,u.drii.mraIAB<:I>.th^StrS„olBC..dCB 

AD meet at point E. md the ^"*“’'„di„Iar hi^ctor of BD. 
meet at point F. Th.aBBm gUeCr of the 

16. la an iaose* “Sfrf mSSoa of the uoa-paraUel 
base passes through 

sides produced. taneent to each other. Prove a 

17. Three equal their points of coamel meet 

the three common frem the CMtera of the cucles. 

in a point which » equally 
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Formula Propositions 
Proposition 6 


317. If in AADC, A ia an acute angle, o»-fc*4-c*-2e7J 
^here p u the distanee from A to the foot of the aUitude from C. 



Given: (AXBCJj /A acute, altitude CO and 
To prove: a^^b^^eA-2cp. 


Proof; 

But 

Therefore 


o«-A«+(c-p)* (5227) 
-A*+p*+c*-2fp. 
A»+p»»ti (5 227), 

‘*'-A»+ct_2fp(A,. ]). 


318. CorolUn-. 1/ A i, an oMnsf angle. 


o»-5»+c»+2ep. 


319. 


where 


Proposition 6 

The aliiUide fu on aide e equals 

2 > — 

2 * 

C 




SUPPLEMENT 


Given: lAi4.BC]; altitude ht. 

To prove: ?i4=s-V«(s— a)(s— &)(s— 
c 

Proof: a*—b'*+c*—2cp (§ 317 ) 

2cp=6*+c*—o* 

6 *+c»~a* 

Let 2*=«+i+c 
Then 2(«— a)*=6+C“0 
2 («— i)«a— fe+c 
2 {«— 



(5+e+a)(6+c-<i)(«::H:£)(£+ir£: 
“ 4 ? 

Ac* 

*,=-■%/ «(*— o)(»— 
c 

320. Coroltoy. TU <■{ a trimgU 
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pROPosinoir 7 

321 . The median m, to tide e of AABC equalt 
JV^2+2&3-.c2. 



Giveo: [AABC wilh] median CD-m, 

To prove: 

Proof: DnwCEXAD. Uung^D- jein j 3i7and f 318, 
o’-m.'+le'+ep 4m,»-2a‘+26>-c« 

o‘+ 6 .- 2 m,.+ie. (A,. 3 , 5^ 

<*«•» 


PROPosmojT 8 

opposite s^d^inft!°^ ° divides the 

PP^szte side into segments propojtionat to the other two 



AD Insecta dBAC. 
roX...^D BA 



SUPPLEMENT 


Proof: Construct BE jj AD (| 77) and extend CA to E (Post. 2). 

^.^(5208). 

«79). Zy=^2(Ax.2). ^A=BA(§91). 

ac 

323. Corollary. 


^PROPOSITIOK 9 

324. The equare e} the bieedor of en emfe of “ 
€?uaf8 the product of the two including sides diminished y 
product of the segments of the third side. 



Given; [A ABC], AD hUeets ^ A. 

To prove: JO'-^BX^C'-SOXCC- 

Proof: Circoo.so.ib. . G .bout AAf « 

B and draw EC (Post. 1 and 2)- aD-AE:AC (5215). 

(Hyp.), AdflD-AXJC (5216). aBX 

ABxAC-ADxAE (i™'-, S; 1). Ad’-JBx 

dC-AD(4D+DE)-40 ^f^^OE-BDXDC (5230). AD - 
AC~ADy.DE (Ax. 4). ADyuc, 

ABxAC-BDXDC'(Ax.l). 

ae ab gnd 323) 

4hcs{s—a) 

" (6+c)> ’ 


325. CoroUarv. D’-be t^-c't+c' 

. ib^eYbe^ 

^.JWbSG=^. 
^ ^+e 
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pROPosmon 10 

p. Cirm ^,,a«dae radius r af a regular iusmled 


= V'^_^V 



GlTen, AC—t, the side of a regular Inscribed 
poly^n. PC-z the side of a rtg- 
inscribed polygon having double 
the number of rides. 

To prove: V2r»_rvT r^- ,a ^ 

' (E 147), ^ radius perpendicular to ^4 £7. It will pass through 


~S** {E22S) 

(Ax. 4) 

= Vi7»+(r-Vri:::i7ij^ 
-2rv'i5Z^ 
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327. Corollary. The value of t is apvroximatehj Z.im. 
Proof: Let u bo the side of a regular inscribed polygon of 6 sides, 
ill of one of 12 sides, etc. Then 

,„«V2r*-r\/4i--sT* (§320). 


Now let r equal 1. 


Then s* will equal 1 (§ 207). 

LcDglhof Pen^ 

Side Diameter 


8„=.V2-V4-1 .S17C3S 

au== V2~ V-i -T51703^ .201052 

*ii- V 2 - V'4- .2010^ .13OS00 

Im-V2-Vi ~. 13050^ .0054SS 

i»i»V 2-Vhr^l3i‘ 032723 

»i H « V ' 2 - v'4'-r^27^ .016302 

s,„_\/2-V'4-.01C362* .003181 

Therefore, calculated to four decimal places, 
is 3.1410. 


3.105S29 
3.132629 
3.139350 
3.141032 
3.141452 
3.141568 
3. 141535 
the value of *■ 


EXBRaSBS 

d 10 (a) Plod the 

1 . The eidee of o ..hether the 

aisector of the largest angle- 1 i _ j ^jjg altitude from the 
logle is right, obtuse, “■ t„ ,ae 8. W K"'* 

imaUest angle, (d) Find the «»»“ 

3f the triangle. , t„ 9 and 12. Find the segments 

2. The legs of a of the right angle. 

d! the hypotenuse made by ^2 If the bisector of / C 

meets AB in D, nni “ ^„,..to».~.gIeoi. 30 Mhes'deoppos.te 
4. In a right ^ median to this side, 

the 30" angle is 12- . te it the sides ate each 10 , and on. 

6. Findthea"””'*'"" 
diagonal is 12* 
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le dlagonsl 


7^ lin’d S othTr “ ““ « 

nng’e i“ ^ ™h°' S 'f “■ ““ 

6, s! lO^'t “L™ I’ nm; C, 8, 2; 6, 8, S; 

side of the trianH^ i ^ ^^®wdocs the area change as the third 
'•niuen Jv'n i" thJ't^T'T '”7 »' 

and 8 acute richt or oKf * ‘*'® angJe between sides 6 

o ncuic, nghl, or obloM tor this t-sluc of Iho thirf sijo? 

lh« «• 10, and 12, Cod Iho altitude, 

anduhiohth,,';”^^^^ in.icl.i»th=.hortod, 

that the median ,Sd ti. '^"i ’’S' I™”*'' ” 

•am. lonsw "" “> t’* h<«nm. the 

place in p os d™incrw^!'**7~f'^l* 15317), trhat change takes 

What can you aay of p whe^!' T kJ? ’ ^ 

11 Th ^ ^ becomes greater than 00*? 

e,»..h:r.nle%“t£3r"'’ 

median to the long^t^Bye”'^^ tnaDglcs, find the length of the 

Sn7 6=sr9 S®"®' 

13. In Ex. 15 fi j*v «=6*,h«8ifc,c=I0tt. 

14 In Ex lo’fi of Ibe largest angle. 

angle is acute, ri^t’oTobUi^ ‘nangle, whether the largest 

ladii are 9 and '"“"on chord of two circ/es, whose 

18. Find the a ’ r 

and whose diago^U 14 whose sides are 10 and 12, 
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19. Find the area of a quadrilatoral ABCD, if AB=5, BO ^9, 
CD=8, £)A = 10, and^C=12. 

20. Find the area of quadrilateral ABCD, if ^B = 12, BC^IO, 
CD=^14,DA=’16, and = 

21. The sides of a triangle are 8, IS, and 17. Find the segment of 
the longest side intercepted between (o) the altitude on it and the 
bisector of the opposite angle; (b) the median to it and the bisector 
of the opposite angle. 

22. A triangular park has 10 rods frontage on one street, 14 rods 
on the second, and 16 rods on the third. Find its area in square 
rods. 

23. Find the area of a regular octagon whose radius is 6. 


328. Sununary of formulas. 


Abcas 


Itectangle 

Fsrallelogram. . . 

Triangle 

"^Pezoid 

Regular Polygon , 
CSrde 


K~hb 
K^ai sin C 
K=ihb 
K c jab sin C 
A'-|b(6+6') 
K=\rp 
A-irc 
K-vt* 


S246 

$250 

$253 

$254 

$258 

$260 

$290 

$291 

$292 


Central 

Inscribed 1 

Formed by tangent and chord. 

^de the circle 

Cutside circle 


itasrc 

$ its arc 

Jits arc 
> sum of it* 

$ difference of its arcs 


$162 

$165 

$170 

$171 

$172 





1’L.VNE GE»METnY 
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Sum of angles of polygon. 

S«mofm.^ofpoly^B..;-; • ; 
EMh angle of equiangular polygon. 
Central £. of regular polygon 

S®| ^0PP«it« obtuse ■ 

age of ^ opposite rlgl,^ 

Median of triangle 

Bisector of an angle of a triangle. 

Altitude of triangle 

Araa of triangle 


o«-6»+e»-2o» 

a»-6»+c»+2<p 


|"«.-}V'2a»+26‘-e» 


{317 

{318 

{227 


(331 

{335 

{319 

{330 



THE STORY OP GEOMETRY > 
First Episode: Thales 


ou have read in the iutroducUon to this book hoTV the Egyp- 
®®*^BSsity worked out a crude system of geometry that 
^bled them to relocate the boundaries of their farms after the 
e floods had obliterated the landmarks. Egypt, therefore, may 
. the birthplace of geometry. But the Egyptians were not 
werested in proving that their rules were true, and they did not 
as dealing with figures represented on paper as 
^ 11 To them, a point was a location or position on the earth, 
ne was a string or polo used to measure, and a surface was an 
They merely considered geometry as a practical 
■ surveying. 

is ‘''formation on any subject is collected and organized, it 
^called a science, and the first step toward making geometry a 
science was taken by Thales of Miletus, aCreek, who, about 600 b.c., 
Egyptian ideas of measuring to Greece. Therefore 
, ° hmk of geometry as a product of western civilization. 

Thales was a trader in his younger days and had amassed great 
^ealth, which enabled him to indulge his taste for learning, and to 
ound the Ionian school of phfloso phy. Here he developed and 

* To the teacher. We are forced to admit that the history of i^lhe- 
oca has not functioned as far as pupils are concerned. The splenmd 
J^orks of Smith, ICarpinski, Cijori, Ball, and othere are gold mines, but 
“e ore 13 practically untouched. This test initiates a new line of attack 
J^gh which it is hoped pupils wffl be stimulated to wnte tod to read 
each other compositions built around interesting episodes. It » 
ctahenging to a pupiil to leam what othere have done. Hence 
, ^ geometry, the story of geometry unfolds as a aer^ 
lifPfdes. These are based compoaitiona 
i.;, . ^horling, to whom we owe ibis treatment of m*teria]_ro ^ _ 

mathematics and which is included here with Pro 


Img’s pennission. 
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Eighth Episode: Later Writers 

The Romans did not add to the science of geometry as tha 
Greeks had done. They were a practical people and were inter* 
ested in geometry only for its use in surveying, laying out roads, 
and in the engineering cl warfare. The Hindus hkewisc obtained 
their haria of geometry from Egypt, but they txx> gave more atten- 
tion to compulation than to underlying principles. For a thousand 
years only those countries under Greek influence knew demonstra- 
tive geometry. The Arabs recognized Greek culture, and through 
them geometry was later introduced into Western Europe. It was 
not, however, until the fourteenth century that geometry became 
an essential item in university courses. 

During the last centuriee, many great mathematicians, such as 
Descartes, Newton, and Gauss, have extended the field of geometry, 
but it was not until Legendre wrote his text on geometry that the 
eubject was eunpUfied eo that it could be used in Khools lower tbaa 
the uoiversity, 
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EXAMINATION REQUIREMENTS OF 
THE UNIVERSITY OF THE STATE OF NEW YORK 

The courses of study in plane ^ometry in most of the 
states that prescribe courses agree in general with that 
recommended by the National Committee on Alatbematical 
Requirements and with that of the CoUege Entrance Exam* 
ination Board. The syllabus of the State Department of 
Education of the University of the State of New York may 
bo considered representative of state courses in general. For 
this reason the requirements of that syllabus arc given below. 
Much of the wording used is quoted directly from that 
tJj’Uabus. 

The examination will be made up of questions on book 
propositions and on originals. The former typo of ques- 
tions will require the demonstmtioo of certain theorems or 
the reproduction of certain constructions wliich it is assumed 
have been presented in class. The policy in recent exami- 
nations has been to include one or at most two of thcfsc. 
The Latter tsTW of question, tbo originals, will include the 
solution of construction problems, loci problems, and numer- 
ical problems as well ns the demonstration of theorems, all 
of which are assumed to be unfamiliar to the pupil. 

TIjo book propositions chosen for reproduction on the 
examination will bo selected not from the complete list of 
propositions in tliis book but from the restricted list given 
423 
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below. Although the pupil is not ejcpected to have the 
proofs immediately in mind for the other propositions in 
this book, it is expected that he will be familiar with their 
content and that he will be able to use them in the solution 
of originals. Furthermore, some of these propositions may 
be given as originals on the examination if they seem to lend 
themselves readily to this purpose. 

The list of propositions selected for reproduction on the 
examination with their paragraph numbers as given in thi9 
book is as follows: 

66. Hie base angles of an isosceles triangle are equal (page 

M). 

67. Two triangles ere congruent if the three sides of one equal 
the three sides of the other (page 68). 

72. Two Uses are parallel if tbdr alternate interior angles are 
equal (page 87). 

79. Alteniate Interior angles of parallel lines are equal (page 
96). 

86. The sum of the angles of a triangle Is a straight angle 
(page 107). 

91. If two angles of a triangle are equal, the sides opposite 
Qiem are equal (page 114). 

94. Two right triangles are congruent, if the hypotenuse and 
alegof one equal the hypotenuse and a leg of the other (page 118). 

101. The opposite rides of a parallelogiam are equal (page 127), 
(This includes the proof of both the proposition 104 and the 
corollary 103.) 

109. A quadrilateral is a parallel<^ram if its opposite sides are 
equal (page 128). 

110. A quadrilateral is a paralletogram, if two sides are equal 
and parallel (page 129). 

111. The diagonals of a paraOelogram bisect each other (page 
130). 

114. If three or more parallel lines cut off equal lengths on one 
transversal, they cut off equal leogflj* on every transversal (page 
188). 



examination eeqcikements 4SA 

147 A radius perpendicular to a chord hisecta the chord ^d 

its arc (pa,e 102). (*s ‘e”,u"i°llTL ?,uaily 

149. In a circle or in equal circles, eq 

“ MT^le^orS Sa. chords euually distant frour 

the center are equal (page 164). ^ -nnal /naffe 170). 

- LTSh^ It - " 

“iTrl'St formed h, a hmgeut mrd a chord is measured 

by h^ its intercepted me (pc^lSSh^^^^ Mersectiug inside a 

dr Je is meTir'ed hy hall the sunr of i« opposite intercepted 
arcs (page 189). ws intersecting outside a drcle, 

unYL^hrtritrmtm^Iihyhalf^thedMereuceof 
the intercepted arcs (page j. .,-nient is the locus 

220). . i„, .,„.j,y 

di‘^.rmrt:s oT^^t. <P.oe 220,. 1x0. incudes 

“IiTa SLfttafSes two sides of . triaugle proportionally 

U parallel to the third Side 

216. Two (page 240). (AV#: Aistated 

respectively two .. .. j^^toad 

S" two W “ 

the hypnosis.) jj ^ 

JgL erne X mtd the including sides me propertioual (page 

nv. u.n.les are simDat, If the three sides of one are 
^ .ISiorfonal to the three sides of the other (page 219). 

"oowu I nwSie. 1' f'i'd'f' “» 

225. In a g . .^....0 the segments of the hypotenuse 
ft^Te sSr (Th^ remainder of this propo-ilion 1. not required.) 
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S27. I.'. « iSjfct b4«=!;'. •!» ^ tj7!=® 

!*« t-jra rf te na«'M rf <!» •'*! ». sre=3 

JM. I! t»i) •!=' P™4=' ^ 

fioiw a* a' rf 

23). K « UniMl M 4 * i<»=t 

• eiltlc, llie tanjen' 1> a« BcM prafomonil b«wtB 

«ii411»e«enul««P”eH (P’8'279). ™.,-ctofItsl®’ 

■ndfcUl'ude (IMK^SIC). « .u. «rA<ltiet of its bi« 

2M. The of 4 trUngfo equils bilf the product ot 

4nd ellllude (l*ftKe 316). altitude ** 

2M. Tlio urea of a tf*pe»5d equals half its alUtuae 

«um of ItB bales (paRO 327). ^ -ach other « the 

201. The areas of similar tnangles are to 

‘7«.”S; «« .( . 

|„ p„lmcl« .nd IM .pothm (P«^ 3CT. to 

2 k « . clrcl. U iMdti in). ^ “ri p^W- 
chord, ol Ih... (onn . b 5'« »Pt"“ 

m II 1*0 .1JP» «'« “7L7.“ opk4tt»>' 

Iho looser .Ido Is Kte.l" ^ 


'7'i.?b-o orhllo. .( . «W« 

the ureatcr ansle U loriger tbaa the »ae 


.» hr the 


atiKle (^■*|!t‘ 300). . ^ 

Noto osl-ooMb- «») ""P"-' KTtl. 171. >72. - j 

KrVBh' S1..’.0 A’1'7 ' ‘up" 

590 .0,1 SOI. P™P P' T7 tlo P'’*- 

eoB.MOOolly no) B 14.0^ . 




In tliP nrwj nT rw*-^ 

peered to .Ke ""k-ii ce«=r»«^f» 

ea ***^*^'^ ' 

UbS}- eol!,.! (« )= <7s.«K» 


;eXK«P7=' 
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e3.TUep..e..IcuI„W«.o..Ia^.enU.ese^e„.can 

be constructed (poge 77). . , „ vp). 

66. A given angle can b constructed at a 

66. An angle equal to a P 

-r^oTg^ t7.ToSZ poin. a line P-rallel to a pven 
Une can be '"aslructed (page^-^^ „„niber of 

116. A given line *'6“'^* tgis construction is required 

'bnleCn%«eUbu." 

174. A circle can be circum 

(nage 201). , ..^.1 a riven triangle (page ^^1- 

in. A circle can be l*^^^***^^, ^„fside a circle, a tangent to 
178. Through a given point, w or ou 
tbe circle can be coastructed ’ t, constructed (page 

180. Given ita tiree sides, a (Bang 

c- „o sides and the included angle, a triangle CPI bs 

181e Given two eioes auu 

constructed (page 208 . ^ ^ a strright 

182. Given two ta constructed (page 209), 

• constructed (page 242). proportional to 

21A A line segment can « 

SeCpropaS^'^^'*”"” *-» P"” 

can be conslmcted , ji„n polygon can bo con- 

276. A triangle ^uid ta , p,,yg„o falo a sqnare, 

, atmeted <.Pa6a/a‘/-,ri jn,, trauafoiming it into a tnaugW 
„,e the methods ol OM idfcMm ^ 53 , 

ro?; 

tv. ftblo to use th< 


297. A regular nei8s« 
formulas given on pages 413 and 41 . 
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SPECIMEN REGENTS EXAMINATIONS 
The Universitt op Tbe State dp New York 
June, 1936 

Gbodp X 

A-nsiter oil qutiliona in fAij gTOup. Each comet anticer vtiU 
receive Sj credits. No partial creiiU tcilZ he allotced. Each fln«cfr 


mull be reduced to its simpleel form. 

1 The area o£ a square is 16 square inches. Find the 

area of the inscribed circle. (Answer may be left in 
terms of t.] An», 

2 The area o! an equilateral tTian^ci32$‘\/3. Find 

a side of tbe triangle. Am. 

3 Row many degrees are there in each interior angle 

of a regular octagon (eight«ided polygon)? Ane> 

4 Two angles of a triangle are 40* and 60*; how 
many degrees are there in the obtuse an^e formed by 

the bisectOTb of these two angles? Ans. 

5 In triangle ABC, angle C^SO®, AB=25, angle 

A=55°. Find AC correct to the nearest tenth. Ans. 

6 In a circle whose radios is 5", a chord is drawn per- 
pendicular to a diameter and 3" from the center. ItTiat 

is the length of the cbmd in inches? Am. 

7 Triangle ABC is inscribed in a circle. Angle 

A®=S0®, angle angle C=30*. Which side of 

triangle ABC U nearest the center of the circle? Am. 


8 Given triangle ABO »rith D a point on AB and E 
a point on £C such that i>£ is parallel to AC; if BP=8, 
DA *= 6 and EC =• 9, find BE. 
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Am 
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9 Two sides of a triangle are 10 and 14 and ‘h® mgle 

included between these sides is 30-; what .s the altitude 

on side 14? 

10 If the vertices o! an inscribed triangle divide the 
circle into three arcs in the ratio 3 : 4 ; 5, how nnany 

degrees are there in the largest angle of the taangle? 

11 In parallelogram ABCD. angle E j twice angle A. 

How many degrees are there in angle AT 

12 ThecircumferenceofacitcleisSi. Find the radius 

of the circle. 

13 Two angles that are both equal and 

must be (o) adiaeent, (» acute or <0 nght. Which » 

correct, (o), (6) or (c)? ^ 

14 If a point is equidistant 

it must the intersection of ‘I"® ^ ‘ ‘ H 

(6) medians or (c) angle bisectors. Whrch ,s correct, 1 ), 

®ritlhrideofatrian^cis-^^^^^^ 

area is multiplied by (o) 2, ( ) 

:reS"&nt»W®<.«aHua-. Which 

is pnrrect. (al, (W or (c)" . , 

w+* of the ri^t angles of all right triangles 
17 The vertre.^ f ' lie on («) a Une parallel to 

havtug a common 1 ^ diameter Is the hypot- 

thehypotenusc.o diameter is the 

ennse “ j, correct, («). W m (')’ 

Krertions (questions .3-20)-lsrave all constmetioa lines on 

the paper. . 

^ 4„.rif tho locus of points cquidis- 

right. 
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19 Constnict triangle ABC, having given angle A, angle B and 
the included side c. 



20 Inscribe an equilateral trian^e in drcle 0. 



Gboup n 

Answer three questions from this group. 

21 Prove that an angle formed two chorda intersecting within 
A circle U measured by one half the sum of the intercepted arcs. l“l 

22 Prove that two ri^t triangtes are congruent if the hypotenuse 
and a leg of one are equal to the hypotenuse and a lee of the 
other, m 

23 Angle ACC is inscribed in a circle. Chord BD bisects an^e 
ABC and chord DE is drawn paralld to AB. Prove that chord 
DE equals chord BC. 

24 Two tangents from the ertemal point A touch circle O at 
pomta B and C rcspecUvely. liaee OA, OC and BC are drawn. 
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£e: *» "• 

Similar to triangle I»J. ^ ■^’ tnangle ACO is 

am dm 

tliameler and Itis third bogeni; |») ™ “® P"><inct of the 


Groop m 

Annwor two qnostiona from ajs poop 
by the altitude. (“J segments of the hypotenuse made 


area comrt to'the°lir"2^"pJ^^^j" “J" Knd ila 

onometry.J («J ^ numerical trig. 

28 Construct one side of the ».i,. 
to area of a given triangle /tSO® [Leavo^n 
the paper.] («J ‘construction lines on 


January, 1937 


Group I 


Answer nil questions in Hi, r . 

ttceire S, credits. A'o portiof credit £» t ,, "T' 
mint 6. mfucetf to its simplest form. ^ rdtowed. Each answer 


Directions (questions l-0)--Vr„'*» „„ ,i . , . 
of each question the expression wh»l, Jv “t the right 

responding blank afflmaSIheotrtolTC'"'"'^ “ 

1 If two parallel h’nes are cut - « 
mterior angle, on to mme eij, n, fr,„,";^'^“' 


d 4 nj.. 
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2 One angle of a right tiijingle faCO*. If the Bhortcst 
side of the triangle ia 8 inches the bypotcnu'C is . . . 
inches. 

3 The sum of the interior angles of a polygon of &vo 
sides Ls . . , degrees. 

4 In a right triangle, the segments of the hjTX’^''^^ 
made by diayiing the altitude upon the hypotenuse are 
2 inches and 8 inches. Tite length of this altitude ia 
. . . inches. 

5 A point is 6 inches from a circle srhosc radius is 
9 inches. The length of the tangent from this yoinl to 


the circle is . . . inches. Ana. 

C The area of a square inscribed in a circle whose 
diameter is 10 Ulchca is . . square indies. Ana. 

7 A cross section of an irrigation ditch has the form of 
a trapeioid. The upper ba.«c of the trapeioid is 30 feet, 
the lower base U 12 feet and the height is 8 feet. The 

area of the enu eec^a is . square feet. Ana. 

8 Two circles have radii of 5 feet and 12 feet respee* 
lively. The radius of a circle whose arcs is equ.sl to the 

turn of the areas of these two circles b . . . feet. Ana. 

9 Point P lies between two parallel lines a and b, 
which are 3 inches apart. The niunbcr of points that arc 
equidistant from a and b and 2 inches from P is . . Ana. 


Directions (questions 10-13) — Innate the correct answer to 
each of the following questions by writing the letter a, 6 or c in the 
space at the right. 

10 A circle can always be drcumscribcd about a quadri- 
lateral it the opposite angles of the quadrilateral are 

(a) complementary, (6) supplementary or (c) equal. An« 

11 Two circles are drawn BO that they have four com- 
mon tanpnts. The line segment joining the centers is 
(o) equal to the sum of the radii, (6) greater than the sum 

of the radii or («) less than the sum of the radii. Ana 
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12 Corresponding sides in two umilar polygons are in 
the ratio 1 : 4. The area of the larger polygon is 

(а) twice, (6) four times or (c) Eixteen times, the area of 

the smaller polygon. Am 

13 A regular polygon and a triangle have equal areas. 

U the perimeter of the polygon is 10 and the base of the 
triangle is 8, the apothem of the polygon is (o) equal to, 

(б) greater than or (c) less than, the height of the triangle. Am 

Directions (questions 14-18) — Indicate whether each of the 

following statements is alwat/s true, someHvia true or nct'cr true by 
writing the word always, seanelimes or ncier on the dotted line at 
the right. 

14 If two rectangles ha\’e equal bases, their areas are to 

each other as their altitudes. Am 

15 If the three sides of a triangle are unequal, the alti' 

tude upon any side is equal to the median upon that side. Am 

IG Similar triangles inscribed in the same circle or in 
equal circles have their corresponding sides equal. Ana 

17 If a circle is circumscribed about a triangle, the 

center of the circle lies inside the trian^c. Arts...., 

18 If an altitude of an equilateral trbnglo is repre- 
sented by 3z, then x represents the radius of the inscribed 

circle. Am 


Directions (questions 19-20) — Leave all construction lines ob 
the paper. 

10 Construct the locu.s of the centers 
of circles each of wltich is tangent to 
both sides of the gi>'cn angle A. 

A 



20 Construct the altitudo of triangle AUC 
upon side AU, 




appendix b 

Gsotrp II 

Pro,,. re_-ip ■ " ">«^, 

SD Bi n 

^ Given a eirr>T«. « k 

?t' '•* 'C^riT'v^'^- aL 

Sil and KTm e<,u J. 'pf”™ "“• T 

boUioandft.J 
Gboop m 

Plj ‘‘ 
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27 A church 'window has the form of a trefoil as shown in the 
figure. The triangle used in the construction 
is equilateral, the vertices of the triangle are 
the centers of the circular arcs and the radius 
of each arc is one hall the ude of the triangle. 

The side of the triangle is 8 inches. Find (a) 
the perimeter of the £gure |*J, (i) the area of 
the figure p]- [Answers may be left in terms 
of V and radicals. 

28 AB is a diameter of a circle whose center is 0. On OB extended 
a point P is taken 10 inches from O. Through P a secant is drawn 
intersecting the circle at C and D so that the arc BC‘= 10“ and the 
arc vlD=CQ“. Find, correct to the nearest lenOi of an inch, the 
distance of the secant from the center of the circle, [Use numerical 
trigonometry.] [“] 

June, 1837 

Giton» I 

Aruuer all qualicM in thi$ group. Each carreci anreor trt’O 
reetifc £t erediU. No partud credit viU (e aVovtd. Each answer 
must be reduced to its simplest form. 

Directions {question 1-8) — Write on the dotted line at the right 
of each question the expresrion which when inserted in the cor- 
responding blanK will make the statement true. 

1 An angle /orrned by two chords intersecting witliin 

the circle is equal in d^rccs to one half the ... of the 
intercepted arcs, Ans 

2 The bisectors of the angles of a triangle meet in a 

point which is equidistant from the three ... of the 
triangle. Ant 

3 If the bases of a trapexoid are 12 inches and 

IS inches, the length of the line segment ioining the mid- 
points of the nonjMiralicl sides is . . . inches. Ans..... 

4 The area /f of a trapezoid in leims of its altitude h 

and its bA.«C8 hand h' Is given by the formula .... Ans 
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5 Tlie aiea K ol an equaatwal teUagle whose aide is e 

is given by the formula A’ = .... vlna. 

6 If each esterior angle a polygon is 40*, the 

number of sides of the polygon is ... - Ans. 

7 If an acute an^e of a parallelo^Bi is 00®, an 

obtuse angle of the parallelogram is . . . degrees. Ant. 

8 A tangent and a secant are dnini to a circle from a 

point outside the circle. If the tangent is 14 inches long 
and the secant u 28 inches lon& the length of the external 
segment of the secant is . . . inches. An* . 


Directions (questions d-13) — ln<Ucate whether each of the fol- 
lovring statements is altcays tru^ toaetimet true or naer true by 
writing the word oluiaj/*, eomefimea or nner on the dotted line at 
the right. 

9 The area ofarhombusbequaltoooehalf the prod- 
uct of its diagonals. An* 

10 If the angle becn-eea two tangents to a circle is 60*, 
the triangle formed by these taugeots and the chord job- 

lug the pobts of contact is equiangular. Ana 

11 A line passing through the midpmnt of a chord of 

» circle passes through the center of the circle. An* 

12 If two an^ of a triangle are 30* and CO*, the aide 
opposite the 60* angle is twice the side opposite the SO* 

angle. Ana 

13 If is the midpobl of the arc AB of a circle, then 

the chord AB b twice the chord AC. An*.... 

Directions (questions 14-17) — Indicate the correct answer to 
each of the following questions by writbg the letter a, or e m the 
space at the right. 

14 If two angles of one triangle are equal respectively 
to two angles of another triangle^ the triangles must tw 

(a) congruent, ft) similar or ft) equal. Ans..... 

15 The number of points which are eqiadbtant from 
two gven paiaUel lines and, at the esise time, are equi- 
distant from two gireo pobts on one of these lines b 

(■i) one, ft) two or (c) thne. An* 



SPECIMEN REGENTS EXAMINATIONS 


437 


16 If the radius of a circle is increased by z, the cir- 
cumference of the circle is increased by (a) *, (6) 2x or 

(c) 2iii. A ns 

17 The areas of any tT^o regular polygons which have 
equal perimeters are to each other as (o) their apotbems, 

(6) the squares of their apothems or (c) theii- perimeters. Ana 

Directions (questions 18-20) — Leave all construction lines on 
the paper. 


c 



18 Find the center of the circle that can be circumscribed about 
triangle ABC. 

19 Through the point M construct a line 
which will divide the sides AC and BC of tri- 
angle ABC proportionally. 


20 Ck)nstruct a tangent to the circle 0 at 
ixsint P, 




Group n 

Answer three questions from this groUp> 

21 Prove that if in the same circle or in equal circles two chords 
are equal, they ore equidistant from the center. {^] 

22 Prove that the areas of two aimilar triangles are to each 
other as the squares of any two corresponding sides- f**) 
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23 la the figure at tie right, ABCD is a 
quadrilateral, arises B and D ate right 
angles, AB bisects angle A, and CP bisects 
an^eU. 'Then AEispatiBd toCF. 


Belotc is a possible proof for thu exercise. 

Gitc a reason for eocA of the following statements: 

1 ^X>iB+ZB+ZBCD+ ZB-3C0* [*] 

2 /B+ ZD^ISO* p] 

3 ZCAB+,iBCI>-180“ H 

4 ABAEA-ABCP’^ 90" PJ 

6 ABAEA-ABEA-^ 90" H 

6 ABCP^ABEA P) 

7 XBilCF n 

24 AB is a diameter of a circle and at B a tangent to the dnie 

Is drawn. From A, aline bdraimioierseetiiig the cirele at C and 
the tangent at D. ProveAC:ABBAB ;AO P*] 

25 la the triangle ABC, D is any point ia AC and B is any point 
inCB. BBbdrawn. Prore that the sum of AC and CBb greater 
than the sum of AD, DE and EB. p'l 



Gaonv HI 

Answer two qaestioas from rhis group. 

26 The radius of a drcular floww bed b 30 feet and this bed b 
surrounded by a path 3 feet wide. Find the cost of paving the 
path at 23 cents per square foot. (Use r»^) p^ 

27 Given two hnea «v and n intersecting each other at ri^t 
an^es, and point P oa one ol these lines 

a Describe completdy tiie locus of points which are at a 
^ven distance elromp. pj 
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b Describe completely the locus of points equidistant from 
m and n. p] 

e How many points are there which will satisfy both condi- 
tions given in a and b if P is 4 inches from the intersection 
of m and n and 

(1) s is 5 inches long 

(2) a is 1 inch long p] 

28 The altitude of a trian^ la 12 inclKS and it divides the vertex 
angle into two angles of 20^ and 45‘. 

a Find the lengths of the segments of the base. [*] 
h Find, correct to the nearest tgwe inch, the area of the 
triangle. 


January, 1933 


Gboop I 

Anwer aU qutstima in this ffroup. Each correct anncer viU 
receive fg credits. No partiat credit mil be oUewed. Each anstoer 
must be reduced to its eimpUst form. 

Directions (questions 1-12)— Write on the dotted line at the right 
of each question the expression which when inserted in the cor- 


responding blank will make the statement true. 

1 The locus of points equidistant frmn the sides of an 

angle is the ... of that angle. 1, 

2 The bisectors of two complementary adjacent 

an^es form an angle of . . . degrees. 2. 

3 The sum of the interior angles of a pol 3 ’gon of «eren 

sides is . . . straiglit angles. 3. 

4 An angle formed by a tangent and a secant inter- 
secting outride the circle is measured by one half the . . . 

of the intercepted arcs. 4. 
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5 K the areas of two simUar tiiaogles are la the ratio 

I : 25, correspon^ng sides of the triangles are in the 
ratio .... 6- 

6 The bases of a t«.pe*Qid are 8 mches and 10 inches 

and the area is 54 square inches. The attitude of the 
trapejoKi is . . . inches. 6. 

7 The segments of one of two chorda intersecting 
frithln a circle are r and <. If one e^ment of the other 
chord is m, the length of the other se^nont in terms of 

r, sand mis ... . 7. 

8 In the right trian^e ABC, bypotenuse AB ia 
20 inches and angle A is M**; the length of AC, correct 

to the nearest inch, is ■ . ■ inches. 8. 

9 If one angle of a right triangle is 60^ and the hypot- 

enuse is 2, the length of the side opposite the 50' angle 
is.... (Answer may be teft in nd>cal form.} 0. 

10 If the diagonals of a rhombus ate 10 and 24, a aide 

of the rhombus Is ... . 10. 

11 The centers of all circles tangeDt to the same line 

at the same point lie on a line which is (a) parallel to the 
given line or (b) perpendicular to the given line. The 
correct answer is .... [Answer a or 5.) 11 . 

12 The diagonal d of a square is equal to the side < 

multiphed by <a) Vl. (h> V3 or (c) 2. The correct 
answer is.... (Answer a, h or c.) 12. 


Directions (questions 12-15y~-Leave aQ construction lines on 
the paper. 

13 If the an^ea A and B are two an^es of a triangle, find by 
construction the third angle ot the triangle. 
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14 In the space below con- 15 Find by construction the 
struct an angle of 30®. center of the circle of which the 

arc AB is a part. 



Directions (questions 16-20) — Indicate whether each of the fol- 
lowing statements is oficays true, $&melimes true or never true by 
writing the word always, sometimes or na-er on the dotted line at 


the right. 

16 The diagonals of a rectangle are equal. 16. 

17 The opposite angles of a quadrilateral are supple- 
mentary. 17. 

18 If the radius of a circle is multiplied by I, the cir- 
cumference is multiplied by k. 18. 

19 An equilateral polygon is a regul^ polygon. 19. 

20 Uie altitude upon any side of a triaogie is greater 

than the median drawn to that side. 20 . 


Group n 

Answer three questions from this group. 

21 Prove that if two sides of a quadrilateral are equal and 
parallel, the figure is a parallelogram. 

22 Prove that an angle formed by a tangent and a chord drawn 
from the point of contact is measured by one half the intercepted 
arc. (W] 

23 Prove that the base angles of an isosceles trapezoid are 
equal. [“] 

24 In the figure at the right, C » the midpoint 
of the arc AB. Chords AB and CD intersect in 
E and chords Cli and BD are drawn. Pro\’e that 
CDXCP-CCR)* l»] 
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25 Given a right trian^ vrtwse fegs are a and 6; traiafonn the 
triangle into a tectat^ whoae base is a pven line segment m. ^**1 

Gaocp m 

Answer two questions from this group* 

26 The bases of a trapeaoid are 7 and 10 and the altitude b 6. 

0 Find the altitude of the triac^ formed by the shorter base 
and the nonparallel sides produced. 
h Find the area of the trian^e described in a, {’I 

27 The figure at the right represents the 
cross section of a heragonal nut. Assuming 
that the diameter of the circle and the aide of 
the regular hexagon are each 2 inches, find, 
correct to the nearest pjucrt inch, the area of 
the cross section (the shaded portion). 

28 Given a parallelograia with two adjacent sides o and h and 
included angle C 

0 What change takes (dace tn the area of the parallelogram 
if a and 5 reiuaia constant and angle C increases (1) from 
0* to 70% (2) from 90* to ISO’7 1‘- »] 
h Find, correct to the nrored imXA, the area of the parallriO' 
gram if a =4, 5^5 and angle C^S2* (*] 



June, 1933 

Gkoot I 

Anever aS quettiaru in <Aw ^roup. Each correct onewer viiU 
receivi sj credit!. Jio jxirtial credit teiH le allowed. Each anewer 
must &< reduced to rimpfeat form. 

Dircetiora (quations 1-S>— Write on the dotted tine at the right 
of each question the expressioa wUch when inserted in the oot« 
responding blank will m»ke the statement true. 

1 The angle fonnsd by two secants intersecting out- 
ride a circle is measured 1^ one half the . . .of the inter- 
cepted arcs. 1 
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2 The area of a circle is 257r square inches. The 

radius of this circle is . inches. 2 

3 If the vertex angle of an isoscel^ triangle is 40®, 
the number of degrees in either of the exterior angles 

formed by extending the base is.... 3 

4 If each exterior angle of a regular polygon cont^QS 

45*, the number of aides of the polygon is ... . 4 

5 In triangle ABC angle B=30* and side 

6 inches. The length of the altitude AD upon side PO 

is . . . inches. 6 

6 A pair of corresponding altitudes of two simdsr 
triangles are 4 inches and 2 inches. The area of the 

la^r triangle is . . . times the area of the smaller. 6 

7 The radius of a circle is 13 inches and a chonl of 
this circle is 10 inches. The distance of this chord ffom 

the center of the circle is . . . inches. 7...... 

8 At a point 100 feet from the foot of a flagpole the 
an^e of elevation of the top of the pole is 31*. The 
hei^t of the flagpole, correct to the nearest fool, la . • . 

feet. 8 


Directions (questions 9-12) — Indicate the correct answer to 
each of the following questions by writing the letter o or 6 on the 
line at the tight. 

9 The area of a rhombus is equal to (o) the product 
of two diagonals or (6) one half the product of the two 


diagonals. 9. 

10 An axiom is a statement which (a) is to be proved 

or (5) is accepted without proof. 10. 

11 The circumference of a drcle whoso radius is 4, is 

(a) &r or (6) IGfl-. II. 

12 Tlie locus of the centers of all circles tangent to c^cb 

of two parallel lines is (a) one 8tre4;ht line or (b) t^o 
straight Uncs. 12. 


Directions (questions 13-17)— Indicate whether each of the fol- 
lowing statements is always true, $m»itmts true or ncrer true by, 
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25 Givea a right trian^e whose leg? are a and h; transform the 
triangle mto a rectangle whose base is a given line segment m. |‘T 

Gboop m 

Answer two questions from this group. 

26 The basea o! a trar«*<^ are 7 and 10 and the altitude is G. 

a Find the altitude of the triangle formed by tbe shorter base 
and the nonieraUel rides produced. 

& Find the area the triangle deacribcd in o. {*] 

27 Tbe figure at the right representa Uie 
cr(»a section of a hexagonal nut. Assuming 
that the diameter of the circle aod the side of 
the regular hexagon are each 2 inches, find, 
comet to the nearest square inch, tbe area of 
the cross section (tbe shaded portion). (**] 

2S Given a parallelogram with two adiacent sides a and h aod 
included angle C 

a What change takes place in the area of the parallelogram 
if a and b lemain constant aod angle C iomasro (1) from 
0*tofl0*,<2)ff<MaM*tol80*f l>> '! 
b Itnd, correct to the nearest tenth, the area of tbe paiallelo* 
gram if a«<4,h«>S andante 0*S2* I*] 

Juae, 1938 

Gkoup I 

Answer oU qwslioni in iM* group. Each correct onwer rriU 
receive s\ credits. No partud credit iwa fie oSowed. Bach oneuw 
must be reduced to its simj^estform. 

Directions (questions 1-8)— Write on the dotted line at the right 
of each question the expresrion which when inserted in &e cor- 
responding blank will make tbe atatemeat true, 

1 The angle fanned by two secants mterseeting out- 
ride a circle is measured by one half the ... of the intci- 
ceptedares. 1...... 
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2 The area of a circle is 25*" square inches. The 


radius of this circle is . indies. 2. 

3 If the vertex angle of an isosceles triangle is 40®, 

the number of degrees in either of the exterior angles 
formed by extending the base is .... 3. 

4 If each exterior angle of a r^ular polygon contains 

45®, the number of sides of the polygon is ... . 4. 

5 In triangle ABC angle R=30® and side AS = 

6 inches. The length of the alUtude AD upon side BC 

is . . . inches. S- 

6 A pair of corresponding altitudes of two similar 
triangles are 4 inches and 2 inches. Hie area of the 
Isrger triangle is . . . times the area of the smaller. 6. 


7 The radius of a circle is 13 inches and a chord of 
this cirde is 10 inches. The distance of this chord from 

the center of the circle is . . • inches. ^ 

8 At a point 100 feet from the foot of a flsgi^le the 
angle of elevation of the top of the pole is 31 . The 
height of the flagpole, correct to the Morett/ool, is . . . 

feet. 8 

Directions (questions 9-l2)-Indirate the correct an^er to 
each of the following questions by writing the letter a or 6 on the 
line at the right. 

9 The area of » rhombus is equal to (o) the product 

of two diagonals or (6) one half the product of the two 
diagonals. ® 

10 An axiom is a etatement which (a) is to be proved 

or (5) is accepted without proof. 10 

11 The circumference of a circle whose radius is 4, is 

(a) St or (6) 16*-. 

12 The locus of the centers of aH circles tangent to each 

of two parallel lines is (a) one strai^t line or (6) two 
straight lines. 

Directions (questions 13-17) — ^Indicate whether each of the fot- 
lowins rial''”'”*® “ I™' I™' 
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’imUng the -wonl olttayi, at ntrtr on the doited lino ftt 


the right. 

13 When two Blrtkigbt Unes »re cut by a transversal, 

if tlie two interior angles on the aame side of the trans- 
versal are supplementary, the two strai^t lines are 
patBheh 13...... 

14 If two angles and & side of ono triangle arc erpini to 

the coTTCsponding yurts of another triangle, then the tri- 
angles arc congruent. H 

15 A triangle can be constructed having sides 8 inches, 

12 inches and 3 inches. 15 

16 If a theorem is true, a converse of the theorem is 

true. 16 

17 A median o( a triangle divides it into two triangles 

which are equal in area. 17 


Directions (questions l&-20y— Lesv-e all conalruction lines os 
the paper. 


IS Construct the bisector of angle 
ABC. 


19 Inscribe an equilateral triangle in circle 0. 



20 Find by constradirm the two points # .p 

which are equidistant from points A and B 

andalsoatthegivendbtanceelrwnpointC A- 

6 
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Group n 


Answer three questions from this group. 


21 Prove that the diagonals of a parallelogram bisect each 
other. 

22 Prove that if from a point outside a circle a tangent and a 
secant are drawn to the circle, the tangent is the mean proportional 
between the secant and ila external segment. [“] 


23 Given triangle ABC with AB^AC-, D is any point between 
B and C in BC and line segment AD is drawn. Prove that 
AB>AD. [«] 


24 PA and PB are tangents drawn to a circle whose center is 
0, A and B being the points of tangency. lane segment PO is 
drawn and extended to meet the circle at C. Prove that arc 
AC-arc BC. [The use of original exercises as reasons will not be 
allowed in this proof.) [‘®J 

25 In the figure at the right, 

AB is the diameter of a semi* 
circle. A point P moves along the 
arc from A to R and chords PA 
and PB are drawn. ^ 



a Using the expression inenases, decnaita or remains Ike 
same, indicate the change, if any, that takes place in 
(1) angle PAB, (2) angle APB and (3) angle PBA. I‘] 
6 At what position of P will the altitude of triangle APB on 
base AB be greatest? PJ 

c At what position of P will the area of triangle APB be 
greatest? p] 


Group in 

Answer two questions from this group. 

20 In the drawing below, ABCD is a quadrilateral inscribed 
In a circle; arc AP = 135% arc I?C=40® and arc CD-lOO*. 
Chords AUandRD are drawn; also chords A J? and DC arc extended 
to meet at E and the tangent at A meets CD extended at F. Find 
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Je^^SXTe’oS^iTj^ r in .nn ..d n 

find, correct to the nearat tntk J is 14 inches 

«=g!ei3S3» *~P«ofd are 8 and 28. Sbase 

ioid“ n'* “ltiti«ie of the t«p^ 

Jacuar^, 1939 
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3 The sum o! the exterior angles of a polygon of n 
sides is (a) n straight angles, (&) 2 straight angles or 


(c) (n— 2) straight angles. 3. 

4 If two parallel lin^ are cut by a transversal, the 
corresponding angles are always (a) supplementary, 

(6) equal or (c) acute. 4. 

5 In triangle ABC, AD b an altitude and AM b a 
medbn. If AB and AC are unequal, (a) AM^^AD, 

(&) AM>AD or (c) AM<AD. 5. 

6 A medbn of a triangle divides it into two trbngles 
which are always (a) congruent, (6) simibr or (e) equal 

in area. 6. 

7 The area of a rhombus b equal to (o) one half the 

sum of its dbgonab, (&) one half the product of its dbg- 
onab or (c) the product of its dbgonab. 7. 

8 If the corresponding sides of two wmiluT triangles 

arc in the ratio 1 : 2, the areas of the two triangles are in 
the patio (a) 1 : 4, (6) 1 : 2 or (c) 1 :\/2 8. 

9 If the segments of one of two chords, not dbmeters, 
intersecting within a circle are r and « and the segments 
of the other chord are v and w, then (a) rXa^^i'Xte, 

(6) r+ssBf+tP or (c) 9., 


10 If from a point outride a circle a tangent and a 
secant are drawn to the circle, the tangent b the mean 
proportional between (o) the whole secant and its internal 
segment, (b) the whole secant and its external segment 

or (c) the external and the mtcmal segments of the secant. 10. 

11 If in the right trian^e ABC, AB b the hypotenuse 

and CD b the altitude upon the hypotenuse, then 
(o) {CDy=ADXDB, (b) (CD)*=ABXAD or (c) (CD)* 
^ACXCB 11. 

12 Simibr polygons are defined as polj’gons which have 

(a) their corresponding an^es equal, (b) their correspond* 
mg sides proportional or (c) their cozrcspondbg angles 
equal and their corresponding rides proporttonal. 12. 
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13 If in triangle ABC, BD is thfe altitude upon AG, 
then BD equals (a) ABXsinA, {&) ABXtanA or 
(c) ABXcosA. 13....... 

U The center of the circle drcumscribed about a tri- 
angle is alwaj’s the iDtersection erf (a) the bisectors of two 
an^es, (61 two altitudes or (c) the perpeodicukr bisectors 
of two sides. 

15 An inscribed angle of 80* intercepts an arc of 

(a) 80*. (6) 40“ or (c) 160*. 15 

16 The locus of the centers of all rirdcs which pass 
through two given points k (a) a circle, (6) a straight Jine 

or (c) a point. 16 

IT Convereca of propositions are (a) always true, 

Qt) sometimea true or (c) never true. 17 

Diretlions (questions 1&-22) — Write on the dotted line at the 
right of each question the expression which when inserted in the 
corresponding blank will make the statement true. 

IS The formula for the altitude h of aa equilateral tri> 

an^e in terms of Us ride a is An .... 18 

19 The f onnula tor the dk^nal <2 of a square in terms 
of its ride sis d** .... 19 


20 The fotmula for the circumference c of a circle in 

terms of its radius T is e «... . 20 

21 The hypotenuse o! a right triangle k 17 and otre leg 

k 15; the length of the other legk ... . 21 

22 If the base of a trian^ k 24. the length of the line 
segment joisung the midpeants of the other two odea 

» 22 

DireclioM (questions 23-25>— leave all con- A 

strucUonhnes on your paper. / 

23 Find by eonstruction the locus of points / 

vnllun angle ABC and equidistant from the ^ 

rides of tie angle. c 

24 Construct the altitude of Iriai^ ABC 

upon ride AB. . / p 
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25 Construct the fourth proportional to the three line segments 
0 , b and e, 

a 


b 


Group n 

Answer two questions from this group. 

26 Prove that an angle formed by two chords intersecting within 
a circle is measured by one half the sum of the intercepted arcs. [‘"I 

27 Prove that two right triangles are congruent if the hypotenuse 
and a leg of one are equal respectively to the bjiiotcnuse and a leg 
of the other. (“J 

28 Triangle ABC is inscribed In a circle. The bisector of angle C 
intersects side AB at D and arc AB at E. Prove: ACXBC** 
CDXCE l«J 


Group IH 

Answer two questions from this group. 

29 Tl)e accompanying 6gure ABECD repre- 
sents the cross section of an undciground tun- 
nel. ABCD is a rectangle 40.0 feet by 20.0 
feet, surmounted by the scmidrclo DEC, Find, 
correct to the nearett square foot, the area of 
the cross section. (U6 Ct= 3.14) l*®j 

30 The area of an equilateral triangle is equal to that of a trape- 
zoid whose bases are 4 and 14 and whose altitude is 4\/3. Find a 
side of the triangle. {'®] 

31 A side of a regular pentagon is 8. Find its area correct to tbs 
nearest integer. (“] 
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G&oop IV 

Aaswer one question /rdm Oils group. 

32 Consider eocA of the fotlowing etatments and tell whether it 
is aZwc^s true, true or nrc<r true. Oire rrajon# for vow 

anncrrs. 

a The area of a reetan^e is equal to one half the product of 
its diagonals. !*• **1 

& If two triangles have a aide and any two angles of one equal 
to the eoTiesponding parts of the other, the trianglea are 
congruent. [*• '*J 

e If the radius of a clrde is increased by x, then the drciun- 
lerence of the cirele is increased by 2n. [’• **J 
d If the legs of a right triSD^e are represented by a and h 
and the hypotenuse by e, then 

S3 A square whose aide is $ and a rectangle whose base is s+a 
have equal perimeters. 

a Express the altitude of the rectangle in terms of < and a. {*| 
h Express the area of the rectangle in tenns of * and 8. H 
c In^eate whether the following statement is true or false'. 
Of all rectangles which have equal perimeters, that which 
is equilateral has the greatest area. Give reasons for 
your answer. [*• ‘J 


June, 1939 


Groop I 

Anncw til jncriicna wi (hu proup. Each earreel anncer iciU 
receire S crtditi. No pcriial crofit will he atlcwtd. Bach answer 
must he redvetd lo ft* nmf4sa form. 

Directions (questions 1 - 11 ) — Indicate the correct answer to 
each question by writing on the dotted line at the ri^t the 
letter a, b or c. 

1 A central an^e of WP intercepta an arc of (a) 30", 

(i) 60® or (c) 120®. 1 
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2 The opposite angles of a quadrilateral inscribed in 
a circle are always (a) equal, Qi) complementary or 


(c) supplementary. 2. 

3 The difference between the supplement and the 

complement of an angle is (a) an acute angle, (b) a right 
angle or (c) an obtuse angle. 3. 

4 If the areas of two similar triangles are in the ratio 
1 : 4, then any two corresponding sides of these triangles 

are in the ratio (a) 1 : 4, (6) 1 : 2 or (c) 1 : 16. 4. 

5 The center of the circle inscribed in a triangle is 

always the intersection of (a) the bisectors of two of its 
an^es, (6) two of its altitudes or (c) the perpendicular 
bisectors of two of its sides. 5. 

6 A circle can always be circumscribed about (a) an 

equiangular polygon, (6) an equilateral polygon or (e) a 
regular polygon. 6. 

7 The altitude drawn to the hypotenuse of a right 
’ triangle divides the triangle into two triangles which are 

always (a) congruent, (b) etmilar or (c) equal in area. 7. 

8 The sum of the interior angles of a polygon of n 
sides is (a) n straight angles, (6) 2 straight angles or 

(c) (n— 2} straight angles. 8.. 

9 Each of the following seta of numbers can be used as 
the sides of a triangle: (a) 4", 8", 9"; (6) 7", 24", 25"; 

(c) 6", 9", 10". \STuch set would form a right triangle? 9., 
10 If in triangle ABC, CD b the altitude upon AB, 
then (a) CD=AU8in A, (t) CD=AD cos A or (c) CD= 


AC tan A. 10 

1 1 The formula for the area A of an equilateral triangle 

in terms of its side s is (o) A^~"^3, (f>) A=— -v/s or 
s? 2 2 

(c)A=-V3 11 

4 

Directions (questions 12-22) — ^Write on the dotted line at the 
ri^t of each question the e: 9 wesdon which when inserts in the 
corresponding bbnk will make the statement true. 
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12 K3, the hypotenuse rf T^t triangje XBC, is K^* 
If angle A is SO', then BC is . . . . 

13 ABC is an isosceles tiisn^e in which AC equals 
and one of the angles is obtuse. ITie longest side is opp^* 
site angle .... 

14 Two chorda intersect within a circle. Thesegmenl^ 
oi one chord are 8 and 3. If one aepnent of the secoh'J 
chord ia 6 , then the other segment ia . . . . 

15 It the diameter of a circle ia W, then the ciicin** 
ference ia ternas of t is ... . 

16 The formula for the area A of a liapeewd in tm''s 

of its altitude A and its bases h and h' is .d ■> . . . 


17 The perimeter of a regular polygon b 24. If 
apothem ia 3, then its area b . . . 

18 In a right triangle the length of one leg b 2D ineh^ 
and the length of the hypotenuse b 25 inches. 
length of the longer cegcnent of the hypotenuse made h7 

the altitude upon It b . . . indies. 13. 

16 The locus of the midpoints of all radii of a giv^ 


20 I( the <hagonab of a paraUtlogram are unequal 

bisect the angles through which they are drawn, then the 
figure must be a .... 20. 

21 The radius ol a drde b 6. The angle of a sector of 
thb circle b 00". The area of the sector in tenns of *" 

b 21. 


22 dBb a diameter of a eirde, riC b a chord and ere 

riC contains 100*. Angle B4C cont^ ... degrees- 22... 

llirections (questions 23-25>~teare all construertion lines 
the paper. 

23 Construct the locus of ptnots equidbtant 

from the two given pomts A and B. , 
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24 Construct a line paralld to line AB through C* 

point C. 


A B 

25 Construct the mean proportional between line segments a 
and 6. 

a 


b 


Groop n 

Answer tt/o questions from this group. 

26 Prove that the diagonals of a parallelogram bisect each 
other. [*'’] 

27 0 is the midpoint of base AB of isosceles triangle ABC. 
AC and BC are extended through C to points E and D so that CE 
is equal to CD. Lines DC and EC are drawn, Prove: DO-EOI‘®J 

28 Prove that if two trian^es have an angle of one equal to an 
angle of the other and the sides including these angles proportional, 
the triangles are similar. 


Group in 

Answer two questions bom this group. 

29 ABCD is a quadrilateral inscribed in circle O. Chord 
BA = chord CD, and BA and CD extended 
meet in point E. A tangent at B intersects 
DA extended in point F. Diagonals BD 
and AC are drawn. Arc AD=60® and 
arcBC=140®. Find the nuraberof degrees 
in angle a, angle 5, angle e, angle d and B 
angle c. 

30 In a circle a chord AB intercepts an arc of 100®. If the radius 
of the circle Is 10.0 inches, find, correct to the nearest inch, the length 
of this chord. [‘*] 
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31 In the isosceles trapennd ABCD, ao^e A is 45'’; the longer 
base AB is 17 &nd the ^ottei bsee is 7. Had 

a The area of the trapezoid f ] 

6 The length of the diagon^ BD [‘J 

Group IV 

Answer one qoestioa from this group. 

32 Consider taek of the following statements and tell whether it 
is aluays true, tometimes true or nerer true. Gtre retuomfor yovr 
ant\r€rt. 

a A trapezoid inscribed in a circle b isosceles. ^ 

h The center of the circle circumsciibed about » triangle lies 
within the triangle. !*• *J 

t 1! two trbn^es have two sides and an an^e of one equal to 
the corresponding ports of the other, then the triangles 
ate congruent. (*• *1 

d la triangle ABC, ^ b greater than AC. If the bbectors 
of angles B and C intersect ia D, then DO b greater than 
DD. l‘-»] 

33 a Construct triangle ABC, pTcn s id g 6, the altitude on. aide 5 
•ad the me^a to ^e b. 

> Is U posable to construct the triangle if the altitude b 
( 1 ) greater than the median, ( 2 ) equal to the median? [*• *1 
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Aajs.. 113 
Abbreviations, 2 
Acute, angle, 14 
triangle, 31, 402 
Addition, in proportion, 234 
Adjacent angles, 11 
theorem, 27 
Algebraic analysis, 33S 
Alternate exterior angles, 83 
Alternate interior angles, 85 
tbeorema, 87, 96 
Altitude, of parallelogram, 126 
of pyramid, 205, 276, 324 
of trapezoid, 126 
of triangle, 32 
construction of, 33 
formula for, 400 
notation for, 206 
theorem, 247, 399 
Analysis, algebraic, 338 
of construction, 212 
proof by, 60, 146 
Angle, 9 
acute, 12 

bisector of, 33, 79, 206, 220 
construction of, 20, 79 
formula for, 405 
central, theorem, 156, 180 
construction of, 14, SO 
dihedral, 102 
exterior, of a triangle, 83 
theorem, 84, 107 
of a polygon, 347 
inscribed in a circle, 179 
theorem, 282 

inscribed in a segment, 179 
theorem, 183 
meas^ue of, 179 


Angle, obtuse, 12 
right, 11, 2S 
sides of, 9 
sine of, 292 
straight, II, 28 
tangent of, 290 
unit of, 12 
vertex of, 9 
Angles, adjacent, 10 
alternate exterior, 85 
alternate interior, ^ 
eomplejneotary, 16 
corresponding, of parallel lines, 
85 

of triangles, 18 
bow to bisect, 20 
copy, 13 

meth^s of proving equal, 47, 
98, 145, 183, 229 
sum of, in a polygon, 347 
in a triangle, 107 
supplementary, 15 
vertical, 15 
theorem, 27 
Apothem, 360 

Approximate measurement, 286 
computation with, 283 
Are, 9, 154 
degree of, 179 
intercepted, 155 
3iajor and minor, 154 
theorems, 156, 158. 162, 189, 
374,375 
unit of. 179 

Arcs, methods of proving equal, 
159, 229 

Arehimedes, 417 
Area of, box, 324 
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Area of, circle, 3^, 366 
parallelograia. 316 
polygon, S65 
prism, 321 
pyratQKi, 221 
rectangle, 311 
regular polygon, 365 
similar triangles, 330 
surface, 309 
trapesoid, 327 
triangle, 318 
formula for, 107 
Arrangement of proof, H 
45 

ATioma, list of, 23 
on. 333 

Base, of isosceles triangle, 30 
of parallelogram, 128 
of prism, 135 
of pOTUnid, 205 
of tnpeaoid, 125 
Bisect, 18 

eonstructioas, 19, 20 
theorems. 78, 79 
Bueetor, of an angle, 20, 33 
constnictioa of, 33, 79 
formnla for, 408, 409 
notation for, 206 
theorems, 121, 220, 398 
Center, of circle, 154 
of regular polygon, 360 
Central angle, theorenw, 156, ISO 
380 

Oiord, 9, 154 

thftoreffiji, 158, 181, 184 188 
189, 278, 371 
Circle. 9. 151 
are of. 9, 154 
area of, 365, 368 
aasumption about, 362 
center of, 9, 154 
chord of, 9, 154 
circumference of, 154 
circumscribed, 155 
about polsean, 155, 358 


Circle, rircumscribed, about tri- 
angle, 261 
lUainetcT of, 0, 154 
fomuln for area of, 366 
for circumference of, 361 
inscribed, 155, 203, 360 
length ch 384 
radius of, 9, 15t 
theorein. 155 
secant of, ISS 
sector of, 361 
segment of, 179 
tangent to, IS5 
construction for, 201 
Uirougb three pomts. 203 
Circumforeoce, 151, SOI 
theorems. 3W 

Cirtutnscri^d, circle, 155, 201 
I^lygon, 155, 375 
Coincide, 18 
Commensurable, 23t 
Common tangent, 169 
Complement of an angle, 18 
(bMrem. 27 
Computation. 28S 
Conclurion, 21 
Cone. 26i 
Congnient. 18 

iiMUgle tbeorems, 43, 45, 63, 
113. 118 

ConatrucUons, 13, 14, 19, 20, 51, 
76. 7T, T9, 80. 92. 189, 201, 
203, 201, 207-211. 212. 243, 
277, 353, 354. 376, 377 
snalysu of, 212, 338 
Contact, point of, 155 
Cooreree, 71 
Corollary, 21 

Corresponding, angles of parallel 

Gicorems, 91, 97 
an^es of triangles, IS 
aides of triangles, 18 
Corine, 293 
Cube. 138 
Cyhzi^r, 3S3 
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Decagon, 348 
Degree, of angle, 12 
of arc, 179 

Diagonal, of box, 275 
of quadrilateral, 3S 
theorems, 130 
Diameter, 9, 154 
theorems, 157, 162 
Distance from point to line, 119 

Equal, angles, methods, 145, 229 
area, methods, 229 
circles, 155 

lines, methods, 145, 229 
Equiangular triangle, 31 
theorem, 114 
Equilateral, polygon, 374 
theorems, 64, 114 
triangle, 30, 377 
Euclid, 416 

Exterior angles, of parsHeb, 65 
of a triangle, 83 
theorems, 84, 107 
Extremes, 233 

Faces, lateral, of prism, 135 
of pyramid, 205 
Family tree, 142, 197 
Foot of perpendicular, 11 
Formulas, on area, 316, 318, 327, 
342 

table of, 4f», 
theorems, 402 

Fourtli proportional, 233, 242 
Functions of angles, 2S9 
sine, 292 
tangent, 290 

Geometric analysis, 60, 146 
Geometry, definition of, 1 
history of, 1, 415 

Hexagon, 346 
construction of, 377 
History of geometry, 1, 416 


Hypotenuse, 31 
theorems, 2G6, 2C8 
Hypothesis, 21 

Included, angle, 34 
side, 34 

Incommensurable, 237 
Indirect proof, 87 
exercises, S9 

theorems, 87, 96, 210, 389, 391. 
395, 396 

Inequality, axioms, 3S8 
theorems, 389-396 
Inscribed, angle, 179 
circle, 165, 203, 360 
polygon, 155, 374 
theorem, 182 
triangle, 377 
Intercept, 155 

Interior angles of parallels, 85 
Intersect, 18 
Isosceles, trapezoid, 125 
triangle, 30 
theorems, 54, 114 

Lateral, area, 135 
faces. 135, 205 

Legs, of isosceles triangle, 30 
of right triangle, 31 
Length of circle, 154, 364 
Idfe siUiations, 26, 74, 236, 399- 
400 

economic problems, 333 
professional problems, 89 
the timber line, 74 
wages and prices, 283 
weather, 323 

Lioes. divided proportionally, 239 
divided into equal parts, 139 
meeting in a point, 398 
methods of proving equal, 47, 
114, 130, 145, 159 
parallel. 85 
perpendicular, 11 
to a plane, 75 
straight, 6 



Area of. circle,^, 366 
parallelograM, 316 
polygon, 365 
prism, 331 
pyramid, 321 
rectangle, 311 
regular polygon, ^ 
similar tmngles, 330 
surface, SCO 
trapeioid, 327 
tnangte, 3t8 
formula for, 407 
Arrangement of proof, 44 
Asa,, 45 

Arioms. list of, 23 
on uequaljties, 233 
Base, of Iscoceles triangle, 30 
of paTsUclograci, 126 

of prism, 135 
of p>Taiaid, 205 
of trapetoid, 125 
Bisect, 18 

cossliueUoQS, 19, 30 
theorems, <6, 79 
Bisector, of an angle, 20, 33 
construction of. 33, 79 
formula for, 4CS, 409 
notation for, 206 
tbeorems, I2I, 220, 393 
Center, of circle, 154 
of regular polygon, 3G0 
Central angle, theorems, ISO. 180 
360 

Chord, 9, 154 

tbeorems. 1S8, 162, 164 igg 
189, 278, 374 
Circle, 9, 154 
arc of. 9, 154 
area of, 365, 366 
asumption shout, 362 
center of, 9, 154 
chord of. 9, 154 
circumference of, 454 
ejrcumecribed, 153 
about polygon, 15S, 3S9 


Gide, ciraimscTibed, about Iri- 
angle, 301 
diameter of, 9, 154 
fotiDula for ares of, 366 
for circumference of, 364 
inscribed. 1S5, 203, 360 
length of, 364 
ndius of, 9, 1S4 
theorem, 155 
secant of, 155 
sector of, 364 
segment of. 179 
tangent to, 155 
coustruction for, 204 
through three points, 302 
Circucpferencs, 154, 364 
Iheoretes, 364 

Circunweribed, circle, 155, 201 
polygon, 155, 375 
Coincide, IS 
CommensuTuble. 237 
Common tangent, 169 
CoiDplenieDt of an angle, 18 
theorem, 37 
Computatiop, 383 
Cooclurion. 21 
Cone. 261 
Consent. 18 

tnasgle theorem^ 43, 45, 58, 
113. 118 

Constructions, 13, 11, 19, 20, 31, 
*6.Tl,“9, «l, 139,2(11,. 
203, 2M. 207-211, 242, 243, 
277, 353, 354, 376, 377 
analysis of, 212, 338 
Contact, point of, 155 
Conrerse, ?1 
Corollary, 21 

Cortespoading. angles of parallel 
fines, S3 
theoTWos, 91, 97 
angles of (rian^es, 13 
sides of triangles; 18 
Coane, 292 
Cube. 136 
Cylinder, 3S3 
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Decagon, 346 
Degree, of angle, 12 
of arc, 179 

Diagonal, of box, 275 
of quadrilateral, 38 
theorems, 130 
Diameter, 9, 154 
theorems, 157, 162 
Distance from point to line, 119 

Equal, angles, methods, 145, 220 
arcs, methods, 229 
circles, 155 

lines, methods, 145, 229 
Equiangular triangle, 31 
theorem, 114 
Equilateral, polygon, 374 
theorems, 54, 114 
triangle, 30, 377 
Euclid, 418 

Exterior angles, of paralleb, 85 
of a triangle, 83 
theorems, 84, 107 
Extremes, 233 

Faces, lateral, of prism, 135 
of pyramid, 205 
Family tree, 142, 197 
Foot of perpendicular, II 
Formulas, on area, 316, 318, 327, 
342 

table of, 409, 410 
theorems, 402 

Fourth proportional, 233, 242 
Functions of angles, 2S9 
sine, 292 
tangent, 290 

Geometric analj-sU, 60, 146 
Geometry, definition of, 1 
history of, 1, 415 

Hexagon, 316 
construction of, 377 
History of geometry, 1, 415 


Hypotenuse, 31 
theorems, 266, 268 
Hypothesis, 21 

Included, angle, 34 
nde, 31 

Incommensurable, 237 
Indirect proof, 87 
exercises, 89 

theorems, 87, 96, 240, 389, 391. 
395, 396 

Inequality, axioms, 388 
theorems, 389-3£^ 

Inscribed, angle, 179 
circle, 155, 203, 360 
polygon, 155, 374 
theorem, 182 
triangle, 377 
Intercept, 155 

Interior angles of parallels, 85 
Intersect, 16 
Isosceles, trapeioid, 125 
triangle, 30 
theorems, 54, 114 

Lateral, area, 135 
faces, 135, 205 

Legs, of isosceles triangle, 30 
of right triangle, 31 
Length of circle, 154, 364 
Life situations, 26, 74, 236, 399- 
400 

economic problems, 333 
professional problems, 89 
the timber line, 74 
srages and prices, 263 
weather, 323 

Lines, divided proportionally, 239 
divided into equal parts, 139 
meeting in a point, 398 
methods of proving equal 47 
114, 130, 145, 159 
parallel, 85 
pejpendicular, 11 
to a plane, 75 
straight, 6 
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!/>«, 21T PmUe!ogr*m, 126 

laetKods reUttoe to, 219. 223 altitude ol, 128 
*pace. 227 *r«* *rf. 316 

theorems, 70, 7!. 12J. 220 base of, 128 

mellioilt for e. 118 

^fajo^ arc, IM J27. »2S. J20. 130 

^^eaD proportjoaal, 231, 2G6 rrotagoa, 318 

coasiruetiott ot, 277 Perimctef oC roIj'Botu 30, 319, 


Means, 233 
product of. etc , 231 
Measure, apprctiimate, 2S8 
eominoB. 238 
fiumervcal, 236 
of ansles, 12, 179 
of area, 179 

&fetlian of a trtaogle, 23, 33 
fomula for. lOS 
bow to coBStruet, 33 
ioteneet la a point. 101 
noUlion for, 208 
Methods, 115, 229, 303 
of atlaek. 47. 69. 72. 03. 08. Ill, 
3», \», m, 183. 252, 251. 
2S3, 2M, 900. 330 
Minor am, 1S4 

Mew trpe tfflfa. 39, 81, lOS. 123. 
113. m> m. 2M. 2G1. 2St. 
331, 371 

Kotstion of Imea in triugle, 208 

Obtuse, angle, 13 
triangle. 31 
Octagon, 318 

Parallel lines, ^ 
alternate iatetior angles of, 88 
axiom about, 23, 88 
construction of, 92 
corresponding angles of, K 
is space, 103 

methods hr. 92, 130, J13 
theorems, 87, fil, 02, 06 07, J38 
194, 233, 233. 240, 317 
Parallel planes, 102 
Parallelepiped, 335 


383 

rerpendicular. lines, M 
bisector, 19 

coosiruetjoa Pl, 19, 33, 70, 77 
lines and pWes, 75, 102 
methods for, 88, 72, 1 18 
theorems. 50, 78, 77, 01, »?, 16*. 
220.399 

ri.9M 

ttlue ol. 381, 407 
Plane, r 

lOtervctiOB witlt parallel. 103 
line prrjwodinilar to. 73 
parallel and perpcndicubr, 102 
Pbto, 413 
PolDt.O 

bore meeting at a, 400 
locus ol a, 213 
la tpare, 227 
tA twDtact, 183 
Polygon, 38, 316 
ao^cs ol equiangular. 313 
area of. 309 
area of regular, 36S 
cireumscrdied. 183, 378 
msenbed, 374 
perimeter of, 30, 363 
regular. 358 
angle at center of, 3G0 
apothem of. S6Q 
center of. 3W 
ra^us of, 880 

theorems, 359, 361, 363, 385. 
374.375 

Polygons, perimeter of, 319 
nmilar, 211 
table of important, 346 
thcM^ms. 319, 350. 352. 353 
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Postulates, 21, 23 
Prism, 135 
bases, 135 
lateral area, 324 
lateral faces, 135 
right, 324 
volume of, 325 

Products, method of proving 
equal, 254 
theorems, 234, 278 
Proof, analjdic, 60, 146 
arrangement of, 44 
indirect, 87 
need of a, 3S 
Proportion, 233 
by addition, 234 
methods for, 252, 303 
product of means, etc., 234 
theorems, 234, 238, 239, 240, 
242, 243. 330. 34S, 40S 
Proportional, fourth, 233 
construction of, 242 
mean, 234 , 266 
construction of, 277 
segments, 23S 
Proportionally divided, 239 
Proposition, 21 
Protractor, 12 
Pyramid, 205, 261 
altitude, 205 
base, 205 
lateral faces, 205 
slant height, 276, 324 
square, 205 
triangular, 205 
Pythagoras, 416 

Quadrant, 179 
Quadrilateral, 37, 125 
diagonal of, 37 
inscribed, 183 
theorems, 127, -316 

Radius, of circle, 9, 154 

theorems, 15S, 162, 168, 169 
of regular polygon, 360 


Radius, of sphere, 176 
Ratio, 233 

Reasoning, 20, 74, 89, 203, 323 
Rectangle, 126 
theorem, 311 
Regular polygons, 358 
angle of, 348 
apothem of, 360 
area of, 365 
central angle of, 360 
coDstnietion of, 376, 377 
perimeter of, 3M 
radius of, 360 
similar. 361 
(beorems, 359 

Remote interior angles, fil 
Rhombus, 37, 127 
Right angle, 11 
theorems, 27, ISO, 182 
Right prism, 324 
Right triangle, 31 
solving the, 295 
theorems, 118, 119,246,266,268 
useful properties of, 304 


Saa., 43 
Secant, 155 
theorem, 279 
Sector of circle, 364, 371 
Segment, of a circle, 179 

angle inscribed in, 179, 183 
of a line, 6 
hov to bisect a, 19 
Segments, proportional, 238 
Self-measuring tests, 67, 104, 122, 
136, 175, 196, 262, 284. 302, 
337, 381 

Sides, of an angle, 9 
of triangles, notation, 206 
SigniGcant figures, 287 
Similar polygons, 244 
perimeters of, 349 
triangle methods, 251, 252, 303 
theorems. 246. 247, 249. 330, 
349. 352 
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Bme o{ ftn ttngW, 392 
TOtVWt 300 
theorem, 300 
SIsDt hetght. 331 
Sjwkce geometry, ftwsi. 321 
cube. 136 
cybadcr, 2S3 
(bagonsl ot tn-t, 373 
bae pbiee, 76 

Joci,337 

parsllel pUncs, 103 
parallelepiped}, ]3S. 333 
perpeaJinilar plana, 102 
plane, 7 
priwa, 135 
right. 331 

proportion, in eooe, 2C1 
in pj-ramid, SOI 
pyramid, S<25 

tlaot height of pyramid, 33t 
sphera, 1T6 
rc(um«, 33S 
Sphere, 176 
Square, 37, 137 
conrtfuction of, 370 
Squarca, lum ol, la nght triangV, 
268 

of aido, of ritnilir polygons 
352 

of rimilar triaaglee, 330 
Saa^ 5S 

Etrwght, angle, 11 , 23 
line, 6 

Sum of acglea, of triangle, 10 ? 
about point, 27 
of polygon, 317 
eaterior, 117 

Bum of equarea in light trianele 
2CS 

Summaries, 113, 118, 225 230 
303,312,413 

Supplementary angles, 15 
theorems, 27, 87, 97, 183 
Eurfaee, unit of, 109 
Symbols, *viii, 206 
Symmetry, frontispiece, 295 


Table*, of formulat, 312, 413 
ol polygons, 310 
tngwiomelrie, 205 
Tancetit, of angle, 200 
common, to t«o circles, 165 
tbeorrm*. It's JC5, 170, 1S3, 
201, 279, 375 
to nrrle, 15S 

Terms of * proportion, 233 
T«ta. near type, 39, 81, 103. 123- 
Itt. 177, m. 228. 3<a, 2S1, 
331, 371 

*elf«rorasurine. 67, Itl, 122. 
130. 175. 176, 262, 2SI. 302, 
337. 3S1 
Thales, 4(1 
Tbeortm, 21 

TrevTormiDg. polygons. 35t 
triangle*, 330 
Transit, 51 
Traimemt, ft, 235 
Trapetoid, 125 
alliiude of, 120 
area of, 327 
basca of, I2S 
isowrlra, 125 
Triangle, 30 

altitude of, 32, 33, 390, 402 
how to wmstTurt. 33 
angle bwetor of. 33. 353, 4M 
nita of, 318. 407 
construcUon of. 207-211 
equiangular, 3t 
^ktlaUral. 30. &1 
inscribed, 377 
isewlca, 30 
theorems, M, 111 
median of, 32. 400, 401 
methwlsfoT. 47,C0, 145 
notation far ^206 
obtuK, 21 
right, 31 

theorems. 113, 110, 216, 265 
268,322 



INbEX? 


461 


Triangles, 43 

congruent, theorems, 43, 45, 68, 
113 

similar, theorems, 246, 247, 
249 

Trigonometry, 289 
tables, 295 

Unit, of angle, 12 
of arc, 179 
of surface, 309 


Variation, motion and functional 
relations, 50, 65. 100, 111, 
133, 167, 176, 186, 192, 203, 
217, 241, 257, 272. 282, 307, 
313, 322, 329, 368, 386, 391, 
395, 398, 412 
Vertex, of angle, 9 
of isosceles triangle, 30 
Vertical angles, 15 
theorems, 27 
Volume, 325 
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Sise oC &n aogle, 292 
method about, 300 
theorem, 300 
Slant height, 324 
Space geometry, area, 324 
cube, 136 
cylinder, 383 
diagcaai ol box, 275 
line perpendicular to plane, 25 
loci. 227 

parallel planes, 103 
parallelepiped, 133, 333 
perpendicular planes, 102 
plane, 7 
prism, 135 
right. 324 

proportion, in cone, 261 
in pyTamid, 361 
pyramid. 305 

tiaot height of pjTamid, 324 
sphere, 176 
volume, 333 
Sphere, 176 
S(iuare, 37, U7 
eoBStruetiOQ of, 376 
Squares, sum of, in right triangle, 
36S 

of sides, of dimlar polygons, 
352 

of eitnllar triangla, 330 
Sm,, 58 

Straight, angle, 11, 23 
line, 6 

Bum of angles, of triangle, 107 
about point, 27 
of polygon, 34T 
exterior, 317 

o^uares in right triangle, 

Summane^. 145, lia, 229 230 
203.342,413 ’ 

SuTOleraeatary angles, 15 
theorem.'!, 27, 87, 67, 183 
Surface, unit of, 309 
Symbols, xviii, 206 
Eymmetty, frontispiece, 2S6 


I^Ues, of formulas, 343, 413 
of polygons, 346 
tneonometric, 293 
Tangent, of angle, 290 
cooimoB, to two circles, 169 
theorems. 163, 169, 170, 183, 
204, 279, 375 
to circle. 155 

Terms of a proportion, 233 
TesU. new type. 59, 81, 105, 123- 
143, 177, 19S, 228, 263. 284. 
354,371 

self-measuring, 67. 104, 122, 
136. 175. 176, 262, 284, 302. 
337, 381 
Thales, 411 
Theorem. 21 

Transforming, polygons, S54 
triangles, 336 
Transit, 51 
Transversal, 85. 239 
Trapetoid, 125 
altitude of, 126 
aireaof,327 
bases of, 125 
isosceles, 123 
Triangle, 30 
acute, 31 

altitude of, 32, 33, 399, 402 
how to construct, 33 
angle biaector of. 33, 39S, 464 
area of. 318, 407 
construction of, 207-211 
equiangular, 31 
^uilateral, 30, 54 
mseiibed, 377 
isceeeles, 36 
theorems, 54, 114 
median of, 33, 400, 4M 
methods for, 47. 60, 145 
notation fon^200 
obtuse, 31 
right, 31 

theorems, 118, 119, 246, 266, 
268.323 
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Triangles, 43 

congruent, theorems, 43, 45, 68, 
113 

similar, theorems, 346, 247, 
249 

Trigonometry, 289 
tables, 295 

Unit, of angle, 12 
of arc, 179 
of surface, 309 


Toriation, motion and functional 
relations, 50, 65, 100, 111, 
133. 167, 176, 186, 192. 203, 
217, 241, 257, 272. 282, 307, 
313, 322, 329, 368, 386, 391, 
395, 398, 412 
Verier, of angle, 9 
of uoacelea tsia&gle, 30 
Vertical angles, 15 
theorems, 27 
Volume, 325 



